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Abstract

Return-based spot volatility estimates are noisy and prone to biases. This paper
develops inference for the autocorrelation of intraday volatility changes that is robust
to sampling errors in volatility estimates and biases due to jumps and microstructure
noise. Our procedure builds on two results: First, we show that the limiting autocor-
relation function of increments of a continuous-time process over shrinking horizons is
parametrically determined and must coincide with that of fractional Gaussian noise.
Second, we characterize the infill asymptotic distribution of realized autocovariances
of spot variance estimators. The two results combine to yield a feasible generalized
method of moments estimator of the autocorrelation of high-frequency volatility incre-
ments. In an empirical application to SPY transaction data, we document negative

serial correlation in intraday movements of both latent and realized volatility.
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1 Introduction

This paper conducts inference about the dynamical properties of intraday asset price volatil-
ity. We use high-frequency return data to construct an estimator of the autocorrelation of
short-term volatility changes and derive its limiting distribution as the sampling frequency
tends to infinity. Our estimator overcomes the latency of volatility and is robust to market
microstructure noise and jumps in the underlying price and volatility dynamics.

Because spot volatility estimates are subject to sampling errors, the sample variance of
their increments is a biased estimator of the population variance of volatility increments.
In particular, the sample autocorrelation of first-differenced spot volatility estimates, which
contains their sample variance in the denominator, is inconsistent for the autocorrelation
of changes in true, unobserved, volatility. Key to the robustness of our estimator is an
econometric procedure that allows us to estimate the autocorrelation of volatility increments
at high frequency without estimating their variance.

In a first step, we show that for a continuous-time process satisfying mild regularity
conditions, the convergence of the autocorrelation function (ACF) of its increments in the
high-frequency limit implies that the variance of its increments, viewed as a function of
the sampling frequency, must be regularly varying at the origin in the sense of Karamata
(1930). We show that, as a consequence, the limiting ACF must coincide with that of
fractional Gaussian noise.! We refer to the associated fractional parameter as the smoothness
parameter of the process. Inference about the ACF of volatility increments, a nonparametric
problem at any fixed frequency, thus reduces to a one-dimensional parametric problem under
high-frequency asymptotics.

In a second step, we identify the asymptotic distribution of realized autocovariances of
spot variance estimators. We start by estimating spot variance in the classical way, using
truncated sums of squared returns over local blocks of high-frequency data. We then form
first-order differences of these spot variance estimators and consider their sample autoco-
variances. Under mild structural assumptions on the data generating process, we show that
any finite number of sample autocovariances at lags greater than or equal to two is con-
sistent for their population counterparts with a mixed normal asymptotic distribution. We
extend this central limit theorem (CLT) by including the sample variance plus twice the

first-order sample autocovariance of increments of spot variance estimators. This particular

Fractional Gaussian noise denotes the first-order difference of Mandelbrot and Van Ness (1968)’s frac-
tional Brownian motion. The latter appears, for instance, in continuous-time limits of fractional time series

models (see e.g., Sowell (1990), Comte and Renault (1996) and Miiller and Watson (2008)).



linear combination ensures that sampling errors inherent to spot variance estimators can-
cel out. Crucially, we do not, and need not, consider autocovariances at lags zero and one
separately, which individually contain biases due to sampling errors.

In a third step, we use a generalized method of moments (Hansen (1982), GMM) ap-
proach to derive consistent estimators and asymptotic confidence intervals for the smoothness
parameter of volatility and, by an application of the delta method, for the limiting auto-
correlation of volatility increments. This estimator minimizes the weighted sum of squared
deviations between the sample autocovariances and their theoretical counterparts, with data-
driven weights that minimize the asymptotic variance of the resulting estimator.

In an empirical application to transaction data of SPY, the exchange-traded fund track-
ing the S&P 500 index, we find strong evidence that short-term changes in spot volatility
are negatively autocorrelated. Yearly estimates from 2011 to 2025 of the first-order autocor-
relation coefficient are significant at a 5% level and negative throughout the sample, ranging
from -0.42 to -0.21. This finding obtains in addition to the well-established diurnal pattern of
intraday volatility. Our analysis further reveals that predictability, while attenuated, prevails
in increments of short-horizon realized variance. We show that linear prediction of changes
in 30-minute realized variance significantly improves both in sample and out of sample upon
including lags of higher order.

What are the broader implications of this empirical result? As we show, classical statistics
such as realized power variation of order different from two can have biases of the order
A%t where A, is the sampling frequency and e is the smoothness parameter of volatility.
Therefore, if e < —0.25, these biases converge to zero at a slower rate than the standard
error of the estimator, which is O(A}/ ?). This creates a trade-off for the econometrician
between asymptotic efficiency in the mean square error sense, which improves with smaller
values of A,,, and asymptotic inferential validity based on standard CLTs, which deteriorates
as A, — 0. A similar phenomenon occurs in high-frequency econometrics when asset price
jumps are of infinite variation (Jacod and Todorov (2014)) or in other econometric contexts

such as regression-discontinuity designs (Calonico et al. (2014)).

Related Literature. It has long been recognized that volatility is time-varying. Early
models of stochastic volatility primarily describe daily or low-frequency dynamics of volatil-
ity. These include the GARCH models of Engle (1982) and Bollerslev (1986), the time-
changed models studied by Clark (1973) and Tauchen and Pitts (1983), and continuous-time
models like those of Hull and White (1987) and Heston (1993) which aim at option pricing



applications with horizons of more than one day.

Our paper, by contrast, focuses on the intraday dynamics of stochastic volatility and,
in particular, on the autocorrelation of short-term volatility changes. It is well known since
the early works on realized measures (Andersen et al. (2001, 2003), Barndorff-Nielsen and
Shephard (2002)) that the econometric analysis of high-frequency intraday data involves infill
asymptotics, where the time interval is fixed and the sampling frequency tends to infinity. A
key insight of this paper is that for a broad class of continuous-time stochastic process, the
ACF of its increments in the infill asymptotic limit, if it exists, is parametrically determined
and coincides with that of fractional Gaussian noise.

Our paper is related to the literature on estimation of spot volatility and its properties.
The idea of estimating spot volatility from local blocks of data appears in Foster and Nelson
(1996) and has been extended in various directions; we refer to Chapter 8 of Ait-Sahalia and
Jacod (2014) for an overview. The focus in this paper is not on estimating spot volatility
itself but its dynamical properties within a trading day. In contrast to works that analyze
deterministic patterns of volatility (e.g., Wood et al. (1985), Baillie and Bollerslev (1991)
and Andersen et al. (2024)) or use spot volatility estimates for intraday event studies (e.g.,
Bollerslev et al. (2018, 2021, 2024)), we examine the second-order properties of intraday
volatility on typical days without scheduled events.

Our paper contributes to a growing literature studying the dynamical properties of
volatility using fractional instead of standard Brownian motion (Comte and Renault (1998),
Gatheral et al. (2018)). While previous literature typically imposes either a semimartin-
gale or a fractional volatility model as an assumption,? we provide a novel interpretation
of this model choice: semimartingale models imply asymptotically uncorrelated volatility
increments, while fractional models imply that volatility increments are correlated in the
high-frequency limit. Furthermore, we derive asymptotic confidence intervals for the limiting
autocorrelation of volatility increments that are valid in both semimartingale and fractional
settings and are simultaneously robust to sampling errors, noise and jumps.

Our paper further shows that the smoothness parameter of a continuous-time stationary

process is distinct from its memory parameter. While the latter concerns the low-frequency

ZPapers investigating the dynamical properties of volatility include Bandi and Reno (2012), Ait-Sahalia
et al. (2013, 2017), Wang and Mykland (2014), Kalnina and Xiu (2017), Li et al. (2022) and Chong and
Todorov (2024) for volatility of volatility and the leverage effect and Jacod and Todorov (2010), Todorov
and Tauchen (2011) and Bandi and Reno (2016) for volatility jumps, all in a semimartingale setting, as well
as Bennedsen et al. (2022), Bolko et al. (2023), Chong et al. (2024), Wang et al. (2023) and Chong and
Todorov (2025) in a fractional setting.



variation of the process (i.e., the decay of its ACF at infinity or, equivalently, the behavior
of its spectral density at the origin), the former governs the high-frequency variation of its
increments (i.e., the behavior of the ACF at the origin or, equivalently, the decay of the spec-
tral density at infinity). Both smoothness and memory properties, however, are determined
by a single Hurst exponent in standard stationary models based on fractional Brownian mo-
tion. Parametric inference in such models, if misspecified, can therefore draw on both high-
and low-frequency information of the observations and lead to inconclusive findings about
volatility smoothness and memory (see e.g., Shi and Yu (2023) and Li et al. (2025b)). The
need to separate high- and low-frequency time series information has been observed earlier
by Miiller and Watson (2008) in a general context and by Bennedsen et al. (2022) for volatil-
ity. Our results contribute to this literature by enabling model-free inference about volatility
smoothness while being silent on whether volatility has long or short memory. In particular,
our empirical finding that volatility has negatively correlated increments complements, but
neither supports nor contradicts, well-established results about long-memory volatility (see
e.g., Andersen et al. (2001, 2003)).

Our paper studies a very particular instance of errors in variables. Because spot variance
estimates contain sampling errors, the sample autocorrelation of their increments suffers
from an attenuation bias (Hausman (2001)). While existing approaches to obtaining valid
inferences in the presence of mismeasured variables often rely on instrumental variables
(Hausman et al. (1991), Schennach (2007), Hu and Schennach (2008)), auxiliary information
(Hausman et al. (1991), Schennach (2004), Chen et al. (2005)) or bias correction (Chesher
(1991), Evdokimov and Zeleneev (2024)), our solution exploits the fact that the sampling
errors inherent to spot variance estimates—while potentially correlated with the latter—are
uncorrelated in the time series dimension. That is, the measurement errors in spot variance
increments form an approximate MA(1) process with moving average parameter -1. As
a consequence, we show that the sum of realized variance and twice the first-order realized
autocovariance as well as all higher-order realized autocovariances of spot variance estimators
are asymptotically unbiased. Together with the fractional form of the limiting ACF, this
allows for asymptotically valid inference about the correlation of volatility changes without

estimating their variance.

Outline. Section 2 introduces the smoothness parameter of a continuous-time process as
a model-free way to characterize the ACF of its increments in the infill asymptotic limit.

Section 3 presents a law of large numbers (LLN) and a CLT for the realized autocovari-



ances of increments of spot variance estimators. Section 4 constructs GMM estimators of
the smoothness parameter of volatility and of the limiting autocorrelation of volatility incre-
ments. Section 5 evaluates the performance of this estimator in finite samples, while Section
6 contains an empirical application to SPY transaction data. Section 7 discusses implications
of low volatility smoothness on estimators commonly used in high-frequency econometrics.
Section 8 concludes. Appendices A and B contain the proofs for the main results of Section 2
and the assumptions behind the LLN and CLT of Section 3. Other proofs are deferred to
the Supplementary Material.

2 The Autocorrelation of Increments of a Continuous-

Time Process

In this section, we show that mild conditions guarantee that the limiting ACF of increments
of a continuous-time process must be that of fractional Gaussian noise. Let (X;);>o be a
mean-square continuous stochastic process and ¢ > 0 be a fixed time point.> Our main

interest is when X is volatility, but X can be general for the purposes of this section.

2.1 A Characterization of the Limiting Autocorrelation Function

We define the local autocovariance function of the increments of X around t by*
V(T3 A) = Cov(Xppn — Xi, Xiv(rr)a — Xigra), (D) = %(0;A), 72>0. (2.1)

In (2.1), A > 0 denotes the step size of an increment. We are interested in A — 0 asymptotics

for fixed t. Because v,(7; A) is allowed to depend on ¢, X can be nonstationary.
Assumption I'. We have v(A) > 0 for all A > 0 and the following conditions:

(i) There is a function (pi(7))r>0 such that for all 0,7 > 0, we have

%+0A(7'§ A)
7(A)

3Tt suffices to assume that X is mean-square continuous from the right at t. This would also accommodate
situations in which X has fixed times of discontinuity (e.g., due to a scheduled announcement).

4The content of this section readily extends to conditional autocovariances/autocorrelation by considering
the conditional probability measure P(- | F;) and the process (Xi4s)s>0-

—p(T)| — 0 as A —0. (2.2)




(ii) We have the following regularity condition:

lim inf lim inf 1(A8) —(A)
ALl A—0 ’Yt(A)

> 0. (2.3)

If we set 8 = 0 in (2.2), we see that ps(7) is precisely the infill asymptotic limit of the
autocorrelation at lag 7 of the increments of X. Assumption I' (i) posits the existence of
this limit. If X is a process with stationary increments, then condition (2.2) for § = 0
automatically implies the same condition for all & > 0. If X has nonstationary increments,
condition (2.2) requires the dependence of 7;(7; A) on t be of lower asymptotic order, so that
we obtain the same limit p;(7) if time is shifted by a constant multiple of A. This condition
is mild: for example, as we show in Propositions 1 and 2 below, if X is an [t6 semimartingale
or a moving-average process (including the price and volatility processes we consider in (3.1)
and (3.13) below), then (2.2) is satisfied as soon as the coefficients of X are also mean-square
continuous. Most continuous-time asset pricing models considered in prior literature satisfy
this assumption. Exceptions include processes with explosive coefficients, examples of which
we study in Proposition 3.

Condition (2.3) is a mild regularity assumption to rule out pathological cases. For ex-
ample, if 1;(A) = Var(X;;a — X;) is nondecreasing in A, then (2.3) is trivially satisfied. In
general, for a continuous-time process, the limit in (2.3) is typically zero, which just means
that the relative difference between Var(X,, a — X;) and Var(X,;an — X;) converges to zero

as A approaches unity.

Theorem 1. If (X;):i>0 is a mean-square continuous process satisfying Assumption I' at time
t > 0, then the following holds:

(i) The variance function A — ~(A) is regularly varying at zero with some index o €
0,2]. That is, we have v(AA) /v (A) = A* as A — 0 for all A > 0.

(it) In (2.2), we must have p,(1) = W (1) where e = 5% and, with the convention 0° = 0,

1
V(1) = 5(|¢ + 1P =27 Pet 4 | — 1%, 7 >0. (2.4)

In particular, if a € (0,2) (i.e., e € (—3,3)), pi(7) is the ACF of the increments of

fractional Brownian motion with fractional parameter e.’

®Fractional Brownian motion is a centered Gaussian process (B§);>¢ with covariance function E[Bf B¢] =



Theorem 1 implies that for continuous-time processes satisfying Assumption I, the limit-
ing ACF of its increments must be that of fractional Gaussian noise. In contrast to previous
occurrences of fractional Brownian motion in the econometric literature (see e.g., Sowell
(1990), Lo (1991), Comte and Renault (1996) and Miiller and Watson (2008)), here it ap-
pears as a consequence of infill asymptotic theory, without assuming fractional differencing
or fractional integration in the initial model.

We refer to e = O‘T_l as the smoothness parameter of X at time ¢t. If e < 0, non-overlapping
increments of X are asymptotically negatively correlated and we say that X is rough at time
t; if e = 0, they are asymptotically uncorrelated; and if e > 0, they are asymptotically

positively correlated and we say that X is smooth at time ¢.

2.2 Examples and Counterexamples

We first determine the smoothness parameter of continuous It6 semimartingales.

Proposition 1. Let X; =Y, + fot osdWy and Y, = Yy + fot by ds where W is a Brownian
motion and b and o are predictable and mean-square continuous. IfE[o?] > 0 and Var(b;) > 0

for all t, then X (Y ) satisfies Assumption I' with e = % (e=0) for allt > 0.7

Thus, a pure drift has a maximal smoothness parameter of e = 5, with asymptotically

2 Y
perfectly correlated increments (p;(7) = ¥y /5(7) = 1). This is intuitive as such a process has
differentiable sample paths, which by linear approximation behave locally like straight lines.
By contrast, continuous It6 semimartingales with nonzero diffusion coefficients have a zero

smoothness parameter, with asymptotically uncorrelated increments over disjoint intervals

L(t2et 4 g2t — |t — s|?¢T1) for s,t > 0. Its increments, (Bf,, — Bf)i>0, form fractional Gaussian noise
and are stationary with ACF given by Corr(By,, — Bf, By, .1 — Bf,,) = ¥() for all t,7 > 0. The range

of the fractional parameter is e € (—3, 1). Fractional Brownian motion and fractional Gaussian noise can
also be parametrized by the Hurst index, which is given by H = e —|— 5=5.

6This terminology follows Gatheral et al. (2018) and Chong and Todorov (2025) and reflects the fact that
processes with e < 0, e = 0 and e > 0 typically have paths of infinite, finite nonzero and zero quadratic
variation, respectively. Moreover, if X is continuous, then the Holder regularity of its sample paths is either
lower or higher than that of Brownian motion paths depending on whether e < 0 or e > 0. We note that
the boundary cases e = —% and e = 5 can also occur: in the first case, the increments of X have the same
asymptotic autocorrelation as the first difference of white noise; in the second case, the increments of X are
asymptotically perfectly correlated.

“While Theorem 1 allows for jumps in X, our main interest in the subsequent sections lies in the smooth-
ness parameter of the continuous part of spot variance (after jumps have been removed). The smoothness
parameter of an It6 semimartingale with square-integrable jumps and a nonzero diffusion part continues to be
zero. This is because jumps are uncorrelated over disjoint intervals: they add variance, but not correlation,
to the increments.



(pe(T) = Wo(7) = (1 — 7)4). This is because [to semimartingales are locally dominated by
their continuous martingale component, which has uncorrelated increments.

The next proposition shows that continuous-time moving average processes can have a
smoothness parameter in the whole region (—%, %), with its value determined by the behavior
of the moving-average kernel at the origin.

Proposition 2. Suppose that X; = Xy + f(fg(t — s)osdWs, where g has the form stated

in (3.14) below (in particular, we have g(t) ~ Ct® as t — 0 for some e € (—3,3)) and o
is predictable, mean-square continuous and satisfies Blo?] > 0 for all t. Then X satisfies

Assumption I' and has smoothness parameter e for all t > 0.

If ¢(0) is a nonzero constant, X is in fact a semimartingale and we have e = 0, which is
consistent with Proposition 1. If g(0) = 0, the process X has positively correlated increments
and is smooth with e > 0. If g(t) — oo as t — 0, then X is asymptotically negatively
correlated and is rough with e < 0. We emphasize that the value of e, in general, is unrelated
to the memory properties of X. Section 2.3 discusses this relationship in greater detail.

We next show that Assumption I' can fail if the coefficients of X are explosive (Laurent
et al. (2024)). We define r,(7) = lima_,0 Corr(Xypa — X, Xig(r41)a — Xigra), if the limit
exists. Note that we have r,(7) = p;(7) automatically if (2.2) holds.

Proposition 3. Let X; = Xy + fot s %y ds + fg s PoydW,, where a € [0,1), B € [0,3) and
b, o and W are as in Proposition 1 and Var(b;) > 0 and E[c?] > 0 for all t.}

(i) For anyt >0, Assumption I" holds with e =0 and r(7) = (1 — 7)4.

(i) If a« < B+ %, Assumption I' holds at t = 0, and we have e = 0 in this case, if and

only if 8 = 0. Regardless of the value of § € [0,3), we have ro(7) = 0 for 7 > 1 and
ro(T) = L for T €10,1).
\/(T+1)1—2ﬁ771—2ﬁ ’

(i) If a > B+ 5, Assumption T fails at t = 0 and ro(7) = W.(7) = 1 with e = 3.

(iv) If a = B+ L, Assumption T fails at t = 0 and ro(7) = 1/\/q for 7 > 1 and ro(7) =

(7 +1)' "2 1701 g) (1722 __ Varw)
\/q[(T+1)1—a_Tl—a]2+(1_q)[(T+1)2—2a_7-2—2a} fOT TE [07 1)’ where 7= Var(bo)—l—l_T"’IE[ag] ’

While X behaves like a continuous It6 semimartingale with bounded coefficients (and

e = 0) for any ¢t > 0, the smoothness properties of X at ¢ = 0 depend on the strength of

8This is a variant of the drift and volatility burst model studied by Laurent et al. (2024). We consider a
burst of the coefficients at time ¢ = 0 for simplicity.



the drift and volatility burst. If o < 3 + %, the drift burst is mild and negligible relative to
the diffusion component. Therefore, X inherits the property of uncorrelated increments over
disjoint intervals (ro(7) = 0 for 7 > 1), which is not affected by the value of 5. The value
of 3, however, does affect the correlation of overlapping increments (7 < 1) and we have
Assumption I' with e = 0 and r¢(7) = (1 — 7)4+ precisely when there is no volatility burst
(B=0). fa>p+ %, the drift burst dominates the diffusion component around ¢t = 0. As a
consequence, ro(7) = 1 as in the case of a pure drift studied in Proposition 1. Nevertheless,
Assumption IT" fails because the limit p;(7) in (2.2) now depends on # as the proof of the
proposition shows. Finally, if « = 8 + %, both drift and diffusion affect the limiting ACF
ro(7), with the magnitude of their contributions depending on the ratio ¢ € (0, 1).

Propositions 1 and 3 show that the asymptotic autocorrelation of nonoverlapping incre-
ments in continuous It6 semimartingale models, with or without explosive coefficients, is
always nonnegative. It is equal to zero if the diffusion term dominates; it is one if the drift
term dominates; and it takes a value in (0, 1) in balanced cases (as in Proposition 2 (iv)).
Explosive coefficients thus cannot generate negative autocorrelation in increments.

We next show that an infinite sum of [t6 semimartingales with increasing mean-reversion
speeds can lead to negative autocorrelation in its increments and a negative smoothness
parameter. Multifactor volatility models (see e.g., Chernov et al. (2003)) involve a similar

construction with finitely many factors. Suppose that

Zy=X+ Y pXj, dX]=-NX[]dt+o;dW], i>1, (2.5)

i=1

where X is the same process as in Proposition 1, p;, A; > 0, (X});>1 are independent and
centered initial conditions, (W});>o are independent standard Brownian motions which are
further independent of (X});>1, and (0});>0 are predictable and mean-square continuous.
The process Z therefore has a main semimartingale component, X, as well as components
X" of Ornstein—Uhlenbeck type with increasing mean-reversion parameters. The smoothness
parameter of the resulting process Z depends on the asymptotic behavior of the weights p;

and the mean-reversion parameters \;.

Proposition 4. Suppose that 2E[(X})?|\; — vo and E[(0)?] — v; locally uniformly in t as
1 — 00, where v is a continuous positive function. If p; ~ Ri™" and \; ~ Li9 as i — oo for
some 0 <r < %, q>1—=2r and R,L > 0, then Z is well defined and satisfies Assumption I’

1—2r < 0.

with smoothness parameter e = — 5

10



While the individual factor processes X¢, for i« > 1, are continuous Itd semimartin-
gales with e = 0 (see Proposition 1), their infinite linear combination can have a negative
smoothness parameter, if the weights p; decay slowly enough and the mean-reversion pa-
rameters \; diverge sufficiently fast. The exact value of e depends on the asymptotic rates
of p; and \;. The assumption in the proposition that 2E[(X{)*]\; — v, reflects the fact
that if o* is jointly covariance-stationary with dWW*, then the stationary solution X satisfies
E[(X})?] = E[(c)?]/(2)\;). Because we allow E[(c?)?] — v, for a time-varying function v, the

processes X, can be nonstationary.

2.3 Smoothness and Memory

For a covariance-stationary process X, its smoothness parameter e is related to the decay of

its spectral density at infinity.

Theorem 2. Let (X;)ier be a continuous-time covariance-stationary process satisfying As-

sumption I' with autocovariance function C(r) = Cov(Xy, X,), r € R.

(i) Let F be its spectral distribution function, that is, the unique distribution function
with total mass C(0) such that C(r) = [~ cos(Ar)dF(X) for r € R. Then X has

smoothness parameter e € ( 11

—5,35) if and only if C(0) — F is regularly varying at

infinity with index —1 — 2e.

(i1) Consider the special case where C(r) is integrable with spectral density f, that is,
FO) = 5= [Z_cos(Ar)C(r)dr for A € R. Suppose that f is nonincreasing on (a, o)
for large enough a > 0. Then X has smoothness parameter e € (—%, %) if and only if
f is regularly varying at infinity with index —2 — 2e.

The theorem highlights that the smoothness parameter e is distinct from the memory
parameter d of X. A covariance-stationary process X has memory parameter d € (—%, %)
if its spectral density satisfies f(\) < |[A[72% as A — 0 (Dittmann and Granger (2002)). If
d > 0, X has long memory; if d = 0, X has short memory; and if d < 0, X is antipersistent.
While d describes the behavior of the spectral density at the origin, e concerns its asymptotic
decay at infinity.

Theorems 1 and 2 demonstrate that infill asymptotics separate high-frequency variation
in X, encoded by e, from low-frequency variation in X, encoded by d. In our application to

volatility, they allow us to conduct inference about the smoothness parameter of intraday

11



volatility independently of the well-established long memory property of volatility over daily
or even longer time horizons (see e.g., Andersen et al. (2001, 2003)).

In many parametric fractional models, however, a single parameter controls the behavior
of the spectral density at zero and infinity. As Miiller and Watson (2008) point out, in
such a case, even efficient statistical procedures may rely on both high- and low-frequency
information, raising robustness concerns if the parametric model is misspecified. This is
consistent with Shi and Yu (2023) and Li et al. (2025b) who find that roughness and long
memory are only weakly identified in ARFIMA models.

The example of a fractional Ornstein—Uhlenbeck process driven by a fractional Brownian
motion with Hurst index H € (0, 1) illustrates the previous point. Its spectral density
satisfies f(A) < [M172H as A — 0 and f(A\) < |A|7172H as A — oo (see e.g., Shi et al. (2024)).
Hence, e =d = H — % and the process is either smooth and has long memory (if H > %),
rough and antipersistent (if H < %), or has the same smoothness as Brownian motion and
short memory (if H = %) Importantly, a single parameter, H, controls both the smoothness
and memory properties of the process.

This need not be the case for a general stationary process. For example, the sum of
two independent fractional Ornstein—Uhlenbeck processes with Hurst indices H; and Ho,
respectively, where H; < Hs, has a spectral density that satisfies f(A\) < [A|'™272 as A — 0
and f(X) < [A|772#1 as X — oo. Hence, by Theorem 2, we have e = Hy — 5 and d = Hy — 3.

If H, < % < H,, the process will be rough and have long memory.

2.4 Localization

The next theorem shows that the definition of the smoothness parameter e can be extended

to processes without a finite second moment by localization.

Theorem 3. Suppose that (X;)i>o is a continuous-time process and there is a sequence of
random times (Tp)nen Satisfying T, — 0o almost surely such that the processes X|" = Xiar,
have finite second moments, are mean-square continuous and satisfy Assumption I' for all
n € N, with limiting ACF’s p§") (1) that converge as n — oo for T = 1. Then there exists

e € [—3,3] such that

lim lim Corr(X/7 — X[, X[} A — X[ia) = Pe(r), 720 (2.6)

n—o0 A—0

Examples covered by Theorem 3 include moving-average processes and, in particular,

continuous It6 semimartingales (by taking e = 0 and g = 1), as the next proposition shows.
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Proposition 5. Consider X, = fotg(t — s)ns AWy, where g is a kernel as in (3.14) below for
.
bounded and locally bounded away from zero. If we define 7, = inf{t > 0 : || > n or|n| <

some e € ( ) and n is a predictable process which is continuous in probability and locally

LY, then X™ is mean-square continuous for alln € N and we have (2.6).

3 Limit Theorems for Realized Autocovariances of

Volatility Estimators

We move to inference about the smoothness parameter of volatility. The log-price x of the
underlying asset is assumed to follow standard It6 semimartingale dynamics on a filtered
probability space (2, F,F = (F;)i>0, P):

t t t t
xt:aco—i-/ bsds—i-/ JSdWS-i-/ /(SZ(S,Z)W(dS,dZ)—l-/ /(55(5,2)%(ds,dz). (3.1)
0 0 0o JE 0o JE

In this expression, zq is an Fy-measurable random variable, W is a standard Brownian mo-
tion, 7 is a Poisson random measure on [0,00) x E with compensator dt A(dz), 7(dt, dz) =
m(dt,dz) —dt A(dz) and A is a o-finite measure on an auxiliary space E. The Itd semimartin-
gale specification of the asset price is standard in continuous-time econometrics (Ait-Sahalia
and Jacod (2014)). We specify further assumptions on the drift b, the volatility o and the

jump functions §' and §° later on.

3.1 Realized Autocovariances of Volatility Estimators

Our goal is to construct an estimator of the autocorrelation of volatility increments in the
infill asymptotic limit. The estimator is based on high-frequency observations of asset returns
on [0, 7], with step size A,,, where T" > 0 is fixed and A, — 0. Our inference procedure
starts from jump-robust spot variance estimates constructed from truncated sums of squared
returns over local blocks of return data (Ait-Sahalia and Jacod (2014)):

1 i+kn .
& =13 > (AT Lang<y,, i=0,..., [T/A] = kn. (3.2)
T =it

Here, Alx = w;a, — T(-1)a, is a high-frequency return on the asset, (kn)nen is a positive

integer sequence increasing to infinity and (v, ),en is a sequence of positive truncation levels
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shrinking to zero. Next, we compute truncated increments of these spot variance estimators

and subsequently the realized autocovariances thereof. That is, we consider?

APHE;L = /C:'I-‘rpn - /C\?’ A;‘;LEZL = Apn/é?1|Apn/C\?|§wn (33)
and, for ¢ > 0,
[t/An]—=(¢+1)pn—kn
nt t t
V;f - p_n Z Apil/é?+fpnApi/C?' (34>
=0

In (3.3) and (3.4), (pn)nen is an integer sequence increasing to infinity such that p, > k,.

Choosing p,, > k, introduces gaps between ¢ and ¢

i pns Which helps mitigate the impact

of potential microstructure noise on (3.4) in the case where ¢ = 1. The sequence (wy,)nen;,
positive and convergent to zero, serves as truncation levels to remove volatility jumps from
Apn

kn,A, is eight minutes and p,A,, is ten minutes.

¢, In one of the settings considered in the empirical application below, A,, is five seconds,

3.2 Microstructure Noise

If returns are sampled at high frequency, we may only observe
Aly=Alz+e, i=1,...,[T/A,], (3.5)

where €] are error variables due to market microstructure noise. It has long been recognized
that observation errors in high-frequency asset prices can lead to biases in the spot variance
estimates (3.2), which has prompted a large literature on noise-robust estimation of volatil-
ity.!'® As Bandi and Russell (2008) point out, there is an implicit bias—variance trade-off in
any inferential procedure aimed at recovering volatility from noisy price observations. For
example, under standard conditions, the most efficient noise-robust estimators of integrated
volatility attain a rate of convergence of A, Y : compared to A, /2 in the noise-free case.
For coefficients or parameters of volatility (e.g., volatility of volatility or the leverage effect),
the rate drops from A, Y4 6 An'® for classical noise-robust estimators. Robustness to noise

thus comes at the price of halving the rate exponent.

9Barndorff-Nielsen and Shephard (2004a), Barndorff-Nielsen et al. (2008), Laurent et al. (2024) and Li
and Yang (2026) investigate realized (auto-)covariances for asset prices. Our statistics differ from these works
in that we consider realized autocovariances of spot variance estimators.

10See e.g., Zhang et al. (2005), Bandi and Russell (2006), Barndorff-Nielsen et al. (2008), Jacod et al.
(2009), Jacod et al. (2017), Da and Xiu (2021) and Li and Linton (2022).
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For the smoothness parameter of volatility, the trade-off we face is different. If the
observed returns follow (3.5), where € is centered and stationary, then ¢} ~ 0(21._1) A, T8/ A
where p?2 = Var(e?) is the noise variance that induces the asymptotic bias. The realized
autocovariance statistics in (3.4), however, hinge on increments of volatility estimators, for
which these biases cancel out such that ¢ remains centered at A?¢?. Thus, to first order,
noise does not bias the realized autocovariance statistics in (3.4).

Our approach in the following is in the same spirit as Andrews et al. (2026) and focuses
on identifying assumptions under which noise contamination does not affect the large-sample
properties of our estimators. This allows us to construct feasible estimators of the limiting
autocorrelation of volatility increments and of the smoothness parameter of volatility with
a rate of convergence of A, Y 4/ M in Section 4 and to understand the boundary
conditions under which such a rate is attainable despite the presence of noise.

In the following, we assume that ¢ is constructed from the observed returns, Al'y, instead
of the efficient returns, A?x. We further assume that

e — Aa71/2< “n 2 d5> 1/2 . (3 6)
i n (—1)A Ps X .

7

where (;)ien is a discrete stationary time series with zero mean and unit variance, p is an
1
2
the noise variables and the efficient returns have the same asymptotic order and both price

variance, oZ, and noise variance, p?, contribute to the asymptotic limit of (3.4). If a < %,

adapted noise intensity process and o > 0 determines the strength of the noise.!' If o =

microstructure noise dominates, while if o > %, it is asymptotically smaller than the efficient
returns. The case @ = 0 (“nonshrinking noise”) is considered in Jacod et al. (2017) and Li
and Linton (2022), while Ait-Sahalia and Jacod (2014) and Da and Xiu (2021) also consider
the case a > 0 (“shrinking noise”). Likewise, our theory allows for all o > 0.2

We also assume that the noise variance process p? has the same smoothness parameter

" Note that the noise variables directly act on the returns. This specification implies that €7 is an estimator
of (knAy)~1 fi(::k"m" (02 + AZo=1p2) ds, which allows for a unified treatment of price and noise volatility.
If p is constant, (3.6) is equivalent to the more common specification y;a, = zia, + A%pia, xi, which
introduces errors on price levels. If p is time-varying, however, the latter implies that ¢} is an estimator of
(knAy) 7t fi(;tk"m" (02 + Afﬁ‘l(pfs/AnJAn + pfs/AnJAn+An)) ds. While the results remain unchanged, the
proofs will be substantially longer without offering any additional insight, which is why we assume (3.6).

12While we do not need to know or estimate c, microstructure noise appears to be small in our empirical
application in Section 6. The median ratio of five-second realized variance to five-minute realized variance is
1.0869 in our sample. This is in line with Ait-Sahalia and Xiu (2019) and Li and Yang (2026) who provide
empirical evidence that the magnitude of microstructure noise has substantially decreased in recent years.
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as 2. This assumption is satisfied if the noise intensity is a function of volatility, which is
supported by empirical evidence of a strong relationship between noise intensity and volatility
(Ait-Sahalia and Yu (2009)). Li et al. (2016) and Bollerslev et al. (2018) provide further
evidence of this link by documenting a strong relationship between microstructure noise and
trading volume and between trading volume and volatility, respectively. Remark 1 below
discusses how our results generalize to cases in which volatility and noise intensity have

different smoothness parameters.

3.3 Law of Large Numbers for Realized Autocovariances of

Volatility Estimators
Because observed asset returns are contaminated by microstructure noise of the form (3.6),
the spot variance estimators ¢ in (3.2), when multiplied by Ag_%‘)*, approximate

o= A(1’2a)+0t2 + Ago"l)ﬂof, (3.7)

n

where z, = max(z,0) denotes the positive part of z. We assume that

o =v+ /Ot/E(Si(s,z) m(ds,dz) + /Ot/Edj(s,z)%(ds,dz), (3.8)

where v, the continuous part of ¢, is an adapted process and ¢’ and §° are the large and
small jump parts of ¢, respectively. If o # %, the process ¢ as well as its components depend
on n, which we do not reflect in the notation for simplicity. We prove an LLN for the
realized autocovariances defined in (3.4) under Assumption LLN stated in Appendix B. The
main structural assumptions on the continuous part of ¢ are mild and comprise the following
technical conditions. If v is a moving-average process as in Proposition 5, then (3.9)-(3.11)
below are satisfied with y(A,,) = A2l and ¢ = n2.

Assumption V1. The process v is adapted and satisfies the conditions of Theorem 3 for
all t > 0, with a smoothness parameter e € (—3,0] characterized by (2.6) and a sequence of
stopping times (Ty )men increasing to infinity almost surely that does not depend on t and has
the following properties: there exist a function v regularly varying at zero with index 2e + 1

and a predictable positive process ((;)i>o which is locally bounded and locally bounded away
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from zero such that for m,p € N and + > 0, we have

E[(EL]7a, — oI | Fout])'] = 0(2(A0)), (3.9)
E[|Cov(v]za, —vim,ofta, = v | For) = Cny(An)T(52)|] = 0(2(A0)),  (3.10)
Eljvy, — o017 = O(v(A)"?), B[, — ¢l = o(1) (3.11)

as A, — 0, uniformly in 0 <r < s <t <T satisfying r > A,ll_‘.

Assumption V1 implies that v, the continuous part of ¢, has a smoothness parameter
that does not depend on time. If e is time-varying, the periods in which e is the smallest
(and thus v is the roughest) will dominate the asymptotic behavior of (3.4), see Remark 2
below. Our empirical results suggest that the time-series variation of e is mild in practice
(see Figure 1).

We only consider e € (—%, 0] in Assumption V1 to simplify the exposition. Theorem 4
below can be extended to the whole range e € (—3, 5) if one replaces k,, = An?log A
(see Assumption LLN (v)) by a larger window of size k, =< A and imposes stronger
conditions on the price and volatility jumps in Assumption LLN (iii) and (iv). As a larger
window size leads to a loss of efficiency of the estimators we consider in Section 4 if the true
value of e is negative, and Chong and Todorov (2025) reject the case e > 0 in favor of e < 0
for almost all considered assets and time periods, we do not detail such an extension.

The conditions (3.9)—(3.11) are mild. The first two concern the conditional expectation
and autocovariances of volatility changes over short intervals of length A,,. Condition (3.9)
assumes that predicted changes of volatility over periods of length A, become smoother
as the forecast horizons (when measured in units of A,) increases. If v™ has stationary
increments, this is satisfied if the ACF of its increments decays to zero at infinity, however
slowly. Equation (3.10) is a conditional version of (2.6) and states that the conditional
autocovariances of short-term volatility changes are asymptotically equivalent to the those
of fractional Gaussian noise scaled by a volatility-of-volatility process (. If a > % (v < %) in

(3.7), ¢ only depends on o2 (p?); if v = 3, it depends on both. The next theorem determines

the large-sample limit of the realized autocovariances th’g. We use é to denote uniform
convergence in L' on [0, 7] for any fixed T' > 0. The constants @, .(¢) are defined in (B.2)
of Appendix B.

17



Theorem 4. Under Assumption LLN, we have V™' é V¥ for all € > 0, where

A R t
‘/tn,é _ PrnAn A2(1—2a)+ n,b V;Z — q)n,e(€>/ CS ds (312)
0

Y(pnAn) " b

The large-sample limit of V;”’Z is thus given by the product of a limiting ACF (®, (¢))e>0
and integrated volatility of volatility, fot (s ds. We note that @, . is not the ACF of fractional
Gaussian noise defined in (2.4) but the ACF of averages of fractional Gaussian noise (see
(B.2) in Appendix B). This is because ¢} is primarily an estimator of local averages of spot

variance.

Remark 1. What if the noise variance process, p?, has a smoothness parameter ¢ < 0
(together with a variance function ~') which is different from the smoothness parameter e

of spot variance, o? In this case, Theorem 4 continues to hold with ¢ = o (c = p*) and

N A n,l N4 Ay, —2atrnt . _e! _
Vit = e T (VY = RS AR o> 5 (o <} + ). Therefore

microstructure noise does not affect the estimation of e unless it is strong and its intensity

has a smoothness parameter which is largely different from that of volatility.*?

Remark 2. What if the smoothness parameter of ¢ is time-varying? In this case, the realized
autocovariance statistics will be dominated by the periods in which e is the smallest. Consider,
for example, the case where the smoothness parameter is a piecewise constant function of
time: e(t) = Z?:l ej17,(t) where e; < 0 and (I;)j=1,.r forms a partition of [0,T] into
intervals of positive length. In that case, we still have Theorem J with e =e; A --- A e and

‘/tz =Dy (0) Zj;ejze ij Csls<i ds.

3.4 Central Limit Theorem for Realized Autocovariances of
Volatility Estimators
In order to obtain a CLT for the realized autocovariances of spot variance estimators, we

need stronger structural assumptions on c. We present the main assumption here and gather

additional regularity conditions in Assumption CLT of Appendix B.

130ne can use classical pre-averaging techniques (see e.g., Jacod et al. (2017), Li and Linton (2022))
to construct an estimator of the volatility smoothness parameter which is robust to strong microstructure
noise with highly irregular intensity. Such an estimator, however, has a rate of convergence of A, /8 and
therefore requires observations at much higher frequencies in practice than the five-second data we consider
in Section 6. Given empirical evidence that the magnitude of microstructure noise has decreased in recent
years (see e.g., Ait-Sahalia and Xiu (2019) and Li and Yang (2026)) and the strong relationship between
volatility and noise (Ait-Sahalia and Yu (2009)), we do not pursue such an extension here.
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Assumption V2. We have (3.8) where v has the form

t t t
v = v + / asds + / h(t — s)0sds + / g(t — 8)(ns dW, +1,dW ) (3.13)
0 0 0

for an Fy-measurable initial condition vy. The processes a, 0, n and 1 are predictable and

locally bounded, and W is a standard Brownian motion independent of W. Moreover,

g(t) = ge(t) + gO(t)> h(t) = ge (t) + h0<t)7 (314)

where g.(t) = K7't%, K. = (1 +e€)/\/cos(me)(2 + 2e), 1§ = t°Ling, €,¢' € (—1,0] and
go, ho € A. Here A is the class of all absolutely continuous functions f : [0,00) — R which
vanish at the origin, are twice continuously differentiable on (0,00) and satisfy |f'(t)] <

Ct*=! and |f"(t)] < Ct*2 for 0 <t < 1 and some o > 1.

Under Assumption V2, the continuous part of ¢; is a continuous-time moving average
process driven by Brownian motion. By the Wold representation theorem (see e.g., Theorem
2’ in Section 4 of Hannan (1970)), stationary processes also have them as their main building
block. Assumption V2 is a direct generalization of the semimartingale assumption on v,
underlying many CLTSs in high-frequency econometrics (see e.g., Assumption (K) on page
116 in Jacod and Protter (2012)). The semimartingale case corresponds to e = ¢ = 0.

Because g(t) < t¢ as t | 0, the smoothness parameter of the continuous part of ¢ is e (see
Proposition 5). The constant K, is chosen such that E[(viia — v;)?] ~ A2 if 2 + 777 =
The behavior of g as t — oo depends on gy and is not further specified. In particular, if v
is stationary, the smoothness parameter e has no implications for the memory properties of
v as these depend on the decay of the autocovariance function at infinity, which in turn is
governed by the behavior of g at infinity. Thus, the setting in (3.13) and (3.14) allows for
inference about the smoothness parameter e without making any assumptions on or drawing
any conclusions about the memory parameter d.'*

The process v has a differentiable drift, f(f as ds, and a nondifferentiable drift, f(f h(t —
s)0sds. We include the latter in (3.13) as it is present, for example, in the rough Heston

“4Comte and Renault (1996) study a variant of (3.13) in which the behavior of g at zero is coupled with
the decay of g at infinity (see their Proposition 5 and condition (8)). Hence, the value d in Comte and
Renault (1996) determines both the smoothness and the memory properties of the resulting process. By
contrast, Assumption V2 specifies the behavior of g at the origin but leaves its decay at infinity unspecified.
The memory properties of v in (3.13) are thus unrelated to e. For example, the kernel g(¢) = 5 (1 4¢)4=17¢
with d,e € (—%7 %) implies a smoothness parameter of e and a memory parameter of d (see Bennedsen et al.

(2022) for further examples).
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model (El Euch and Rosenbaum (2019)) considered in the Monte Carlo study of Section 5.

The next result determines the joint asymptotic distribution of ‘Z”’e, ¢ =2,...,L for
some L > 2, together with V™ + 2V/™'. We consider this particular linear combination
because sampling errors in ¢} lead to bias terms in \A/tn’o and IZ"’I. While they converge to
zero in probability and therefore do not affect the LLN limit of V™ and V™!, they affect
the CLT as higher-order bias terms. However, as we show, these bias terms cancel out up to
an asymptotically negligible contribution when linearly combined in the above fashion. This

cr

., are uncorrelated in the limit.

in turn is because the sampling errors in ¢ and

Theorem 5. Let V" and V! be given by (3.12) with v(A) = A2 and , = n? + 72.
For fited m > 1 and ¢ = 1,...,m, define Z"* = (poly) V2V — V) if £ > 2 and
ZM = (pu ) VRV 42V — VO — 2VY) if € = 1. Under Assumption CLT, the process
Zr = (2P, ..., 2P"™T satisfies the joint CLT' 2" £28 2. where Z = (ZL ..., 2 )0
is defined on (Q, F, (70@0, P) and is F-conditionally Gaussian with independent increments,

mean zero and covariance matrix
! el ! t
e = B2 | F)= Renlt.0) [ (2 47205 .15
0

The constants Ry (¢, ') are defined in (B.3) of Appendiz B.

The asymptotic distribution of the realized autocovariances of spot variance estimates
is mixed normal, with the asymptotic conditional covariance matrix given by (3.15). As
(B.3) shows, R.(¢, ') is related to the autocovariance of products of integrated fractional
Gaussian noise. Naturally, the integrated quarticity of spot variance, fot (n? +7?)*ds, enters
(3.15) as well. Just like the LLN (see the discussion after Assumption V1), Theorem 5 can be
extended to e € (0, 1) with minor modifications of the proofs if one imposes more restrictive
assumptions on the jumps and chooses a window size which is asymptotically of the order
A*""1f one knows that e < 0 (see e.g., Chong and Todorov (2025) for the case of volatility),
the resulting estimator would have a slower rate of convergence than the current one, which
is based on k, =< A2 log A 1. Theorem 5, however, does not extend to e € (i, %) In this
case, the CLT can be recovered by considering second- instead of first-order increments of
volatility (cf. Corcuera et al. (2013)). Because the confidence intervals we construct in the

1.0), we do not detail such extensions here.

empirical application are strictly contained in (-3,

5Here £= denotes functional stable convergence in the local uniform topology and (Q, F, (?t)tzo,@) is
a very good filtered extension of the original probability space (see e.g., Chapter 2 of Jacod and Protter
(2012)).
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4 Inference About the Asymptotic Autocorrelation of

Volatility Increments

This section proposes estimators of the asymptotic autocorrelation of volatility increments
based on the limit theorems from Section 3. For brevity, we focus on deriving feasible
asymptotic confidence intervals from Theorem 5; the same method allows the construction
of consistent estimators under the weaker assumptions of Theorem 4.

Because volatility is unobserved, direct inference on the asymptotic ACF using the re-
alized autocovariance statistics from (3.4) incurs attenuation biases of the same kind as
in classical errors-in-variables models (Hausman (2001)): sampling errors in spot variance
estimators inflate estimated variances but not autocovariances, shrinking the empirical au-
tocorrelation of volatility increments towards zero. The present problem, however, differs
from standard mismeasured econometric models in that the latent variables, increments in
latent volatility, and the error terms have a time series structure. As Theorem 5 shows, an
important implication is that V™ for £ > 2 as well as the linear combination V™0 + 2!
are asymptotically unbiased and stably converge to a mixed normal distribution centered at
V¢and VO + 2V respectively.

This fact alone is not yet sufficient for feasible estimation of the asymptotic ACF of
volatility increments, which requires division by V' and not VV°+2V!. Theorem 1 provides a
remedy by establishing the equivalence between estimating the asymptotic ACF of volatility
increments and estimating the smoothness parameter e of volatility.

Our approach, therefore, is to first construct a feasible GMM estimator of e and then
apply the delta method to obtain an estimator of (V.(7)),>o. For the first step, we choose
m > 2lags ¢ =1,...,m as well as symmetric positive definite (and possibly random) weight
matrices W, € R™*™. We obtain an estimator of ©; = (e, R;)?, where R; = fot (s ds, by min-
imizing the weighted distance between the realized autocovariances of volatility increments

and their large-sample limit under a generic parameter vector © = (E, R)”:

Or = (€., R,)" = argmin F/'(E, R) (4.1)
(E,R)

where F/'(E,R) = [W/(V" = @2 gR)|?, Vi = (V0 + 20 V2 V)T, on =
(pnAn)zEEH,E and 6fﬁ,E = (¢H,E(O) + 2¢H,E(1)7 CI)H,E(Q)a ceey (I)H,E(m))T-16

6 Definition (4.1) is to be understood as follows: for every E € (—%, %), because W, is positive definite,

ﬁn(E) = (&)QE)TW,JZ”/(CEZE)TW”@ZE is the unique minimizer of the function R — F'(E,R). We
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Theorem 6. Lett € (0,7 and suppose that W, LN W, where W € R"™ ™ s a deterministic
symmetric positive definite matriz. Under Assumption CLT, the sequence (4.1) is unique

with probability converging to one and
DN 6) —©,) 3 (GTwa,) 'dTwz, (4.2)

where OF = (&,, A%(l_za)+§?)T, Z is defined in Theorem 5, Gy = (aﬁeRt,am) € R™*2 has
full rank, 5;,6 = 0.P.. and D, = (pnAn)lm(_Qlog(plnAn)Rt (1))

Theorem 6 implies that the rate of convergence of €, is (p,A,)""/2. We note that
Ai(l_za)+§? LN R;. Thus, ﬁ? consistently estimates R; only if a@ > % If a < %, R,
can be estimated consistently if « is known. As we show below, one does not need to know
« in order to construct feasible confidence intervals for e.

The asymptotic variance in (4.2) has the usual sandwich form. It is minimized if the
weight matrix W, is chosen such that W, N C, ! from (3.15). We now construct a consistent
estimator of the asymptotic covariance matrix by adopting Li and Xiu (2016)’s approach.

For fixed t € (0,T], define centered products of volatility increments by

(Arem?+2A e AU en — om0 —omt if 0=1,

wn7£ —
mt =
tr °n tr on n,l .
AD g, AL T — it ¢ > 2,
N Kn—1
where m;j"" = - Z+Z AN T, Ay T for a bandwidth parameter K, > 1. We estimate

T
their cross-covariances at lag L by E” (Ze v 1<t <m, where

Ny (®)
Sy = Ay Z ol (4.3)
and NZ@L( )= [t/A,| — K, —k, — [+ 1)p, V ((¢' +1)p, + L)] + 1. Finally, we define
A~ A~ Ln A~ A~
Sy =SP0) W(L L) (EPE + (2057, (4.4)

L=1

where W (-, -) is a deterministic weight function and L, > 1 is the number of lags used in

then define €, = argminge|_y /919 F1*(E, R,(E)), where the minimum exists because Fy'(E, R, (E)) is
continuous on (— %, 5] and can be continuously extended to £ = —=. Finally, we define Rn =0ife, = —%
and R, = R,(é,) otherwise. We show that P(¢, = — 1) —=o0.
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the asymptotic covariance estimation.

Theorem 7. Grant the assumptions of Theorem 6 and suppose in addition that @ > e + i,
K, ~9A;Y and L, ~ 9'A* for some 9,9 > 0 and u,v' > L satisfying 3 <u < 3(1—e) A

(@—e+)AG+H3u)ANG+EANL=W))(e"ANeT+3)). Further assume that W is uniformly

. 92 de -1 A41-20)+p P
bounded and satisfies W (L, L,) — 1 for every L > 0. Then (p,A,) >4 pnlAn( )+Et —
Cs.

We obtain interval estimates for e and, by the delta method, of the asymptotic ACF of

volatility increments as an immediate consequence.

Corollary 1. Assume that the conditions of Theorem 7 hold and let e; = (1,0)T and G, =
(P, Ry, Brz,) € R™2f

Ve = (puln) ", el (GIWLG) T GIWLSW,GHGIW,Gy) ey, (4.5)
which for W, = (7)1 simplifies to
Vi = ()™ e (G (5) G e, (4.6)

then asymptotic (1 — «)-confidence intervals for e and W (1), where o € (0,1) and T > 0,

are given by
Gt O (1= (VY] and  [Us (1) £ 071 — D)0 0a, (NI(V)Z], (A7)

respectively, where ®~1 is the quantile function of the standard normal distribution.

5 Monte Carlo Study

This section studies the finite-sample behavior of the GMM estimator from Section 4.

5.1 Asset Price Dynamics and Noise

The efficient log-price satisfies

dzy = (b—107)dt + op AW, + / z (p(dt,dz) — v (dz) dt), (5.1)
R
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where W is a standard Brownian motion, the equity risk premium is b = 0.1 in annualized
terms and p is an integer-valued random measure generating jumps in the log-price. Its
compensator is v4(dz) dt, where vy(dz) = 003% dz. Such a specification implies that jumps
are from a time-changed tempered stable process, with the time change given by spot variance
(cf. Duffie et al. (2000)). The parameter J is the Blumenthal-Getoor index of z and controls
the activity of small jumps. We experiment with 8 = 0.5 (Case J1), which leads to price
jumps of infinite activity but finite variation, and 8 = 1.5 (Case J2), which leads to infinite
variation jumps. The latter case also allows us to examine the robustness of our estimators
to high jump activity as 8 = 1.5 is not covered by Assumption CLT. We set A = 500 and
¢ = 0.1X*7/T'(2 — ). This implies [, 2*14(dz) = 0.207, which is consistent with previous
empirical results about the percentage of return variance due to jumps.

We consider Heston (1993)’s model for spot variance in which

t t
ol =op + / k(0 —o?)ds + / vos dBs (5.2)
0 0

and the smoothness parameter is given by e = 0. The standard Brownian motion B satisfies
Corr(dWy, dBy) = pdt with p = —0.7, which generates a negative leverage effect. We further
choose 8 = 0.02, k = 8.32 and v = 0.55 in annualized terms. This corresponds to an
unconditional mean of spot variance of 0.02 and a half-life of a shock of one month. The
parameter v is chosen close to the upper bound imposed by Feller’s condition.

We further consider cases in which spot variance has rough Heston dynamics (El Euch
and Rosenbaum (2019)) with e € {—0.4, —0.3, —0.2, —0.1}. Then

1 t t
2 _ 2 _\e 2 e
o; =05+ Mo+ 1) (/0 (t—s)k(6 Us)d3+/0 (t—s) yasdBS),

where v is chosen in such a way that o7 has the same unconditional variance as in the
standard Heston model from (5.2). That is, we have v = 0.16,0.29,0.39,0.48 if e =
—0.4,-0.3,-0.2, —0.1.

In addition, we also consider cases in which volatility has jumps:

t t

03+/n(0—0§)ds+/yasst+Lt ife=0,
Ut2 = ° 1 t ’ t
op + et D) (/0 (t —5)°K(0 — 02) ds + /0 (t — s)vos dBS) + L; otherwise.
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Here L is an independent gamma process with Lévy density c,e *?2711,¢, where ¢, = 3.45
(in annualized terms) and A, = 17 are the same volatility jump parameters as in Chong and
Todorov (2025). We label the cases without (with) volatility jumps as V1 (V2).

Observed returns include additive noise of the form €' = opeise( f(zﬁ’{) A, o2 ds)l/ 2xi. We
experiment with the case where x; = (¢; — (;_1)/+v/2 for independent standard normal vari-
= 1.09 — 1 = 0.09 (N1). The value 1.09 is approximately the median

empirical ratio of daily realized variance computed from five-second versus five-minute re-

ables (; and o2, =
turns in our SPY sample. To check the robustness of our estimator, we consider a second
configuration (N2) in which o, increases by a factor of 10 and y; exhibits time series
dependence and is the first-order difference of (2]111 T I =1 Pl oCiej. We follow Li
and Linton (2022) and choose pyoise = 0.7. This specification is consistent with Li and Lin-
ton (2022)’s observation that market microstructure noise decorrelates at four to five lags in

calendar time.

5.2 Implementation and Choice of Tuning Parameters

The efficient price process is generated by an Euler scheme with a step size of one second
and subsampling every five seconds, yielding 4,680 returns per trading day. We simulate 300
replications per configuration, each of which consists of 252 independently simulated trading
days with variance initialized at 6.

We choose k,, = 96 and p,, = 120, which corresponds to estimating spot variance every
eight minutes and leaving a two-minute gap in between. We use lags ¢ = 1,...,6, which
correspond to considering autocorrelation of volatility changes up to one hour apart, and
the optimal weight matrix W,, = (i?)_l (see (4.4)) in our GMM procedure. We choose
K, = 720, L, = 180 as well as Parzen weights W (L, L,,) for estimating the asymptotic
variance. The threshold for price jump truncation in (3.2) is set to v, = 31/22BV}, . on
day t, where BV, 1 is the bipower variation estimator of Barndorff-Nielsen and Shephard
(2004b) based on five-second returns on day t. The threshold w, for volatility jumps on

day ¢ is set to three empirical standard deviations of all volatility increments A, ¢} on

i
that day, with the largest 5% of increments (in absolute value) removed. To improve the
finite-sample performance of our estimator, we replace volatility increments exceeding w,, in
absolute value by w, or —w, (depending on the sign) instead of zero. In order to mimic
the empirical application, we further normalize spot variance increments on each day by

five-minute realized variance over that day.
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5.3 Results

Table 1 reports the bias, standard error (SE) and root mean square error (RMSE) of €, in
absolute terms. We observe that €, has a small upward bias of up to 0.03 for all considered
values of e, except for the case e = 0, in which it is essentially unbiased. While our theory
shows that this bias vanishes asymptotically, it is nevertheless present in finite samples.
Standard errors tend to decrease as e changes from -0.4 to -0.3 and increase again as e
increases further, attaining the largest values when e = 0.

Consistent with our theory, price and volatility jumps as well as noise do not meaningfully
impact the bias or standard error of €,,. Overall, the simulation confirms a good finite-sample

behavior of our GMM estimator.

Table 1: Monte Carlo Results with Jumps
e J1-V1-N1 J1-V1-N2 J1-V2-N1 J1-V2-N2 J2-V1-N1 J2-V1-N2 J2-V2-N1 J2-V2-N2

Bias 0.020 0.021 0.022 0.023 0.020 0.020 0.023 0.024
SE -0.4 0.031 0.030 0.031 0.030 0.031 0.030 0.029 0.029
RMSE 0.037 0.036 0.038 0.038 0.037 0.037 0.037 0.037
Bias 0.013 0.013 0.015 0.015 0.013 0.013 0.016 0.016
SE -0.3 0.027 0.026 0.027 0.026 0.026 0.025 0.026 0.026
RMSE 0.030 0.029 0.031 0.030 0.029 0.029 0.031 0.031
Bias 0.022 0.023 0.025 0.025 0.024 0.023 0.026 0.025
SE -0.2 0.027 0.028 0.026 0.028 0.026 0.027 0.027 0.028
RMSE 0.035 0.036 0.036 0.038 0.035 0.035 0.037 0.038
Bias 0.026 0.027 0.029 0.029 0.027 0.028 0.030 0.029
SE -0.1 0.034 0.038 0.034 0.037 0.034 0.038 0.035 0.036
RMSE 0.043 0.046 0.044 0.047 0.043 0.047 0.046 0.046
Bias -0.003 0.005 -0.004 0.004 -0.002 0.004 -0.001 0.004
SE 0 0.062 0.063 0.058 0.060 0.065 0.065 0.060 0.060
RMSE 0.062 0.063 0.058 0.060 0.065 0.065 0.060 0.060

Note: The table reports the bias, SE and RMSE of €, in absolute terms in the presence of jumps and
truncation. The numbers are based on 300 Monte Carlo replications.

6 Empirical Application

We estimate the smoothness parameter and the asymptotic autocorrelation of intraday
volatility changes using SPY transaction data from 2010 to 2025. We sample prices every
five seconds from 9:30 a.m. to 4:00 p.m. ET after applying standard filters to the tick-by-tick
data. We remove trading days with halts of longer than five minutes, half-trading days and

FOMC announcement days.
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6.1 The Smoothness Parameter of Volatility

We implement the GMM estimator e, of the smoothness parameter of intraday volatility
from Section 4. We choose tuning parameters exactly as in the Monte Carlo study. As
a robustness check, we also report results for £, = 48 and p,, = 60, which correspond to
estimating volatility on four-minute blocks with a one-minute gap in between.

We take measures to mitigate the effects of heteroscedasticity in daily volatility and
diurnal variation in intraday volatility. We first divide spot variance estimates by five-minute
truncated realized variance on the same day. As a consequence, when we form increments of
these estimates, we consider changes in volatility relative to the overall level of volatility on
that day. As we are interested in estimating autocorrelation, this normalization has no effect
on the asymptotic behavior of our estimators but improves their finite-sample performance by
reducing interdaily heteroscedasticity in the spot variance estimates.!” Next, we estimate the
diurnal pattern of volatility by computing averages of normalized spot variance estimates
at fixed times of the day over the previous 252 trading days. We divide the normalized
spot variance estimates by this estimated pattern before applying the GMM procedure from

Section 4 to their realized autocovariances.

TR T PILITY
g . ﬁ o ﬁ Haganidtyn

T T T T T T T T
2011 2013 2015 2017 2019 2021 2023 2025

Figure 1: 95% confidence intervals of the smoothness parameter of volatility (top panel) and
of the first-order autocorrelation of volatility increments (bottom panel).

The top panel of Figure 1 shows yearly estimates of the smoothness parameter of volatility

1"We obtain very similar results when we take logarithm of spot variance estimates instead.
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from 2011 to 2025. (The data from 2010 is only used to estimate the diurnal pattern of
volatility.) The point estimates are all negative, with 95% confidence intervals not covering
zero in all years. This provides significant evidence of negative serial dependence in intraday
volatility changes. At the same time, the 95% confidence intervals also lie above e = —0.4
in most years. In models driven by fractional Brownian motion, e = —0.4 corresponds to
a Hurst index of H = 0.1, which is reported in previous works on the roughness of daily
(realized or integrated) volatility (see e.g., Gatheral et al. (2018), Bolko et al. (2023) and
Wang et al. (2023)). The bottom panel of Figure 1 shows point and interval estimates based
on (4.7) for the first-order autocorrelation of intraday volatility changes.

The yearly estimates are relatively stable throughout the considered sample. Using all
data from 2011 to 2025, we obtain an aggregate estimate of e, = —0.250 (e, = —0.257)
when k,, = 96 (k, = 48). In models based on fractional Brownian motion, this corresponds
to a Hurst index of H = 0.250 (H = 0.243), which is consistent with the findings of Muhle-
Karbe et al. (2026). Figure 2 shows the estimated limiting ACF (U, (7))r=0
increments based on e, = —0.250. As the ACF corresponding to e, = —0.257 is visually

10 of volatility

-----

almost indistinguishable, we do not plot it in Figure 2.

1.0

0.6

0.2
|

%

Lag
Figure 2: Estimated limiting ACF of changes in latent spot variance. The graph shows

(Vz, (7))r=0....10 as defined in (2.4), where €,, = —0.250 is the estimate of e based on all data
from 2011 to 2025.

6.2 Predictability of Intraday Realized Variance

While the previous results show significant predictability in changes of latent spot volatility,

the effect size will be attenuated for intraday realized variance due to the presence of sampling
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errors.!® We now evaluate the magnitude of this attenuation bias and both the in-sample
and out-of-sample predictability of short-horizon realized variance.

We start by investigating to what extent the nonrobust empirical autocorrelation esti-
mator 7, = XA/t"’Q / Vt"’o is affected by attenuation bias due to sampling errors in spot variance.
The first row in Table 2 shows 75, with XA/t”Q and XA/t”’O computed over the whole sample
from 2011 to 2025, for different choices of k,. The values of k, correspond to estimating
volatility on intervals of 5, 10, 20, 30, 60 and 90 minutes, respectively. We choose p,, = k,
for simplicity; leaving a one-minute gap (i.e., taking k, = p, — 12) does not meaningfully

change the results.

Table 2: Empirical Autocorrelation and Sign Persistence of Spot Variance Increments

koA,
5 minutes 10 minutes 20 minutes 30 minutes 60 minutes 90 minutes Robust Estimate
To -0.032 -0.045 -0.091 -0.137 -0.152 -0.121 -0.125
P 49.1% 48.8% 48.0% 47.2% 45.6% 45.2% 46.0%

Note: The table reports 75 = 12”’2 / IA/t"’O as well as the proportion of consecutive increments of spot variance
estimates with the same sign, p, for different window sizes k,, A,,. The last column contains robust estimates
given by @12, (2)/®12,(0) and 1/2 4 arcsin(®; ¢, (2)/P®1¢,(0))/7, where @, (¢) is defined in (B.2) and
e, = 0.250 is the full-sample estimate of the smoothness parameter. We use the fact that P(XY > 0) =
1/2 + arcsin(p) /7 for two mean-zero normal variables X and Y with correlation p.

As we can see from the first row of the table, sampling errors of spot variance at five-
minute frequency are large and shrink the empirical second-order autocorrelation of volatility
increments towards zero, while our robust estimator ¢, estimates the population value at
-0.125. As the interval length for volatility estimation increases, the attenuation bias declines
and becomes small for window sizes of 30 minutes or more.

The second row of Table 2 reports the average proportion of consecutive increments of
spot variance estimates with the same sign, that is, p is the mean of 1UN"S &gy Al E50- In
the absence of sampling errors, one would expect this estimate to be above, around or below
50%, depending on whether e > 0, e = 0 or e < 0. The exact limiting probability is given by
1/2 4 arcsin(®q .(2)/P;(0))/7. Consistent with our previous observations, sampling errors
lead to estimates p which are close to 50% for small values of k,,. As k,, increases, p becomes

smaller and approximately equals the robust estimate of 46.0% at 60-minute frequency. The

18 Andersen et al. (2005) emphasize this point for daily realized variance.
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overall good match between p for larger values of k, and the robust estimate implied by
e, shows that the negative serial correlation in volatility changes is not merely caused by
short extreme periods of low volatility smoothness, which could be a concern a priori due to
Remark 2.

Next, we consider prediction of intraday movements of 30-minute truncated realized
variance, that is, of Ay, @7, from (3.3) constructed from five-second returns with p, = k, =
360. As Table 2 shows, sampling errors do not have a large impact on the second-order

autocorrelation estimate 75 for this value of k,. We employ the linear predictor®®

L
Akn@?;;ired = fro+ Z BLeAk, 20k, » (6.1)
—1

for L =0,...,3. This corresponds to predicting the change of volatility (after removing the
intraday pattern) between 12:30pm and 1:30pm, between 1:30pm and 2:30pm, and between
2:30pm and 3:30pm using volatility increments up to three hours before.

If volatility is an It6 semimartingale (e = 0), one expects nonoverlapping increments of
volatility estimates to be asymptotically uncorrelated. Therefore, models with L > 1 should
do no better than the constant model with L = 0 after accounting for model complexity.
If volatility has a smoothness parameter e ~ —0.5, volatility increments behave like MA(1)
noise (see footnote 6), in which case one would expect the model with L = 1 to perform best.
If e is strictly between -0.5 and 0, one expects (6.1) with L = 2 and L = 3 to outperform

the L = 1 model on a complexity-adjusted basis.

Table 3: Least Squares Estimates and HAC Standard Errors

L Bro Bra Bra2 Brs

0 -0.008 (0.004)

1 -0.009 (0.003) -0.160 (0.013)

2 -0.009 (0.003) -0.168 (0.013) -0.065 (0.013)

3 -0.009 (0.003) -0.169 (0.014) -0.069 (0.013) -0.048 (0.013)

9Tn contrast to the existing literature on realized variance forecasting (see e.g., Andersen et al. (2003),
Andersen et al. (2005), Corsi (2009) and Wang et al. (2023) for daily realized variance and Bennedsen
et al. (2022) and Li et al. (2025a) for intraday spot variance), we focus on predictability of changes in
short-horizon realized variance. We consider nonoverlapping volatility increments in (6.1) in order to avoid
capturing predictability due to sampling errors only. Moreover, we remove the intraday volatility pattern
and normalize volatility changes by daily truncated realized variance. We further trim outliers exceeding in
absolute value the truncation threshold w,, as determined in Section 5.2.
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We first consider the in-sample performance of the prediction model (6.1). Table 3
shows the ordinary least squares estimates of 3, together with heteroscedasticity- and
autocorrelation-consistent (HAC) standard errors. For all values of L, the estimated autore-
gressive coefficients are negative and significant at 5% level. This indicates that realized
variance tends to reverse during the day and is consistent with a volatility smoothness pa-
rameter between, but bounded away from, -0.5 and 0.

In order to compare forecasting models with different lags while accounting for model
complexity, we report the Alkaike information criterion (AIC) and the Bayesian information
criterion (BIC) in the second and third columns of Table 4. Both AIC and BIC decrease
monotonically in L. To evaluate the significance of these in-sample performance differences,
we compute Hansen et al. (2011)’s model confidence sets at the 90% level. We observe that
models with lags L = 2 and L = 3 lie within the model confidence set for both AIC and
BIC, while the models with L = 0 and L = 1 do not for either criterion.

Table 4: Comparison of Forecasts of Changes in 30-Minute Realized Variance
L AIC BIC MSE MAE

0 -15320.98 -15306.40 1064.96  2211.25
1 -15596.80  -15574.93 1043.02 2198.40
2 -15629.89 -15600.74 1043.10 2198.75
3 -15642.52 -15606.08 1043.42 2200.03

Note: The loss functions associated with mean square error (MSE) and mean absolute error (MAE) are
L(y,9) = |y — 9|*> and L(y,y) = |y — 7|, respectively. Models within Hansen et al. (2011)’s 90% model
confidence sets are highlighted in bold.

Next, we evaluate (pseudo) out-of-sample performance. For every value of L =0, ..., 3,
we compute the predictor in (6.1) using ordinary least squares estimates of S, based on
data in a rolling window of the previous 252 days.?’ Columns 4 and 5 in Table 4 show the
aggregate forecasting losses across the sample from 2012 to 2025 based on the mean square
error (MSE) and the mean absolute error (MAE) loss functions. For both metrics, the model
confidence set at 90% level contains the models corresponding to L = 1,2,3, but not the

baseline model where L = 0.2! This provides strong evidence for out-of-sample predictability

20For both training and prediction, we divide ¢ by the intraday volatility pattern estimated based on data
in this 252-day window. In the training step, we further consider trimmed volatility increments, A;J,LE?— o> and
normalize them by daily truncated realized variance to improve estimation accuracy. We do not, however,
trim or normalize volatility increments in the prediction step. Hence, there is no look-ahead bias in the
prediction step.

21 As we estimate parameters on a rolling window of fixed length, we can use asymptotic inference based
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of short-term volatility changes.

7 Implications for Large-Sample Properties of High-

Frequency Estimators

Much of the econometric theory for high-frequency data hinges on the assumption that
coefficients of the data-generating process such as volatility are sufficiently regular and ap-
proximately constant over short time intervals. For Ito semimartingale processes, such an
assumption implies that the underlying model is locally Gaussian, which in turn enables non-
parametric inference in an infill asymptotic setup (Mykland and Zhang (2009), Bollerslev
et al. (2021)).

In this section, we illustrate the limits to such local-to-constant approximations in situ-
ations where volatility smoothness is low. It is well known that for an Itd6 semimartingale
x as in (3.1) with locally bounded drift and volatility and no jumps, the realized variance
estimator RV"™(t) = ZWA (A'z)? satisfies the CLT

AZY2(RV™Mt) — IV (1)) i>N(0,2/0ta§ds>, IV (t) :/Otagds. (7.1)

This CLT, which is the backbone of volatility estimation based on high-frequency data,
extends to more general moment estimators. For p > 2, consider the realized power variation
RP}(t) = ,uplAl p/QZ /A Angp where p, = E[|N(0,1)[], as an estimator of IP,(t) =
fg o?ds. Then

AERB(1) = IR(1) =5 N0, 41,20, Poy(t), pp = Var(INO,DP). (7:2)

The two limit results differ in the required assumptions. While the CLT in (7.1) for realized
variance holds without further assumptions about volatility, the CLT in (7.2) for p # 2 is
proved under the additional hypothesis that volatility itself is an It6 semimartingale (see
Theorems 5.3.6 and 5.4.2 of Jacod and Protter (2012)).

We now show that the CLT in (7.2) can break down if volatility has a low smoothness

parameter.

on the normal distribution for the Diebold and Mariano (1995) and West (1996)-type tests in constructing
the model confidence set (Giacomini and White (2006)).
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Theorem 8. Consider an Ité semimartingale process x as in (3.1), where b is locally bounded
and cadlag and o? = c; satisfies Assumption V2 and Assumption CLT (i)-(iii), with §' =
0° =0L =05 =0, = 0L =05 =0 =0 (no jumps in ¢y, 1} and ;) and e = " = €7 (i.e., ¢,
n? and 1?7 have the same smoothness parameter). If e > —0.25, then (7.2) continues to hold,

while if e < —0.25, we have
96 n P
ATHRPI(t) — IP,(t) — By(t), (7.3)

where

p(p=2) [* jpa[2cos(me)(n: + conl/ns) — (nF +772)
Bylt) = /0 < { 2(2e + 2)(2e + 3)
(p — 4) cos(me)T'(2e + 2)775} s

(e + 3)2 '

(7.4)
+

Note that A2 = o(A%*1) if e < —0.25. So in this case, nonquadratic realized power
variation estimators have an asymptotic bias of intermediate order that tends to zero at the

slower rate of A?*! and renders inference about IP,(t) based on the CLT in (7.2) invalid.

8 Conclusion

This paper studies the second-order properties of short-term volatility changes within a
trading day. We develop point and interval estimators for the limiting ACF of increments of
volatility over shrinking horizons that are robust to sampling errors of spot variance estima-
tors, market microstructure noise and jumps in both asset price and volatility dynamics. We
first use the theory of regular variation to show that the ACF of increments of a continuous-
time process is determined by a single smoothness parameter in the infill asymptotic limit.
We then derive GMM estimators of the smoothness parameter of volatility and, by extension,
of the limiting ACF of volatility increments from CLTs for the realized autocovariances of
spot variance estimators.

In an application to SPY transaction data from 2011 to 2025, we find significant negative
autocorrelation in intraday volatility changes in each year of the sample. The confidence
intervals for the smoothness parameter indicate that short-term volatility reversals occur
more often than implied by classical Itd6 semimartingale volatility models but also less often

than implied by rough volatility models with a near-zero Hurst exponent. This empirical
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finding informs model choice in studies that focus on, or otherwise depend on, the dynamical
properties of intraday volatility.

The empirical results carry over to changes in short-horizon realized variance. While the
effect size is attenuated due to sampling errors, we find strong evidence of predictability in
intraday volatility movements, both in sample and out of sample. This holds in addition to
the pronounced diurnal pattern of intraday volatility.

We further show that a smoothness parameter of volatility below -0.25, as we find in
about half of the years in our sample, can lead to biases of intermediate order that force
a trade-off between asymptotic efficiency and inferential validity based on standard limit
results. This occurs for nonquadratic estimators as simple as realized power variations.
Determining how such biases affect more complex estimators and developing methods that

restore valid asymptotic inference are promising avenues for future research.

A  Proof of Theorems 1-3

Proof of Theorem 1. Using the identity X, — X; = Z?;(l)(XH(]-H)A — Xi+ja) and (2.2),

we obtain

Y (lA) Var(Zf.;(l)(XH(jH)A — Xija)) _ ZX_E Vet Grrja) A

_ (i — dol; &)
Y (A) Y (A) (

Tt A)

J1,j2=0

-1
— Z pi(|71 — j2|) for all integers £ > 1.

J1,J2=0

By Karamata’s characterization theorem, the convergence of v;(¢A)/v(A) for integer £ > 1
extends to all real-valued A > 0, which means that =, is regularly varying at zero.?? As a

consequence, there is some « € R such that

’Yt()\A)
%(A)

— \* for all real-valued A > 0. (A.2)

In order to identify p,(7), we use the polarization identity 2 Cov(Zy — Z3,Z4 — Z3) =
Var(Z, — Zy) + Var(Zs — Zy) — Var(Zs3 — Zy) — Var(Zy — Z5) to rewrite the covariance term

22More precisely, because (A.1) holds for £ = 2 and ¢ = 3 and log, 3 is irrational, we can use the equivalence
of (i) and (iv) in Theorem 1.4.3 of Bingham et al. (1987) (and the subsequent remarks concerning a substitute
for (1.4.4), which is (2.3) in our setting).
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v(7; A) as a linear combination of variance terms:

2%<7'§ A) =2 COV(Xt+A — Xy, Xt+(7'+1)A - Xt+TA)

= VaI‘(Xt+(T+1)A — Xt) + Var(Xt_H—A - Xt+A) — VaI'(Xt_H—A — Xt) (A 3)

- Va’r(Xt+(T+1)A - Xt+A)
=% ((7+ DA) + ysrana (|7 = 1A) = %(TA) = ypa(A).

AS Yeroa(AA) (D) = Yro/n08) (AD) /1 (AA) X 1 (AA) /3 (A) = p(0)A = A* for all A > 0
and § > 0 by (2.2) and (A.2), dividing by 7(A) and letting A — 0 in (A.3) lead to
2p:(1) = (T +1)* — 27 + |7 — 1|*, which shows (2.4) with e = 251 By the Cauchy—Schwarz
inequality and (2.2), we have |y(7; A)/%(A)] < V/Yigpra(A /% — /p:(0) = 1, which
shows [p,(7)] <1 and thus « € [0,2] (or e € [—3, 3]). O

Proof of Theorem 2. The proof is based on Abelian and Tauberian theorems for the cosine
transform. Since X is covariance-stationary, the variance function v = 7, defined in (2.1)
does not depend on ¢ and ~(r ) = Var(X, — Xy) = 2(C(0) — C(r)). By Theorem 1, X has
smoothness parameter ¢ € (—1,1) if and only if v, or 1 — C(r)/C(0), is regularly varying at
zero with index 2e+1. By Theorem 8.1.10 of Bingham et al. (1987), this in turn is equivalent
to1—F(\)/C(0) + F(—=X)/C(0) being regularly varying at infinity with index —1 — 2e. By
symmetry, we have F(—)\) = C(0) — F()\) and therefore 1 — F'(X\)/C(0) + F(=\)/C(0) =
2(1 — ( ) /C( )). This implies (i). In the special case where C' is integrable, we have
C'(0) = [ f(x) dz. Therefore, part (i) of the theorem follows from Theorems 1.5.11
(ii) and 1.7.2 in Blngham et al. (1987). O

Proof of Theorem 3. We apply Theorem 1 to the processes X™, which shows that pﬁ”)(k)
is of the form (2.4) for some e = e,. As the mapping e — U, (1) = (22" — 2) is one-
to-one with a continuous inverse, the convergence of p( )(1) implies that e, — e for some

e € [—1,1]. This value of e therefore satisfies (2.6). O

B Assumptions and Limiting Constants in Section 3

We detail the assumptions for Theorem 4 and Theorem 5.

Assumption LLN. We have (3.1), (3.5)~(3.8) together with Assumption V1 and the fol-

lowing properties:
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(i) The initial condition o is Fo-measurable, W is a standard Brownian motion and
is a Poisson random measure on [0,00) X E with compensator dt \(dz), where X is a
o-finite measure on an auziliary Polish space (E,E). The processes b, o, p and v are

predictable and locally bounded and v is locally bounded away from zero.

(ii) The sequence (X;)ien is stationary, independent of Foo = V5o Fi, with finite mo-
ments of all orders, mean 0 and variance 1 and exponential_ly p-mizing: if G; =
o(xj, 7 <1i), G"=0o(xj, j > 1) and pr(x) = sup{|E[UV]| : U is Gy-measurable, V is
G*-measurable, E[U] = E[V] = 0, E[U?] = E[V?] = 1}, then there are K,p > 0 such
that |pr(x)| < K exp(—pk) for all k > 0.

(iii) §°,0%, 65,6 : Q x Ry x E — R are predictable and there are deterministic measurable

functions &, : E = R, 0 <7 < 3% and 0 < 1. < 7 such that [, 05 (2) AM(dz) < oo

e+1
and (|05(t, 2)|" + [05(t, 2)|" + |64(¢, 2) [ + [0L(¢, 2)["") A1 < 67%,(2) for all m € N,
t<r, and z € F.

(iv) We have v, ~ vA¥ and w,, ~ wA;(l_Qa)+(pnAn)& for some v,w >0, w < 3 Aa and
2(12+_4:c) < @ < 5 +e satisfying 22— r)w + @+ 2(1 — 2a)4 > 24 2e and, if r > 1, also
@+ 24 (1—20)4 > 5+ 2e.

(v) We have k,, ~ OAT_Ll/Qlog(A;l) and pp/k, = K for some > 0 and k € [1,00). If
e =0, we further have k' = o(y(pnQn)).

Condition (i) imposes standard measurability and boundedness assumptions on the co-
efficients in the asset and noise dynamics. Condition (ii) concerns the dependence structure
of microstructure noise. The assumptions on y; are slightly weaker than those in Chong and
Todorov (2025) (where m-dependence is assumed) and slightly stronger than those in Jacod
et al. (2017), Li and Linton (2022) and Da and Xiu (2021) (where only a polynomial decay
of the p-mixing coefficients is assumed). We conjecture that our results can be extended to
situations in which y; is only polynomially p-mixing.

Conditions (iii) and (iv) impose restrictions on the jump activity of the price process = as
well as ¢, the sum of spot variance and noise variance. For all e < 0, we can allow both asset
price jumps and volatility jumps to be of infinite variation, with the highest permissible jump
activity index being larger for smaller values of e. This is intuitive as a rougher continuous
part of the volatility process is more pronounced and therefore easier to separate from jumps
than a smoother one. Remark 3 below explains how the condition on the price jump activity

index can be further relaxed. Regarding the truncation thresholds w and @, we note that
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for all values of e < 0, 0 < r < 2%6 and 0 < r. < we can find permissible values of @

g
and w by taking them close enough to their respective upper bounds. The restrictions (iii)
and (iv) stem from the CLT result in Theorem 5. For the LLN result in Theorem 4, weaker
assumptions would suffice. In order to avoid a separate treatment of jumps for the LLN and
the CLT in the proofs, we do not pursue this direction here.

Condition (v) specifies a window size of A, 12 log A1 for spot variance estimation. This
choice implies that the sampling errors are of a lower asymptotic order than the increments
in latent volatility for all values of e < 0. The value of k determines the size of the gap
between volatility increments. For example, k,A, = 8min and p,4A,, = 10min (as in our

empirical application) correspond to xk = 1.25.

Remark 3. FExtensions to cases where the asset price process has infinite variation jumps
with an activity index r > 1 — e, which are ruled out by Assumption LLN, are possible.
Consider, for example, the case where the jumps of x are given by those of a time-changed
Lévy process Lfot ads» Where L is a Lévy process and (At)e>0 is a predictable and locally
bounded process. If X\ has the same smoothness parameter as c, then Theorem 5 can be
extended to cases where L has infinite variation jumps with a Blumenthal-Getoor index
exceeding 1 — e. Just like microstructure noise, infinite variation jumps introduce biases
i spot variance estimators but they cancel to first order when we form increments of spot
variance estimators. Therefore, as long as the jump intensity X has the same smoothness

parameter as ¢, infinite variation jumps will not affect the validity of Theorem 5. We confirm

3

this in the Monte Carlo study of Section 5 where we consider a configuration with r = 3,

which is formally excluded by Assumption LLN.
Assumption CLT. We have Assumptions LLN and V2 and the following properties:

(i) The volatility-of-volatility processes have the following representations:

77?:770 /a”ds—i—//élsz (ds,dz) + //5532 (ds,dz)

/h"(t—s)&”ds—f—/ gt — $) (! AW, + 7" dW , + 77 dW,),
0 0 (B.1)

t
ﬁ?:ﬁg—i-/a”ds—l—//élsz (ds,dz) + //5382 (ds,dz)
0

t t
+/ h”(t—s)egds+/ gt — s) ()T AW, + 77 dW y + 77 dW, +n8dW)
0 0

where (W, W, W, /W)T forms a four-dimensional standard Brownian motion.
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(ii) The processes a, a™, 0", 07, 0", 7", 0", 07, 71, 77 and 0" are predictable and locally
bounded. The variables ny and 7, are Fo-measurable. Both c and n are locally bounded
away from zero. There exists B > e — ¢’ such that for all m,p € N we have E[|077 5 —
07 PP = O(AP) as A — 0 uniformly in 0 < s < T.

(iii) There exist ", e, €, e € (—3,0) and continuously differentiable functions g, h{,
go and h{ vanishing at the origin such that ¢" = K 't + gg, h" = K_ltﬁrm + h{,
g7 =Kt + g) and W7 = K, 1< + h. In addition, we have €" >£— 1

(iv) 65,00,05,0L : Q@ x Ry x E — R are predictable and satisfy (|05 (t, z)[> + [0}(t, z)| +

m On
|(5%(t,z)|2 +|05(t, 2)[) N1 < 63(2) for alln €N, t <7, and z € E.

Condition (i) (together with (iii) and (iv)) assumes that the volatility-of-volatility pro-
cesses n? and 7? have same structural form as ¢ in Assumption V2, with a moving-average
representation for their continuous parts. Condition (ii) imposes a minimal Hélder regularity
assumption on the nondifferentiable drift coefficient 6.

Finally, we specify the constants in (3.12) and (3.15). Define the central difference oper-
ator 61rp(x) = Sp_o(=1)*(})e(x + (% — k)h) where n € N, ¢ is a real-valued function and
x,h € R. We further define 7 , o(z) = 52{2[52/2<p]( ) if n is even. Writing H,(z) = |x|*,
we have

-1 -1

P, .(¢) = Cov (/@/ (B1ys — Bs) ds, Ii/ (Biyste — Bsie) ds)
0 0

; (B.2)
8(e+1)(e+ )11/'i 2e+3(0)
and

4
Ry (6, ) it 0>,
Rio(0,0) + 2R, (1,0 if (=1 and ' > 2,

Ry (0,0) = (©.€) (1,£) ' N (B.3)
Ryo(£,0) + 2R, (£, 1) if0>2and ¢ =1,
Ryo(0,0) + 4Ry o(0,1) + 4R, (1,1) if 0= ¢ =1,
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where??

Rn,e(€> €/> = / Cov (K;Z/ (Bl+3 — BS) dS/ (Bl+5+g — BS+5) dS,
R 0 0

-1 -1

K? / (Bitstu — Botu) ds/ (Bitsturer — Bsyurer) ds) du (B.4)
0 0

_ &'T(2e +2)%(1 + 1/ cos(2me))
B 4T (4e + 8)

(6 1w Hacrr(L+ ) + 03 1 Hiesr (0 = 1)),

While @, .(¢) is the autocovariance at lag ¢ of the averages of fractional Brownian motion

increments, R, (¢, ') is related to the covariance of products of such averages.

References

AIT-SAHALIA, YACINE, JIANQING FAN, ROGER J. LAEVEN, CHRISTINA DAN WANG,
AND XIYE YANG (2017): “Estimation of the Continuous and Discontinuous Leverage
Effects,” Journal of the American Statistical Association, 112 (520), 1744-1758. 4

ATT-SAHALIA, YACINE, JIANQING FAN, AND YINGYING L1 (2013): “The Leverage Effect

Puzzle: Disentangling Sources of Bias at High Frequency,”

nomics, 109 (1), 224-249. 4

Journal of Financial Eco-

ATT-SAHALIA, YACINE AND JEAN JACOD (2014): High-Frequency Financial Econometrics,

Princeton: Princeton University Press. 4, 13, 15

ATT-SAHALIA, YACINE AND DACHENG XIU (2019): “A Hausman Test for the Presence of

Market Microstructure Noise in High Frequency Data,” Journal of Econometrics, 211 (1),
176-205. 15, 18

ATT-SAHALIA, YACINE AND JIALIN YU (2009): “High Frequency Market Microstructure
Noise Estimates and Liquidity Measures,” The Annals of Applied Statistics, 3 (1), 422-457.
16, 18

ANDERSEN, TORBEN G., TiM BOLLERSLEV, FRANCIS X. DIEBOLD, AND HEIKO EBENS

23The expression in (B.4) is formally defined only for e # —i. However, it admits a continuous extension at
e = —1/4. Using L’Hopital’s rule, one can find that R, _;/4(¢,¢') = ﬁﬁ‘l(éil/ﬂﬂ-ﬂﬁ(ﬂ—f’)+6§1/NH6(€—£’))
where H, () = |z|*log|z| for z # 0 and H,(0) = 0.

39



(2001): “The Distribution of Realized Stock Return Volatility,” Journal of Financial Eco-
nomics, 61 (1), 43-76. 4, 5, 12

ANDERSEN, TORBEN G., TiM BOLLERSLEV, FRANCIS X. DIEBOLD, AND PAUL LABYS
(2003): “Modeling and Forecasting Realized Volatility,” Econometrica, 71 (2), 579-625.
4, 5,12, 30

ANDERSEN, TORBEN G., TiM BOLLERSLEV, AND NOUR MEDDAHI (2005): “Correct-
ing the Errors: Volatility Forecast Evaluation Using High-Frequency Data and Realized
Volatilities,” Econometrica, 73 (1), 279-296. 29, 30

ANDERSEN, TORBEN G., TAO Su, VIKTOR TODOROV, AND ZHIYUAN ZHANG (2024):

“Intraday Periodic Volatility Curves,” Journal of the American Statistical Association,
119 (546), 1181-1191. 4

ANDREWS, ISAIAH, JIAFENG CHEN, AND OTAVIO TECCHIO (2026): “The Purpose of
an Estimator is What It Does: Misspecification, Estimands, and Over-Identification,”

Preprint. 15

BAILLIE, RICHARD T. AND TiM BOLLERSLEV (1991): “Intra-Day and Inter-Market Volatil-
ity in Foreign Exchange Rates,” The Review of Economic Studies, 58 (3), 565-585. 4

BANDI, FEDERICO M. AND ROBERTO RENO (2012): “Time-Varying Leverage Effects,”
Journal of Econometrics, 169 (1), 94-113. 4

(2016): “Price and Volatility Co-Jumps,” Journal of Financial Economics, 119 (1),
107-146. 4

Banbpi, FEDERICO M. AND JEFFREY R. RUSSELL (2006): “Separating Microstructure
Noise from Volatility,” Journal of Financial Economics, 79 (3), 6565-692. 14

— (2008): “Microstructure Noise, Realized Variance, and Optimal Sampling,” The
Review of Economic Studies, 75 (2), 339-369. 14

BARNDORFF-NIELSEN, OLE E., PETER REINHARD HANSEN, ASGER LUNDE, AND NEIL
SHEPHARD (2008): “Designing Realized Kernels to Measure the ex post Variation of
Equity Prices in the Presence of Noise,” Econometrica, 76 (6), 1481-1536. 14

40



BARNDORFF-NIELSEN, OLE E. AND NEIL SHEPHARD (2002): “Econometric Analysis of
Realized Volatility and Its Use in Estimating Stochastic Volatility Models,” Journal of the
Royal Statistical Society. Series B (Statistical Methodology), 64 (2), 253-280. 4

——— (2004a): “Econometric Analysis of Realized Covariation: High Frequency Based
Covariance, Regression, and Correlation in Financial Economics,” Econometrica, 72 (3),
885-925. 14

(2004b): “Power and Bipower Variation with Stochastic Volatility and Jumps,” Jour-
nal of Financial Econometrics, 2 (1), 1-37. 25

BENNEDSEN, MIKKEL, ASGER LUNDE, AND MIKKO S. PAKKANEN (2022): “Decoupling
the Short- and Long-Term Behavior of Stochastic Volatility,” Journal of Financial Econo-
metrics, 20 (5), 961-1006. 4, 5, 19, 30

BincgHAM, N. H., C. M. GOLDIE, AND J. L. TEUGELS (1987): Regular Variation, vol. 27

of Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cam-
bridge. 34, 35, 50

BoLko, ANINE E., KiM CHRISTENSEN, MIKKO S. PAKKANEN, AND BEZIRGEN VELIYEV
(2023): “A GMM Approach to Estimate the Roughness of Stochastic Volatility,” Journal
of Econometrics, 235 (2), 745-778. 4, 28

BOLLERSLEV, TiMm (1986): “Generalized Autoregressive Conditional Heteroskedasticity,”
Journal of Econometrics, 31 (3), 307-327. 3

BOLLERSLEV, T1M, JIA LI, AND ZHIPENG LIAO (2021): “Fixed-k Inference for Volatility,”
Quantitative Economics, 12 (4), 1053-1084. 4, 32

BoOLLERSLEV, TiM, Jia Li, AND YUEXUAN REN (2024): “Optimal Inference for Spot
Regressions,” American Economic Review, 114 (3), 678-708. 4

BOLLERSLEV, T1M, JIA L1, AND YUAN XUE (2018): “Volume, Volatility, and Public News
Announcements,” The Review of Economic Studies, 85 (4), 2005-2041. 4, 16

CALONICO, SEBASTIAN, MATIAS D. CATTANEO, AND Roc10 TITIUNIK (2014): “Robust

Nonparametric Confidence Intervals for Regression-Discontinuity Designs,” Econometrica,
82 (6), 2295-2326. 3

41



CHEN, XIAOHONG, HAN HONG, AND ELIE TAMER (2005): “Measurement Error Models
with Auxiliary Data,” The Review of Economic Studies, 72 (2), 343-366. 5

CHERNOV, MIKHAIL, A. RONALD GALLANT, ERIC GHYSELS, AND GEORGE TAUCHEN
(2003): “Alternative Models for Stock Price Dynamics,” Journal of Econometrics, 116 (1),
225-257. 10

CHESHER, ANDREW (1991): “The Effect of Measurement Error,” Biometrika, 78 (3), 451—
462. 5

CHONG, CARSTEN H., MARC HOFFMANN, YANGHUI L1Uu, MATHIEU ROSENBAUM, AND
GREGOIRE SZYMANSKI (2024): “Statistical Inference for Rough Volatility: Central Limit
Theorems,” The Annals of Applied Probability, 34 (3), 2600-2649. 4, 64, 65, 69

CHONG, CARSTEN H. AND VIKTOR TODOROV (2024): “Volatility of Volatility and Lever-
age Effect from Options,” Journal of Econometrics, 240 (1), Paper No. 105669, 21. 4

(2025): “Nonparametric Test for Rough Volatility,” Journal of the American Statis-
tical Association, 120 (552), 2772-2783. 4, 8, 17, 20, 25, 36

CLARK, PETER K. (1973): “A Subordinated Stochastic Process Model with Finite Variance
for Speculative Prices,” Econometrica, 41 (1), 135-155. 3

COMTE, FABIENNE AND ERIC RENAULT (1996): “Long Memory Continuous Time Models,”
Journal of Econometrics, 73 (1), 101-149. 2, 8, 19

—— (1998): “Long Memory in Continuous-Time Stochastic Volatility Models,” Mathe-
matical Finance, 8 (4), 291-323. 4

CORCUERA, JOSE MANUEL, EMIL HEDEVANG, MIKKO S. PAKKANEN, AND MARK
PopoLskiy (2013): “Asymptotic Theory for Brownian Semi-Stationary Processes with
Application to Turbulence,” Stochastic Processes and their Applications, 123 (7), 2552
2574. 20

Corsi, FuLvio (2009): “A Simple Approximate Long-Memory Model of Realized Volatil-
ity,” Journal of Financial Econometrics, 7 (2), 174-196. 30

DA, Rur AND DACHENG X1U (2021): “When Moving-Average Models Meet High-Frequency
Data: Uniform Inference on Volatility,” Econometrica, 89 (6), 2787-2825. 14, 15, 36

42



DIEBOLD, FrRANCIS X. AND ROBERTO S. MARIANO (1995): “Comparing Predictive Ac-
curacy,” Journal of Business € Economic Statistics, 13 (3), 253-263. 32

DITTMANN, INGOLF AND CLIVE W. J. GRANGER (2002): “Properties of Nonlinear Trans-

formations of Fractionally Integrated Processes,” Journal of Econometrics, 110 (2), 113
133. 11

DUFFIE, DARRELL, JUN PAN, AND KENNETH SINGLETON (2000): “Transform Analysis
and Asset Pricing for Affine Jump-Diffusions,” Econometrica, 68 (6), 1343—-1376. 24

EL EucH, OMAR AND MATHIEU ROSENBAUM (2019): “The Characteristic Function of
Rough Heston Models,” Mathematical Finance, 29 (1), 3-38. 20, 24

ENGLE, ROBERT F. (1982): “Autoregressive Conditional Heteroscedasticity with Estimates
of the Variance of United Kingdom Inflation,” Econometrica, 50 (4), 987-1007. 3

EvpokimMov, KIRILL S. AND ANDREI ZELENEEV (2024): “Nonparametric Identification

and Estimation with Non-Classical Errors-in-Variables,” Preprint. 5

FosTER, DEAN P. AND DAN B. NELSON (1996): “Continuous Record Asymptotics for
Rolling Sample Variance Estimators,” Econometrica, 64 (1), 139-174. 4

GATHERAL, JiM, THIBAULT JAISSON, AND MATHIEU ROSENBAUM (2018): “Volatility Is
Rough,” Quantitative Finance, 18 (6), 933-949. 4, 8, 28

GIACOMINI, RAFFAELLA AND HALBERT WHITE (2006): “Tests of Conditional Predictive
Ability,” Econometrica, 74 (6), 1545-1578. 32

HANNAN, EDWARD J. (1970): Multiple Time Series, John Wiley & Sons, Inc., New York-
London-Sydney. 19

HANSEN, LARS PETER (1982): “Large Sample Properties of Generalized Method of Mo-
ments Estimators,” Econometrica, 50 (4), 1029-1054. 3

HANSEN, PETER R., ASGER LUNDE, AND JAMES M. NASON (2011): “The Model Confi-
dence Set,” Econometrica, 79 (2), 453-497. 31

HAUSMAN, JERRY (2001): “Mismeasured Variables in Econometric Analysis: Problems from
the Right and Problems from the Left,” Journal of Economic Perspectives, 15 (4), 57-67.
5,21

43



HausMAN, JERRY A., WHITNEY K. NEWEY, HIDEHIKO ICHIMURA, AND JAMES L. POw-
ELL (1991): “Identification and Estimation of Polynomial Errors-in-Variables Models,”
Journal of Econometrics, 50 (3), 273-295. 5

HESTON, STEVEN L. (1993): “A Closed-Form Solution for Options with Stochastic Volatility

with Applications to Bond and Currency Options,” The Review of Financial Studies, 6
(2), 327-343. 3, 24

HORMANDER, LARS (1990): The Analysis of Linear Partial Differential Operators. I, vol.

256 of Grundlehren der mathematischen Wissenschaften, Springer, Berlin, second ed. 65

Hu, YINGYAO AND SUSANNE M. SCHENNACH (2008): “Instrumental Variable Treatment
of Nonclassical Measurement Error Models,” Econometrica, 76 (1), 195-216. 5

HuLL, JOHN AND ALAN WHITE (1987): “The Pricing of Options on Assets with Stochastic
Volatilities,” The Journal of Finance, 42 (2), 281-300. 3

JAcoD, JEAN, YINGYING Li, PER A. MYKLAND, MARK PODOLSKIJ, AND MATHIAS
VETTER (2009): “Microstructure Noise in the Continuous Case: The Pre-Averaging Ap-
proach,” Stochastic Processes and their Applications, 119 (7), 2249-2276. 14

JAcoD, JEAN, YINGYING L1, AND XINGHUA ZHENG (2017): “Statistical Properties of
Microstructure Noise,” FEconometrica, 85 (4), 1133-1174. 14, 15, 18, 36

JAcOD, JEAN AND PHILIP PROTTER (2012): Discretization of Processes, vol. 67 of Stochas-
tic Modelling and Applied Probability, Springer, Heidelberg. 19, 20, 32, 52, 58, 59, 81

JAcoD, JEAN AND VIKTOR TODOROV (2010): “Do Price and Volatility Jump Together?”
The Annals of Applied Probability, 20 (4), 1425-1469. 4

(2014): “Efficient Estimation of Integrated Volatility in Presence of Infinite Variation
Jumps,” The Annals of Statistics, 42 (3), 1029-1069. 3

KALNINA, ILZE AND DACHENG X1U (2017): “Nonparametric Estimation of the Leverage Ef-
fect: A Trade-Off Between Robustness and Efficiency,” Journal of the American Statistical
Association, 112 (517), 384-396. 4

KARAMATA, JOVAN (1930): “Sur un mode de croissance réguliere des fonctions,” Mathe-
matica (Cluj), 4, 38-53. 2

44



LAURENT, SEBASTIEN, ROBERTO RENO, AND SHUPING SHI (2024): “Realized Drift,”
Journal of Econometrics, 105813. 9, 14

L1, Jia, YIFAN L1, ANDREW J. PATTON, AND TIiAN XIE (2025a): “Online Forecast
Evaluation with High-Frequency Proxies,” SSRN Preprint. 30

L1, Jia, PETER C. B. PHILLIPS, SHUPING SHI, AND JUN YU (2025b): “Weak Identification

of Long Memory with Implications for Inference,” The Review of Financial Studies, 38
(10), 3117-3148. 5, 12

L1, JiA AND DACHENG X1U (2016): “Generalized Method of Integrated Moments for High-
Frequency Data,” Fconometrica, 84 (4), 1613-1633. 22

L1, YINGYING, GUANGYING LI1U, AND ZHIYUAN ZHANG (2022): “Volatility of Volatility:
Estimation and Tests Based on Noisy High Frequency Data with Jumps,” Journal of
Econometrics, 229 (2), 422-451. 4

L1, YINGYING, SHANGYU XIE, AND XINGHUA ZHENG (2016): “Efficient Estimation of

Integrated Volatility Incorporating Trading Information,” Journal of Econometrics, 195
(1), 33-50. 16

L1, Z. MERRICK AND OLIVER LINTON (2022): “A ReMeDI for Microstructure Noise,”
Econometrica, 90 (1), 367-389. 14, 15, 18, 25, 36

L1, Z. MERRICK AND XIYE YANG (2026): “Multi-Horizon Test for Market Frictions,”
Journal of Econometrics, 253, 106171. 14, 15, 18

Lo, ANDREW W. (1991): “Long-Term Memory in Stock Market Prices,” Econometrica, 59
(5), 1279-1313. 8

MANDELBROT, BENOIT B. AND JOHN W. VAN NESS (1968): “Fractional Brownian Mo-
tions, Fractional Noises and Applications,” SIAM Review, 10, 422-437. 2

MiES, FABIAN AND MARK PoODOLSKIJ (2023): “Estimation of Mixed Fractional Stable
Processes Using High-Frequency Data,” The Annals of Statistics, 51 (5), 1946-1964. 72,
73

MUHLE-KARBE, JOHANNES, YOUSSEF OUAZZANI CHAHDI, MATHIEU ROSENBAUM, AND
GREGOIRE SZYMANSKI (2026): “A Unified Theory of Order Flow, Market Impact, and
Volatility,” arXiv. 28

45



MYKLAND, PER A. AND LAN ZHANG (2009): “Inference for Continuous Semimartingales
Observed at High Frequency,” Econometrica, 77 (5), 1403-1445. 32

MULLER, ULRICH K. AND MARK W. WATSON (2008): “Testing Models of Low-Frequency
Variability,” Econometrica, 76 (5), 979-1016. 2, 5, 8, 12

NUALART, DAVID (2006): The Malliavin Calculus and Related Topics, Springer, Berlin,
second ed. 83, 85

RACKAUSKAS, ALFREDAS AND CHARLES SUQUET (2005): “Central Limit Theorems in
Holder Topologies for Banach Space Valued Random Fields,” Theory of Probability € Its
Applications, 49 (1), 77-92. 56

SCHENNACH, SUSANNE M. (2004): “Estimation of Nonlinear Models with Measurement
Error,” Econometrica, 72 (1), 33-75. 5

(2007): “Instrumental Variable Estimation of Nonlinear Errors-in-Variables Models,”
Econometrica, 75 (1), 201-239. 5

SHI, SHUPING AND JUN YU (2023): “Volatility Puzzle: Long Memory or Antipersistency,”
Management Science, 69 (7), 3861-3883. 5, 12

SHI, SHUPING, JUN YU, AND CHEN ZHANG (2024): “On the Spectral Density of Fractional
Ornstein-Uhlenbeck Processes,” Journal of Econometrics, 245 (1-2), Paper No. 105872, 28.
12

SOWELL, FALLAW (1990): “The Fractional Unit Root Distribution,” Econometrica, 58 (2),
495-505. 2, 8

TAUCHEN, GEORGE E. AND MARK PITTS (1983): “The Price Variability-Volume Rela-
tionship on Speculative Markets,” Econometrica, 51 (2), 485-505. 3

TODOROV, VIKTOR AND GEORGE TAUCHEN (2011): “Volatility Jumps,” Journal of Busi-
ness & Economic Statistics, 29 (3), 356-371. 4

WANG, CHRISTINA D. AND PER A. MYKLAND (2014): “The Estimation of Leverage Effect
with High-Frequency Data,” Journal of the American Statistical Association, 109 (505),
197-215. 4

46



WANG, X1AOHU, WEILIN XIAO, AND JUN YU (2023): “Modeling and Forecasting Realized
Volatility with the Fractional Ornstein—Uhlenbeck Process,” Journal of Econometrics, 232
(2), 389-415. 4, 28, 30

WEsT, KENNETH D. (1996): “Asymptotic Inference about Predictive Ability,” Economet-
rica, 64 (5), 1067-1084. 32

WooD, ROBERT A., THOMAS H. McINIsH, AND J. KEITH ORD (1985): “An Investigation
of Transactions Data for NYSE Stocks,” The Journal of Finance, 40 (3), 723-739. 4

YokovyAMA, Ryozo (1980): “Moment Bounds for Stationary Mixing Sequences,” Zeitschrift
fiir Wahrscheinlichkeitstheorie und verwandte Gebiete, 52 (1), 45-57. 59

ZHANG, LAN, PER A. MYKLAND, AND YACINE AIT-SAHALIA (2005): “A Tale of Two Tme
Scales: Determining Integrated Volatility with Noisy High-Frequency Data,” Journal of
the American Statistical Association, 100 (472), 1394-1411. 14

47



Internet Appendix for
“Supplement to “Intraday Volatility Dynamics

29

C Proof of Propositions 1-5

For a continuous-time process X, we write A, X = Xy A — X;.

Proof of Proposition 1. Consider the process Y. By the linearity of covariance, v 9a(7; A) =
tt;ZH ) t:(;j:“ Cov(bs, b,)drds. Because b is mean-square continuous, we have
Cov(bs, b,) = Cov(bs, b:) + o(1) = Var(b;) + o(1), with Var(b;) > 0, uniformly in r,s €
[t,t + (0 + 7 + 1)A]. This shows that y;9a(7;A) = Var(b)A? + o(A?) and therefore
Yiroa(T; A)/7(A) = 1 and (7 (AA) —1(A)) /7 (A) = A2 =1 as A — 0, for any 6,7 > 0 and
A > 1. This shows Assumption I' with p,(7) = ¥, /5(7) = 1. For X;, we apply Proposition 3

with a = 5 = 0. O]

Proof of Proposition 2. We show in Section D.1 that gy only introduces a negligible drift
term. We can thus assume gy = 0 and g = g. without loss of generality. Writing A;g.(s) =
ge(t + A — s) — go(t — s) and using the fact that g.(s) = 0 for s < 0, we have ya(T;A) =
Jo7 Avionge(s)Avio+mage(s)Elo?]ds. A change of variables (t + 0A — s = rA) yields
Yoa(T; A) = [fj§+9(ge(r+1) —9e(r)(ge(r+7+1) = ge(r+7))E[07, (5_,)a] dr]A% 1. Because
(ge(r + 1) = ge(r))(ge(r + 7+ 1) — ge(r + 7)) ~ r**72, which is integrable, we can truncate
the tail of the integral at +oco. We obtain yya(7;A) ~ [f_léo\/g(ge(r + 1) — ge(r))(ge(r +
7+ 1) = ge(r + 7))E[0}, 4_,)a] dr]A%*1. Note that the integrand is nonzero only on r €
[—1,1/v/A]. On this range, we have E[at2+(9_r)A] ~ E[o?] + o(1), uniformly in . As a
result, 10a(1i ) ~ (Y50 + 1) = @) (go(r + 7 + 1) = g7 + 7)) drE[oFIAH ~
Je(ge(r + 1) = ge(7))(ge(r + 7+ 1) — ge(r + 7)) dr E[o7]A**!. Since the last integral is the
lag-7 autocovariance of fractional Gaussian noise, we obtain vpa(7; A) ~ W, (7)E[cZ] A%

From here, we readily deduce (2.2) and (2.3) with p:(7) = W.(7). O

Proof of Proposition 3. Note that X is a continuous [to semimartingale with mean-square
continuous coefficients on [t,00), for any t > 0. If « = f = 0, this extends to ¢ = 0.
Therefore, the proof of the proposition for ¢t > 0 is exactly the same as for ¢ = 0 in the case
a = [ =0. We thus focus on ¢t = 0 in the following. Using the linearity of covariance and It6’s
isometry, we have ypa(7;A) = Cov(X(p11)a — Xoa, X(g+r+1)a — X(9+n)a) = Zl LAN(T;A)
where A}(1; A) = GZH)A f((:::)ZI)A 57~ Cov(bs, b,) drds ~ Var(by)(1 — a)72[(6 + 1)1 7> —

0 =] [(O+7+1) "= (0+7) "] A2 20 A%(T;A) = EJ B(ZH) s~Pa, dW, f(9+7'+1 g, aw,] =
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f((;::)) s R[] dsl, o1 ~ E[o2](1 — 28)7H(O + 1)1=% — (0 + )12, A28 and, by the

Cauchy-Schwarz inequality, A3(m;A) = E| 9(Z+1 s bsds [, (0+T+1)A r o dW,] =
E[ 9(Z+1)A S_Q[b bo)ds ff::“ r=Po.dW,] = o( A3/2=a= A) and snmlarly, Aj(T;A) =
E[ ;ZHM PogdW; f9+7+1 r=°b,dr] = o(A%?7*=F).  This shows that yga(7;A) ~

AN A) + AZ(T A).

If a < 6+ &, we have 1a (75 A) ~ A3(73A) ~ 220 4 1)1 — (9 + 7)1-2] A28
and therefore, ypa(7;A)/70(A) — [(0 + 1)1728 — (0 + 7')1 28], , which is independent of
6 (as required by Assumption I' (i)) if and only if 5 = 0. Nonetheless, we always have
ro(7) = lima 070 (73 A)/ /(D) ra(A) = (1 — 71729), /1 /(7 +1)1-28 — 7128, Tn the case
B =0, we also have v9(AA) /7o(A) — 1 — X172 — 1 for all A > 1, which proves (2.3) in this
case.

If o > B+2, we have ypa (75 A) ~ AJ (15 A) ~ Var [(9+1)1 Y= [(0+T+1) T —(0+
7)17*]A272 Therefore, vpa (7; A) /70 (A) — [(9—{—1) — 0 [(0+7+1) "= (0+7)17]. As

this depends on 6, Assumption I is not satisfied at ¢ = 0. But we can still compute the asymp-

totic autocorrelation of increments: we have ro(7) = lima 070 (7; A)/v/70(A)va(A) =
(r 1) — 1] [ Do — AP = 1.
If & = B+ 1, asimilar calculation shows that the limit of ypa (7; A)/70(A) depends on 6,

which is why Assumption I" fails. Since the derivation of r¢(7) only requires combining the

two cases analyzed above, we omit the details. O

Proof of Proposition 4. Let Y = Z — X = Y. p X' Since X! = e NEMXI 4
[Fe gl dW for i > 1 and r < s, It0’s isometry, the independence properties of
W and (X{) and the assumption ¢ > 1 — 2r imply that E[Y;?] = >, p?(E[(X{)?|e 2N +
[7e”ME=DE[(67)2] dr) < O30, i1 < oo, which shows that Y; is well defined.

We next prove that 2\E[(X] g1)%] = v+ 0(1) as i — oo and A — 0, for all ¢ > 0. For
t = 0, the continuity of v and the conditions E[(X{)?] ~ vo/(2);) and E[(c%)?] ~ vy yield
INE[(Xja)?] — vo = e PN AE[(XE)?] — o) + fy 2hiem A (E[(07)%] = wp) ds = o(1).
For t > 0, a change of variables shows that 2\E[(X] gA)%] = e 2MIHRNE[(XE)?] +
fooo efrE[(UeraAfr/(z)\i)m1{r§2/\¢(t+0A)} dr. As i — oo and A — 0, the first term converges
to 0, because t > 0. In the second term, the integrand converges pointwise to e "v; for all

r > 0. By dominated convergence, we obtain 2\,E[(X/, 4 )?] — v, as claimed.

For any ¢,6 > 0 and u > 0, we thus have Y22, pf(1 — e M2)2(E[(X] p0)?] — 5%) =
LY B = e AP RNE[(X 0s)?] — ) = 0(52, S(1 — e M02)) = o(A%), where o =
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2e+1 and the last step follows from Karamata’s Tauberian theorem for Laplace transforms.?*

Similarly, we have 322¢, p2 [FH0F08 om0+ 00 A=) (B[ (0712 —vy)ds = (3, i (1—e28))
= o(A%).

The previous calculations imply that 72;9 AuA) = Cov(Yiporwa — Yiron, Y (o+r+u)a —
Yt+(9+T)A) = Zool Pf Var<XZ+(9+u) - Xti—i-GA) = 2901 P? [(1 - e_AiuA)QE[(XeroA)Q] +

t+(0+u A - u s 00 i —-Aiu —2)\;u _
t+0(A ) 2X; (t+(0+u) A— )E[( ) ]ds] ~ Ut Zz 1/; (1 — e A A)Q +(1—ce 2) A)] _
Ve Yooy i( — e AuA) ~ RQL:—(;“F(l — a)A%. Since Var(Xyyua — X;) = O(A), we con-

clude that 77 g (UA) ~ 7)o (uA) and therefore, Y2 ga (ulA) /47 (A) = u®* = u**! for all
t,0 > 0 and u > 0. The arguments after (A.3) prove (2.2) with p(7) = W.(7). Since
(V€ (ulA) — vZ(A)) /vE(A) — u® — 1, we also have (2.3). O

Proof of Proposition 5. As 1, is bounded on [0, 7], the process X™ is mean-square contin-
uous for all n € N. As we show in Section D.1, the component gy of ¢ only introduces
a drift term, which is asymptotically negligible. We can thus assume go = 0 and g = g,
for simplicity. Write ¢, = t A Tn, A X = Xppon — X; and Ag”)ge(s) = g.((t+ A), —s) —
ge(tn — s). By Itd’s 1sometry, fyt (k A) = E[/, (t+2)n At ge( )Agi)mge(s)n? ds| = I + 17,
where " = fOHA " At ge( )At+kAge( s)n? ds 1t+(k+1)A§Tn] and I} = ]E[fO(HA)" Ain)ge(s) X
Aﬁ)mge(é’)ns ds Loy pacr, <t+(k+1)A)-

Note that \Ag")ge(s)\ < |Ay, ge(s)| where A¢ge(s) = ge(t + A —s) — ge(t — s). More-
over, for any ¢t > 0, we have [, Ayge(s)*ds = A*T! (see the discussion regarding K, after
(3.14)). Hence, |15 < n2(f, A go(s)2ds [o A Age(s)? ds) 2P(r, — t € (KA, (k+1)A)) <
n?A?TP(7, —t € (kA,(k+ 1)A)). As 7, increases to infinity, we have that P(7, — t €
(kA, (k+1)A)) = o(1) as A — 0, uniformly in n. As a result, |I}| < n?A?*Tlw(A) where w
is a function which does not depend on n and is continuous and equal to zero at the origin.

Next, we decompose I} = JJFA Arge($)Atikage($)EM2 L (o 1)a<n,] ds = Iy + I}y, where
It and I}, are the restrictions of the integral to [0, — v/A] and [t — \/_ At + Al re-
spectively. We can bound |I] 1| <n fgiﬂ Arge(s)* ds f(f*\/g Avirage(s)?ds) /2. We have
S5 Arge()ds = 8 0 (0.(5) — guls — A)2ds = 221 [1US (g (1) g, (r — 1) dr <
AZetd f1+1/\/Z Ge(r) — go(r — 1)) dr = O(A“*3/2) = o(A?**1). The same bound applies to

2 2 oy
2Define the measure u = Y o, & 6>\ Then p((z,00)) = ZADI’;\—: ~ RTZiz(x/L)l/qZ r=a ~

R2/L Cop 2pa-1 _, 2ra-1 1_, .
2r+éil(x/L)(1 r-a)/a = %x and [ u((y,00)) dy ~ fa(Llfa)a:l as x — oo. Theorem 1.7.1 in

Bingham et al. (1987) implies that o e pl(z,00)) do ~ ELESD(2 — a)so ! = BLT(1 — a5

as s — 0. Therefore, 7% &= (1 — e NuR) = [l — e ) pu(dy) = uA [T [) e AT da p(dy) =
ul [ e A pu((x,00)) da ~ ur‘(l - oz)Ao‘ as A — 0.

qo

50



fot_\/x At rage(s)? ds, whence |I7] < Cn?A?Tlw(A) for a suitable w as before.
Since n = n™ on {t+(k+1)A < 7,} and ™ is mean-square continuous (as 7 is continuous

in probability), there exists w,, as before (which may now depend on n) such that

t+A

1Yy = B Ly er1y)asn,) / /s AiGe(8)Arirage(s) ds + O(A* w, (A))
t—VA

E[nt 1t+(k+1)A§Tn]\IIE(k)A2e+1 + O(A26+1wn(A>>
= E[m 1tSTn]\Ije(k)A2€+1 + O(A2€+1wn(A))~

The second equality holds because we can add back the portion of the integral from 0 to
t — /A (see the analysis of I7,) and the resulting integral is asymptotically equivalent to the
autocovariance at lag k of standard fractional Brownian motion increments over intervals of

length A. For the last equality, we can argue as in the analysis of IJ. Altogether, we have

YA D) E[ELics, U (k) AZH + O(A2 i, (A))

_ — U, (k A — 0,
L) E[P Lo, | A% 1 O(A* w,(A)) (k) as

which shows that X satisfies the conditions in Theorem 3 with pgn)(k) = U (k). O

D Proof of Theorems 4 and 5

This section provides an overview of the proof of Theorems 4 and 5.

D.1 Notation and Localization Procedure

We write A < B if A < CB for some constant C' that does not depend on any important
variable and E = E[- | F..]. Given a (deterministic or random) function f(¢) (or of the form
fi) and h, W' > 0, we define A, f(t) = f(t+h) — f(t) and A}, f(t) = Apf(t+ 1) = Dy f(t) =
ft+h+n)—f(t+h)— f(t+h)+ f(t). Also, if h =1 (h = 1), we simply write Af(¢)
(AZf(t)). If f=(f:): is a sequence, we write Apfi = firn — fi-

We denote the continuous part of x by z§ = zo+ f[f bs ds+ fg os dW be and the jump part
by @l = fo [0 (s, 2) w(ds, dz) +f0 Sz 0%(s, z) W(ds, dz). Similarly, we decompose ¢ = v + ¢/,
where v is the continuous part of ¢ and ¢/ = fo [ 0L(s, z) m(ds, dz) + fo [ 05(s, 2) T(ds, dz).
We also use the abbreviation n, dW = n, dW, + 7, dW,.

If Assumption V2 holds, the nondifferentiable drift and moving average components in ¢
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can be simplified. Because g, hy € A, we have fot go(t—s)n,dW, = f(f Jo gb(r—s)n, dW, dr
and [ ho(t — s)0sds = [7 [ hy(r — s)drO,ds = [ [o hiy(r — s)0sdsdr, which shows that
both terms are differentiable drifts and can be absorbed into fot asds.?® The same argument

applies to the representations in (B.1). We may therefore assume

ho

S 3|

h

oS3
Il
(]

hg

9 (D.1)

9o g

without loss of generality. In the proofs we show that both the differentiable drift, fot asds,
and the nondifferentiable one, fot h(t— s)0, ds, are negligible. Because the former is a special

case of the latter obtained by setting h = 1, we can also assume
a=0. (D.2)

As usual when infill asymptotics are considered (cf. Lemma 4.4.9 in Jacod and Protter

(2012)), we can assume the following strengthened hypotheses without loss of generality.

Assumption LLIN’. In addition to Assumption LLN, there is a deterministic constant
K € (0,00) such that x, b, 02, p* v, v71, ¢, (7' and (|6°(t, 2)["L>1 + |64(¢, 2)["1rey +
105(t, 2) " 1,51 + [0L(¢, 2)["1,.<1) /6% (2) are uniformly bounded by K, where §*(2) is a deter-
ministic nonnegative measurable function satisfying 6*(z) < K for all z € E and
[ 0%(2) Mdz) < oo. Moreover, 6'(t, 2)1,51 = 6%(t, 2)1,<1 = 0L(, 2) 1,51 = 05(¢, 2) 1,1 = 0
and for any ¢ > 0 and p € N, we have

E[(Efvera, — vs | Four])’] = 0(3(A0)), (D.3)
E[|Cov(vera, — vatira, = vt | Facr) = Gorr(An)Te(52)]] = 0(3(A,)), (D)
El[vsta, = vsP1V? = O(1(A0)"?), EllGosa, = Gl = o1) (D.5)

as A, — 0, uniformly in 0 <r < s <t <T satisfying r > AL~

Assumption CLT". In addition to Assumption CLT, we have (D.1) and (D.2) and there
is a deterministic constant K € (0,00) such that the processes listed in Assumption CLT (ii)
as ’U)@H as x, 0-2; P27 a, 07 C_li 77_1 a’nd <|55(t7 Z)|T17’21 + |5l(t7z>|r17‘<1 + |5g(t7z)|rcl7'c21 +

25Since a > %, the existence of a continuous version of the process r — for g6(r — s)n, dW follows from

the bound [ lgh(r + 7 — 5) — g — )P ds = 7 lgp(s)P ds + [ lgb(s +7) — gh(o)Pds < €72 and
Kolmogorov’s continuity theorem. The continuity of [; h{(r — s)0s ds follows from the bound fOT-H\hf)(T +

T—5)—hy(r—s)|ds= [|h(s)|ds+ [ |ho(s +T) — hi(s)|ds < CT2.
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|06 (t, 2) |71y 1 4+ 105, 2) [P+ |05(t, 2)|?) /6% (2) are uniformly bounded by K, where 6*(z) is the
same function as in Assumption LLN'. Moreover, 0'(t, 2) 1,51 = 8°(t,2)1,<1 = 0L(¢, 2) 1,51 =
05 (t, 2)1,,c1 = 0L (t, 2) = 0L(t, 2) = 0.

D.2 Main Steps

Proof of Theorem 4 and Theorem 5. The theorems follow by combining (D.6), (D.8) as well
as (D.9) (for Theorem 4) and (D.10) (for Theorem 5), obtained in three steps in the remainder

of this section. O

Step 1: Removal of Price Jumps

tuted for V" under Assumptlon LLN’, Where Fn = v(pnly) (Fn = (pnAn)z‘f“) for the proof
of Theorem 4 (Theorem 5), " = (kpA,) "t S0 (A7z° 4 €7)?, A, et = E‘;:’Llp — "' and

Jj=t+1
tr /\n 1 ~n,1
A Apncl 1|A

Dn z \<wn

Proposition D.1. We have E[|A} €7, AV — A) AZFIKPHA;;E?JH < AU (AL T X

2-r)w (1/2Ae0)— 1+1/r (1-2a)+ 1—reto4 . .
n n r> n=—n ) :
(A +A LA (pnAn) ), uniformly in i

Since we have L(A ) = o(A,€) for any € > 0 and slowly varying function L, we ob-
tain the bound (p,A,)~2Esupycy [V — VM) S (paly) 22245 <(Al” )
AQT2 2Ry 4 (9, AR)TeF ) which tends to zero for sufficiently small € by

Assumption LLN (iv) and (v). We have shown that

(paa) 2V = V) L 0 (D.6)

Step 2: Removal of Volatility Jumps

)A (1-2a)+ itkn 2 JAn 2
n n N nC n __
Let Jp'; = A, U2y du, I3 = mas 2ogmina (Afz©) —f(] 1)An o2dul, J§, =
itkn 2a—1 2 _ 2 ithn AN, n.
knA j= z+1[( ) - Ay f] DA, Pu d“] Jii = An 2uj- L Al and Jg; =
+kn)A (1-2 5 1.
A fl(l 80 A2 ey, Then et = S0 Ji;. Our goal is to remove Jgfi from ¢ in

order to obtain &* = Zk:l Jy.; and to replace V""" by

A [t/An]=(+1)pn—kn
F_”Ai(lfza)-k Z APn z—l—ﬂp AP 8172' (D7)

n 1
=0

n729e —
V, =

53



A /\?’L,QH < A72(172a)+

Proposition D.2. Fore > 0, we have E[|A) €} z+£p A el AT 2 Ci

X [(pn,)et3/Fe0-ra=e 4 (p, A, )et1/2H1/re=e] umformly in .

z+€p

The proposition implies that (p,A,) 2V — V2% is of the order (p,A,) 3/22¢7¢ x
((pnAn)e+3/2+(1frc)% + (pnA )e+1/2+1/rc) (pnAn)fe+(1frc)%fe + (pnAn)flfeJrl/rcfe for any

€e>0and ¢ > 0. Since r, < —— and @w < 5 —i— e, we have —e + @ — r.w > 0, which implies

+1

(pal) V2V — Ry L, (D.8)

Step 3: Limit Theorems in the Absence of Price and Volatility Jumps

The last part of the proof consists in showing that
(/S VAT AC s VA R (D.9)

under the assumptions of Theorem 4 and

(pnAn>_1/2 (V;n,Q,O + 2‘/;71,2,1 N (‘/tO + 2‘/;1)’ V;n,2,2 N ‘/1527 o 7‘/;n,2,m _ V;m)T £:*§ z (DlO)
. n2.0 4 n,l
under the assumptions of Theorem 5. We decompose V,"™" =30 . | Z:>" (t) where
A [t/An]=(4+1)pn—kn
n,l n —2a n . .
Z]l ]2< ) - I’_Ai(l o Z Apn‘]ﬁ ZA JJQ ity J1nJ2 = L...4
" i=0

We show (D.9) and (D.10) in two propositions.
Proposition D.3.
(i) Under Assumption LLN’, we have Zﬁ’f VN for all £ > 0.
(it) Under Assumption CLT’, we have (p,A,)™2(Z}" 0—}—221111 (Vo211 Zﬁ’f -V ...
zmm —vmT Lz
Proposition D.4. Consider ji,jo = 1,...,4 such that (j1,72) # (1,1).

(i) Under Assumption LLN’, we have Z™", L0 for £ >0.

J1,J2

(ii) Under Assumption CLT’, we have (p,A,)~"Y*(Z7° + 227 ) L% 0 as well as

Ji.2 Ji.2
nt L'
(PrnlAp)~ 1/2ZJ1 Ly =0 for > 2.
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E Preliminary Bounds

The assumptions of Theorem 4 and Assumption LLN’ are in force throughout this section.

E.1 Statement of the Preliminary Bounds

We start with bounds on convolutions and recall the notation in (3.14).

Lemma E.1. Fore € (—1,0], consider A, = fg ge(t—s)as ds where the process a is uniformly
bounded by a constant K. For any p > 1, there exists C' > 0 depending only on e, K and p
such that B[| A p— A P]VP < Chet for allt,h > 0. If in addition E[|a;—a,[P]*/? < K(t—s)?
for some 0 < 8 < —e and all s,t >0, then E[|Ai ), — AJP]VP < C(1 + t=P)pPHetL,

Next, we gather estimates for Ji!;, k = 1,...,5, defined before (D.7). To this end, we first
decompose J7'; and J3; further and recall the notation from Section D.1 as well as (D.1) and
(D.2). The decomposition of Ji'; is only needed for the proof of Theorem 5 and assumes that
v satisfies (3.13). Defining G.(t) = [(e + 1) K] 15, A2 Ge(r) = A} A, poa, Ge(ily — 1),
we can write fl.(i:k"m" Iy ge(u — r)n,. dW, du = fO(Hk")A” Ap, A, G (1A, — r)n, dW, and
therefore, A, J', = A, JTy; + Ap, Jiy; where

A;(172a)+ (i+pn+kn)An 9
Aan{Ll,i = k A / Anine<T)'r’r Cl‘Af,r7
n=—n 0
AT—L(l—QaM (i+kn)An t (E.1)
Bpuiz; = ——1— . (Asipaa, — As)ds, A= /0 ge(t — )05 ds.

Ito’s formula and the notation 2z, = fg o5 dWy allow us to write J3'; = J3; ; + J3y ;, where

2 (Z+]€n)A
J21,i = m /A (Zs - ZLS/AnJAn) dzs,

2 (H‘kn)A S
i = A /A (20 = Ziranianlbs + /L s b,) ds (E.2)

N / / b, dr dz,.

Lemma E.2. Under the assumptions of Theorem 5 and Assumption CLT’, we have for
p > 1 that E[|A,, J5 P17 S AT (p A and B|A,, Ty 1S AT

~Y

[(Pn ) TEA (PpA)PHE T+ (ppA,) P f.(::k"m" sPds)], uniformly in i. In particular, we

)

have E[|Apnj{fi|P]1/P < Aﬁ(l_2a)+(pnAn)e+1/2,

%)



Lemma E.3. For any p > 1, E[|J5,17 | Fia )P < k' and E[|J3,,17 | Fia, )P S A7

uniformly in i and w.

Lemma E.4. For any p > 1, E[lJ5,[P | Fu'/? < A2 % and [E[J5, I3, | Fooll S

~Y

A=2E2 yniformly in i as well as iy and iy with |i; — is| > ky,.

n 7

Lemma E.5. For any p > 1, EHJZZ-P | EAn]l/p < A%fl/zkﬁlm and E[E[JZilJZi2]2 \

Flinninan V2 S A2 2 uniformly in i as well as i1 and iy with iy — iz > ky.

Lemma E.6. Ifr. > 1 and p € [re,2] or if ro < 1 and p € [r., 1], we have E[|A,, Jg,|P |
Fin" S AT (RaB) ' and E[(1Ap, Bl A Qua)l | Fia ]V S AT
(k) E=Fm) /P uniformly in i.

Finally, we estimate the truncation probabilities for returns and volatility increments.

Lemma E.7. If a > 0, we have P(|A%y| > v,) S A" and P(|AT2¢ + %] > v,) S A} for
any n > 0 uniformly in j.

Lemma E.8. We have P(|A,, " > w,) < (pan)' "% uniformly in i.

E.2 Proof of the Preliminary Bounds

Proof of Lemma FE.1. The case e = 0 is trivial. For e < 0, recall the forward difference
t+h
ge(t +h —
s)asds + fg Apge(t — s)asds, we have |A; 1, — Ay < fo ge(s)ds + fo |ARGe( )] ds < hetLIf
a is B-Holder continuous in LP, the identity A2 A, = fo Ahge s)Apasds + fo Apge(t +h —
s)as ds—l—fo 9e(8)Apasin_s ds implies that E[|A2A,|P]V/P < BA( fo |Ange(s) |ds+f0h ge(s) ds) +
fo |Apge(t + h — 8)|ds < hPFett 4 p2tel A petl < (1 4 ¢t=P)hPHetl. We conclude using
Proposition 2 in Rackauskas and Suquet (2005). ]

notation from Section D.1. Since a is uniformly bounded and A;,, — A; =

Proof of Lemma E.2. Tt suffices to consider the case a = % and, by Jensen’s inequality,

p = 2. The bound on A, J} ; follows from standard semimartingale estimates for e = 0.
If e < 0, applying the Burkholder-Davis—Gundy inequalities and using the assumption
that [n], [7] < K, we obtain E[|2y, Jiy P17 < (kalda) 7 (o 70 A2 G(r)? dr) 2 =
(kA )2 [5G (1) = Go(u — 1) — Ge(u — k) + Ge(u — 5 — 1)]* du)'/? by changing
variables u = i/k,+rk+1—71/(k,A,). Because |Ge(u) —Ge(u—1)—Ge(u—k)+Ge(u—k—1)| <
1Au™, the integral from 0 to oo is finite and we have shown E[|A,, Ji [P]YP S (ko A,,) T2
The bound on A, Ji, ; follows directly from Lemma E.1 and Assumption CLT". O
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Proof of Lemma E.3. The lemma follows from classical martingale estimates. O]

Proof of Lemma FE.j. The general case follows from the special case a = , which we con-
sider. Recall that E stands for E[- | Fs] and that G; = o(x;, j <) and G' = o(x;, j > 1)
are the pre- and post-o-fields at time ¢. In this proof, we use the notation I'} = f(]J Al A, p*ds
for 7 > 1. By Jensen’s inequality, it is enough to treat the case p = 2m, where m > 1 is an

integer, for the first bound. In that case, we can explicitly develop

1 i+kn

B = am O (Hr) [H 0% -],

J1y-rJ2m=1+1
As p is bounded by Assumption LLN’, we have ]F?\ < KA, for all j > 1. Thus,

| itkn,
BB S o O

J15erJ2m=1+1

2[TToe ]|

k=1

Since (x;); is centered, stationary, exponentially p-mixing, with unit variance and finite
moments of all orders, the sequence (Y;); defined by Y; = X? — 1 is also centered, stationary,
exponentially p-mixing and has finite moments of all orders. Lemma E.9 yields E[(J3;)*"] <
k™, which is the first bound in the lemma.

For the second bound, we assume without loss of generality that iy > 4 + k,,. Then

11+kn io+kn

IE[‘]??,“JS 12 = Z Z {FZFZE le - 1) (X§2 - 1)} }7

N j1=i141 jo=ia+1

where X; —11is G;,-measurable and X?é —11is G72-measurable. Both variables are centered and
have a finite variance. Using Assumption LLN (ii), we know that pjj,_;,|(x) < K exp(—p|j2—
J1]) and therefore, IE[(Xfl — 1)(x3, — 1)] S exp(—plj2 — j1|). Using again the bound [I'}]| <
KA, we obtain

1 thn d2dha 1 oy (1 —emPkn)(ePkn — 1)
— —p(g2—n) — _— ,—p(ia—i1)
(B3, T3] k Z Z ¢ kge (1—e?)(er —1)
" j1=i1+1 jo=ia+1
< k% expl—pliz — i1 — k).
Since 19 — 11 > k, we obtain the second bound in the lemma. O
Proof of Lemma FE.5. As for the previous lemma, it is enough to consider a = % and prove
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the first bound for p = 2m, where m > 1. In this case, we can develop explicitly

i+kn

B - e Y Tl (e Hxﬂ
(8,7

J1yesjom=1+1 k=1
Since (;);>1 is independent of F.,, we deduce that

2m

IESE R o E[H(AWF?J“?)\EAn}E[ﬁxjk}

k=1

S A, and E[[AT2CP | Fia,] S AP? for all p, Holder’s inequality yields

Y

E[[Te (A7 z¢(T7)Y2) | Fia,] S AZ™. We obtain

Because |I'}|

Lemma E.9 implies the first bound in Lemma E.5.

For the second bound, we assume without loss of generality that io > 4 + k,,. Then

i1+kn io2+kn

B T = oy O D | Aha AL (T TL) Bl )}

N ji=i1+1 jo=ia+1

As before, we obtain E[E[Jziljf,hP | Flivninan? < k2 St Stk omp(mi) We

J1=t1+1 Lajo=io+
conclude using the same arguments as in Lemma E.4. O]

Proof of Lemma E.6. It is enough to consider a = % If r. > 1, we have §'(t,2) = 0 by
Assumption LLN’. Therefore,

1 (it+kn)An u+pnlAn
Ay Jg = H/A / /Eég(s,z)%(ds,dz) du (E.3)

1
kLA,

(Z+pn+kn)An
/ (i + k) Ay A s — (s = ppldn) Vi) 63 (s, 2) T(ds, dz).
E

Lemma 2.1.5 in Jacod and Protter (2012) yields E[|A,, J&4[P | Fia,]Y? < (kaAn)Y? and
E[| Ay, JiP A 2wn)? | Fia J'V7 S B[, T2l | Fin JVPwn ™" S (k) 1=Fr 0 for

p € [re,2]. If r. < 1, we have (E.3) with &' instead of 6% and 7(ds, dz) instead of 7(ds,dz).
Lemma 2.1.7 in Jacod and Protter (2012) yields the same bounds for all p € [r., 1]. O
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Proof of Lemma E.7. Recall the decomposition z = x¢ + 27 from Appendix D.1, where by
Assumption LLN’ 27 only contains small (large) jumps if » > 1 (r < 1). For all ¢ > 1,

P(|A%y| > vn) < P(|AT2] > v,/3) + P(|e?] > vn/3) + P(|A}2!| > v,,/3)
< BqE[\A?xc\q]v;q + 3qIEH€?|q]v;q + 3E[|A§ij|r]vgr

Using Assumption LLN’, we have E[|A7297 < AY? and E[|]7] < A%E[xol?). Lem-
mas 2.1.5 (if > 1) and 2.1.7 (if 7 < 1) in Jacod and Protter (2012) show that E[|A%27["] <
A,. Combining these bounds, we get P(|A%y| > v,) < ALI/2he=®) 4 Al-rm - The first
bound follows by taking ¢ large enough because w < % A a. The second bound is shown

similarly. O]

Proof of Lemma E.8. We have A, ' = Y0_ VA IR and P(A, S > w,) <
S0 (1A I 2 wa/5) < 5P S Bl Ay I + w Bl A, JE ] for p > 1. Us-
ing Lemmas E.3-E.6 and (D.5) (for the proof of Theorem 4) or Lemma E.2 (for the proof
of Theorem 5), we obtain P(|A, 2" > w,) < w;?[An" 2 (kA YD Lk, AP +

w P AGPET2 g P2 ymre A2 A for some slowly varying functlonL Because k,, ~
QAn1/2 log At and e < 0 (or k' = o(y(paAy)) if € = 0), we have ky, /2 = o((k,Ay)eH1/2 x

L(k,Ay)). Since w,, ~ wAT_L(l_%‘)*(pnAn)& and p,/k, = K, we obtain P(|Apn€?1| > wy) <
[(pn ) T2 L(kn AP + (paln)' "%, As @ < § 4 €, we can conclude by taking p large
enough. O

E.3 A Bound on Mixing Sequences

We prove the following bound for exponentially mixing random variables, which is implicitly

contained in Yokoyama (1980).

Lemma E.9. Suppose that (Y;);>1 is centered, stationary, exponentially p-mizing in the
sense of Assumption LLN (ii), with finite moments of all orders. Then for any m > 1, there
exists a constant C,, such that for all k > 1,

zk: )E[ﬁyj] ‘ < Coklmi2), (E4)

jl ----- jmzl

Proof. By symmetry, (E.4) is bounded by m!}_, E[[12,Y;]l, where j = (j1,...,Jm) run
through all indices satisfying 1 < 77 < j5 < --- < j,, < k. Hence, it is enough to prove
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that >, [E[[[,Z, Y3l < C,, k™21 We proceed by induction on m. For m = 1, the claim
is immediate since Y; is centered. Suppose now that m > 2, and that the result holds for
all smaller m. For j as before, define M(j) = max{ji;1 — 7; : 1 <i < m — 1} and choose
1 < h <m —1 (which depends on j) such that j,+1 — j, = M(j). By the mixing property
of (Yj)j21,

<[

=t
—
o
—

< ‘E[f[Y;JE[ ﬁ le”vLKexp(—M(j)P)

I=h+1 =1 I=h+1

h m
< [E[TTva]B[ IT Y] |+ Cuexo(=21Gi)o),
=1 I=h+1

where C,,, only depends on m and the first 2m moments of Y;. If h =1 or h = m—1, the first
term on the right-hand side is zero because Yj is centered. Only the cases h € {2,...,m—2}

remain and we have

; ‘E[ﬁifﬂ] <y Z_ ‘E[ZH }QZ}E[lﬁrl Y|+ Cm ;i:oexp(—]\/[p) ; Larg)-ar

> [T

h=2 1<j1 <ja<Sjp<k - I=1 1<jni1<Gnr2<<jm<k  l=h+1

which by the induction hypothesis is bounded by a constant times S kl/2+Lm=m)/2] <
klm/21 - As the number of sequences j with M(j) = M is bounded by k(M + 1), the
second sum is bounded by kCy, S5 exp(—=Mp)(M + 1) < k < k™2 which completes
the proof of the lemma. O]

F Proof of Propositions D.1-D.4

The assumptions of Theorem 4 and Assumption LLN’ are in force throughout this section.

For brevity, we write ), instead of ZZ.LZOA"J*(”DP"*’“”.
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F.1 Main Proofs

Proof of Proposition D.1. We express the difference on the left-hand side of the inequality

as
tr ~n tr ’*n tr /% 1 tr ~n,1
A n Cit-lpn Apn A 1 Cit-pn Apnci
o ~n
- Apnci 1|APnE?|Swn{ApnCZ+an |APn Citepn |<wn Apncz+fpn1|Apn H-[;D |<wn}
-~ ~n,1
+ {Apnci 1\Apn5f\§wn - Apnci 1|Apn/5?’l|§wn}Ap" H—epn ‘Apn z+ép |<wn
. P, . .

Bounding A, €71, a7(<w, and A, ) +€pn1| Mgl |<un by w,, we obtain the assertion of

the proposition by proving the following uniform bound in 4:

n

SA (1—2a)+ <p A )1 TCW+W+A(2 ) +A1(11/2Aa)—1+1/r1T>1

B[, G a,, e <w, — Dp, G0 1 wnl]
P | | P |Ap, Tt |<wn, (F.1)

The left-hand side of (F.1) is equal to EHAan?—Apn/C\?’lH\A | <wn, |Am6?,1|gwn]+E[|Apn/c?| X

L a2 <twn, [ By & [>n 1+ E[|A,,¢" |1|Apn S, [Apn E < |. Lemma F.1 shows that the first

expectation is bounded by E[je} — &[] + E[[er,,, — crip, ] S < AFE A(I/MO‘)%H/TLN.
For the second and third terms, we bound 1A, |A,.E0 < P(|A,, 7 > wy) <

(pnAn)1 @ (see Lemma E.8) and P(|A, A”| > w,) S P(A, ”‘nl| > w,/2) +IP’(|Apn z -
A, T > wn/2) < (0aln) T +w P AT b0 obtain Ay UV (p, A )T EE L AT

A/2ha)= 1H/lel as the overall bound. -

Proof of Proposition D.2. Since ky, < An"*log A7V if e < 0 (or k' = o(v(pady)) if € = 0),
Lemmas E.3-E.5 together with either (D.5) or Lemma E.2 show that, for some slowly varying

function L,

E[|A,, e P1MYP < A 07294 [(p,A,) T2 L(paA) + Ky 2

(1-2 +1/2 (F.2)
—(l—2« e
N An +(pnAn) L(pnAn)
1 2 W,
uniformly in i. We decompose A} ¢! +£p AF T = Ay, T AT =3 Oy » Where
nl /\n 1
61»i - Ap” i Ap" z+£pn1|Apn ¢ ‘<wn7|Apn z+€p [>wn,?
nt __ ~n,1 1 N,
52i = A, (Apnci+€pn Apnci+€pn>1\Apn M <wn, |Ap, T, [<wn)
n,l ~n,1 ~n,2 ~n,2
531 (Apn ¢ Apnci )Apn H—Kpn]‘\A H<wn 1
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n, /\712 ~n,2
5 = — A, A

pnCi BpnCidep, Lia,, a0 5w,

We have E[|5?f|] < w,E[|A,, € z+£pn| Vap[|A,, ¢! ng | > w,]"7 where 1 —|— — = 1. By
(F.2) and Lemma E.8, we get E[|5’ff|] WAy T2 (p A )2 (e i L(p nAn). Tak-
ing ¢ close to 1, we obtain EH(SMH NGO (g N )EFeS/ 2@ for any ¢ > 0.
If r. < 1, we bound E[|5 |] < w,E[|A,, J? 11, na |<wn] < w,E[|A,, JY 5ittpn

Byitlpn | = Ap, e,
|<2wn) + Wn [|Aan5 o 11 PN il |<wn]. By Lemma E.6, the first
term is O(A, 201~20)+ T (puA,) 1 27Te)F) . For the second term note that we have |A,,, S ivep, | >
wy, /4 for at least one k = 1,...,4. The proof of Lemma E.8 shows that this probabil-
ity is o((pnAn) ) for any p > 0. Therefore, the second term in negligible and we have
E[|o37]) S AT (pu ) 1HETOF,
If r. > 1, we let ., satisfy 1/r.+ 1/r., =1 (with the following terms suitably interpreted

]
S
S

| x

PAVS T, [>2wn, |A

for r. =1 and r., = 00). Then, by Hélder’s inequality,

n,l ~n,1 7! r! n Te Te
Efloy; 1] < E[|Ap, | 61|Apna?vl|gwn]1/ C<E[|Apn‘]5,i+€pn| 1|Aan§‘,i+gpn|§2wn]1/
Te 1/TC
HApn 5 7/+£pn ‘ 1|AP" J;i-‘rfp |>2w"’ |APTL z+epn ‘<wn] > ’
r!, —(1-2c e —€ r +o(l—re /7!
As BJ|A, T s, ot |7 S AR T (g2 4 (p A )1 ET/O) Ty (F.2)

and Lemma E.6, the first term on the right-hand side of the previous display is O(A,, 20=20)+ o

[(pp Ay )T/ 24 re 4 (p, A )1HEA=7e/7]) - As in the case r, < 1, the second term is negligible,
SO E[’(Sg”f] < A;2(1_2a)+[(pnA )e+1/2—e+1/rc + (pnA )1+w (2— rc)]

We turn to 65, If r, > 1, Lemma E.6 and (F.2) imply that E[|5§f|] < E[|lA,, J2

rc]l/rc %

E[|A,, < z+£pn ]1/" < A0 ~2a). (pnAn)e“/Q“/“ ‘. If re < 1, we choose q,¢ > 1 Wlth E +
nK
X PHAM z+£p | > wn]1/4]E[|Aan5 il? ]1/2 Because PllA,,c z+zpn| > wy| = 0((pnAn) ) for any

p > 0 (see the proof of Lemma E.8), the second term is negligible. Taking ¢ close to 1, we
conclude that E[[dggl] A 17200+ (P, ) et/ 2 (Imre) T e

Pinally, B0} < E[A,, &R COR]A,, a5, [4]VEOP|A, & > w,]'s. Ap
plying Lemma E.8 and (F.2) and taking ¢ close to 1, we obtain E[|5Zf|] < < A2+
(PnlAn)?T277<® = for any € > 0. Observe now that the bounds for E[Mgﬂ] and E[[&Z’f’] are
of lower order than the bounds for E[|5§f|] and E[|5?’f ], respectively, because @ < e + 1.

Also observe that (p,A,) T2 = o((p,A,)¢T3/2+1=7<®)=€) for the same reason. O

Proof of Proposition D.3. We start with (i). For ¢ > 0 and a sequence \, — oo, we de-
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n,fl 2 n n
compose ZI 1 ( ) = Zml mao=1 me mg( )’ Where me mo (t) Z £m1 2,0 m2 z+£pn [ fOI'
my,my = 1,2 and where 51” = E[AY *Aan“ | Flj—Anpn)a n] and f;‘f] = A{T2+

(Ap, J1 —E[Ay, J7 | F Anpnmn]) By (D.5) and (D.3), we have E[|&57,[* + 67, .
7(pnln)'/? and EH&}“P + 1€ s [Y? = 0(v(pAy)Y/?) umiformly in n and i, so applying

HREDS

the Cauchy—Schwarz inequality we obtain 2? s 2\{1 "+ 2; ! L 0.

Let ane = Z;nzg + Zé,géa where Zén;( t) = fy(pézn) ZiE[fgfifg,ﬁrepn,i | -F(i—/\npn)An] and
Z/,M(t) v(pnA ) Z {52 i zfz GHlpn,i E[ 2,i,i§2,71'£+lpn,i | ‘F(i*/\npn)An]}' The ith term in 2572!“)
is (knQn)~ fZ:rkn)An ff;k"m" CoV(Vstppan = Vs, Vri (b4 1)pni — Vrtbpn A | Fli-Anpn)a,) dsdr,
which is p” ")C ) An f (i+hkn)An f(Hk”)A"\If T l) ds dr+o(Y(pnln)) = (li-Aupa)an, X
fo fo (=2410) dsdr+o( (pnA,)) by (D 4) Since ¥, (r) = Cov(Bf,Bf+T—Be) for

a standard fractional Brownian motion with fractional parameter e, W( fR ge(1
Ge(—1))(ge(1 + 7 —u) — ge(r — u)) du where g, is the kernel defined in (3.14). Recalhng the
notation Ge = [(e+1)K.] 77" and A2 |G (v) = Ge(v+£+1)—Ge(v+1) = Ge(v+E)+Ge(v),

we obtain

// Ts—i—é ds dr

=///<ge<1—u>—ge< W) (go(1+ 22+ £ — ) — g (222 + £ — w)) duds dr

- /// Ge(1+ ££2) — g (+50)) ds /01<ge<1+%+e>—ge«“:wz))drdv
=Kr 1" ze/A (V)A21Ge(v+ kl) dv = D, (0) (F.3)

by Lemma F.2. Thus, Z5'(£) = @, o (0)An ;s Cioapmyan + 0p(1) == Dy o(0) [ Cods + 0p(1)
by the second property in (D.5).

Next, we write y;” * for the zth term in the definition of Zggg and decompose Z’mZ =
Z?’\’}p" ZJ"Z where ZM( t) = o5 2ok X 1 Lokn,p, and the sum ranges over all k > 0 for

which (j — 1) 4+ 2k\,p, < Lt/A J (¢ + 1)p,, — ky,. For any j, Zjnf(t) is a martingale sum

as X?]zg—l)-l—Qk)\npn 1S F((j—1)+(2k+1)Anpn)A,-Mmeasurable with a vanishing ]-"((j_l)Jr(Q;i_l))\npn)An—

conditional expectation. By Doob’s maximal inequality and (D.5), E[sup,c 0T]|Z;-L’e(t)|2] S
A2 (A

m Zk HX] 1 +2k)\npn‘2] S An/()‘npn> As a result E[SuptGOT]‘ZH ]1/2 Sj )\npn X

VAL (Aapn) = VAnpnA,, which converges to 0 if A, — oo slowly enough. This completes

part (i) of the proposition.

For part (ii), we work under the assumptions of Theorem 5 and Assumption CLT’. By
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(E.1), Zﬁ’f(t) = 7#(25) + 7;2[(15) + 7%(25) + Zgéz(t), where for m;,my = 1,2 we define

7wfm2 () = (ppln) 2p LA T2 STUA Ty iDpo Iy itp, - We show in Lemma F.3 be-

low that 7?;(75), Zﬁz(t) and 7;;(15) are negligible. To study 7%@), we use (E.1) and

integration by parts to write Ai(l_%‘)*Apn S B I i, = [ﬁ’f + [;f + Igf where

' 1 (i+pn+kn)An T
Iy = m/o Ai,iGe(T)/O A iy, Ge(s)n, dW ), AW,
i 1 (DRI B .
I, = m/o An,i+£pnGe(S)/0 A5 Ge(r)n, dW,n  dW,
1 (i+Pntkn)An
R rwl 82 Gl 1y, Gl 2 dr (F.4)

Ly

and |n,]2 = 2 + 72 We obtain Z,; (1) = IM(t) + I(t) + IM(t), where M) =
()2t >, ]Z;é for j = 1,2,3. The first two terms, I;"*(t) and I}"*(t), can be stud-

ied analogously to the terms Mj:“*(t) and Mys"*"(¢) in Chong et al. (2024). Their sum

converges stably in law to the Z in Theorem 5. Lemma F.4 analyzes I3 £, O

Proof of Proposition D.4. Part (i) follows from Lemmas E.3-E.5 which show that A, J" , =

PnYm,i

O(A Y2+ 1) for m = 2,3,4 uniformly in i. To prove (i), we define Yj?i(t) =

(pnAn)*erglAZ(l_za” > 5 i dh ey, for £ > 0. Using the results of Appendix E, we have
n,fl n,l n,l— n,l n,

that Z70 (t) = 2V (8) — Y1) — YOEH(E) + 0,((paln)V/?) for € > 2 and Z10 (t) +

2705 (1) = 2V (t) — 2Y]"2 (t) + 0p((paln)'/?). We show in Lemma F.5 below that the

terms corresponding to (ji1,72) € {2,3,4} are negligible. The proof for j; = 1 or j, = 1 is

different because Lemma E.2 applies to A, Ji'; and not to Ji';. Lemma F.6 analyzes the

cases where (j1,72) = (1,2), (2, 1), while Lemma F.7 considers the remaining cases. O

F.2 Auxiliary Lemmas

Lemma F.1. We have E[[c* — &Y < AZT% 4 ALY uniformly in 6.

Proof. The lemma follows from the bound E[| (A?y)21|A?y\§vn — (A% +e})?] S ANTET=

AG/2AHry L To show this, we write the left-hand side as

E[JA}z¢ + éj;L’21|A3?y|>vn] + E[|(A??J)2 — (Afz° + 5?)2|1\A;Ly|gvn, |A;.’x°+6;”|§vn] (F.5)
+E[[(ATy)? — (AF2 + €7)*[Ljany|<vn, |anze en[>0,)-

We use Lemma E.7 and Hoélder’s inequality with ¢,¢' > 1, 1/¢ + 1/¢" = 1, to bound
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the first term by E[|ATz¢ + 7|2 VIP(|ATy| > v,)V7 < A2+ A=r=)/d - Paking ¢ close
to 1 ensures that this bound is O(AS 2™ "7 for any small € > 0, which in turn is
o(AH(2 ") “) if € is small enough since @ < 1/2 A a.

For the second term in (F.5), note that when [A}y| < v, and [A%z¢ + 7| < v, then we
must have |[A%27| < 2v,. Hence, [(A}y)? — (ATa¢ +e})?| = [(AVa?)? + 24727 (Al ac +€7)| S
(JATZI| A (205))% 4 (JAT2I| A (20,,))| A2 + €7 in this case. We obtain

E[|[(ATy)? — (AJ2¢ + €)1 jany| <vn, |aTae <7 <v,] F6)
E[(|A727] A (20,))°] + E[(JAT27] A (20,))1 /B[ AT2C + 7]]V9.

We have E[(|A729] A (20,))%] < E[|AT 2" < AyT®07 and E[(JAT27| A (20,))10 <

~Y

E[| AT Vaof 0 < ALTFE NMoreover, E[(ATae + e Y7 < AW so (F.6) is
< ANFETIE L ALPRet(1F=@m)/4 Taking g is close enough to 7 V 1, we obtain the bound
O(AH—(Q—T)w + A(l/ZAa)+1+w(1 ) e) if 7 <1 and O(AH— (2—r)w + Ang/Z/\a)—‘rl/r) ifr>1 As
@ < 1/2 A, we obtain the bound O(ALT®™%) for r < 1.

Lastly, we bound

E[[(A7y)* — (Af2* + 7)°1|apyi<vn. |arweter|>v,]

, (F.7)
E[I(A}y)® — (Af2® + 7)1 apy)<o,] P(AT 2 + €] > 0,) V7

Using E[(A%z¢ 4 &7)?|9]/7 < A2 for the first term and Lemma E.7 for the second, we see
that (F.7) is < AT(v2 + A2e) = o(ALFEI%) if 1 is large enough. O
Lemma F.2. We have ®,..(0) = k727" [7] A2 G (v)AZ |Ge(v + kL) dv.

Proof. The proof uses Fourier analysis and generalizes Lemma 5.6 in Chong et al. (2024)

to the case where k # 1. Let Flp fR o(z)e¢ d¢ be the Fourier transform of an L2-
function ¢ and extend this operator to the space of tempered distributions. Parseval’s iden-
tity states that [, 1(2)pa(z) do = 5= [o Fl ©a](€) d€ for 1, o € L*(R), where Z is

the complex conjugate of z € C. Recall that Ha( ) = |z|* and define J¥(z) = (£2)L{rs0)
) = 1) 5 (). Then 5 = o, Hale) = 020 0, 250 0) 0,
KX (z) = KI(z) and |KE(z)| = Ho(x) for all z € R and « € C\ {0, —1,—2,...}. Moreover,
by Section 3.2 and Example 7.1.17 in Héormander (1990), we have

FIJE] = D(a + 1)eFaimerD g F

—a—1

FlH,] =2 (a + 1) cos(5 (o + 1)) H_o1. (F.8)
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The standard translation rule for Fourier transforms, Flp(- + a)](£) = e F[p](£), implies
that FIAZ¢](§) = (€™ —1)(e* — 1) F[¢](€). Similarly, the rule FlpeV](§) = Flp](€ — a)
implies that F[(e™0)/2 — ¢7i()/2)2(¢10)/2 — ¢=10)/2)20] (&) = 62 | Flp](€). Therefore,

/ Aiylae(v)A;lGe(v + kl) dv = / AL G (v)A2Ge(v + kl) dv

11—k R

- 5 (6~ 1) = DFIGIE) (e~ (e~ DFIGIEe " de
K;2 1 ~Liken2y Lie —ligv2 4 e

" 2n(e+ 1) /Q” e ) (e — e EPFIIL(OF L] (e dg
—2 2

_ 2K%T(e +2)T(—2e — 3) cos(5 (2¢ + 3))

5t Hoeys(Kl).
2 (e + 1) w1 Hzera(wl)
The definition of K, (after (3.14)) and identities involving the gamma function imply that
the fraction in the last line equals 1/[8(e+1)(e+3)]. As 0 Hoer3(kl) = 5236} 1/nH2e13(0),

the lemma is proved. O

For Lemmas F.3-F.7, we work under Assumption CLT".
Lemma F.3. We have (p,A,)~ 1/2(Z12 + Z21 + ZQQ) 0 for all £ > 0.
Proof. We first bound E[[Z3; ()] S (palde) 2p A S0 EIA,, Ty 12 x

E[|Ap, It iep, |P1%. Then we use Lemma E.2 to bound IEHAS_QO‘)*AMJf27i|2]1/2 and
[|A 1 2&)+A
1 < p, and the second if i > p,. Assuming without loss of generality that g < —¢,
we obtain E[[Z35 (£)[] S (pufn)/2 4 (po ) ~1/246/ 50 4 (ua) SIS g1 g
(P A)3/2ee 4 (p,A,)~H/2+ 48 Since k, < Ay /*log(A71), ¢ > —1,e < 0and B > e—¢’

by assumption, we conclude that (p,A,)~" 2E[|7fj(t)| — 0. The same proof applies to

—2e+2¢/ +B+1

Mivepn| 2112 For the former, we use the first estimate in Lemma E.2 if

n

7214@). Similarly, E[‘fg;(t)u 5 (pnAn)2—2e+2e’ + (pnAn)—2e+2e’+25+1 + (pnAn) -
ftnAn s 8ds < (ppa,)? 22 4 (p,A,) 7224254 — 6((p,A,)Y?). As the previous esti-

mates are uniform in ¢, the lemma is proved. O

L —1/2( .t tog2 L!
emma F.4. We have (poA,) V2 (I3 (t) — Pue(l) [y m,|* dr) =0 for all £ > 0.
Proof. We first show that instead of I;"(t), it suffices to study

—né

(TP AL G (R oy, |

i=1—pn—Fkn
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where {x} denotes the fractional part of x.
By definition, A2 ;G.(r) = (knAn)HeAi’lGe(i*%LA"). Hence, if we interchange integra-

tion and summation and decompose /A, = |r/A,| 4+ {r/A,}, we can write I5(t) as

—2¢ Lt/AnJ _(£+1)pn_k5n

(Fpnthn)Bn i1/ An\ A2 i+ pn—1/ Ay, 2
; / A2 G (A A2 G (A 12
n =0 0

=2 ([t/Bn]—tpn)An [t/An]—(l+1)pn—Fkn
/

Z AiJGe(i_;iAn )Ai,lG (—ZMpn 7/Bn ) |”7r|2 dr
i=([r/An]—pn—kn)+
(1t/An]—Lpn)An [t/An]=|r/An|—=(+1)pn—Fn

K2 2 i {r/An}
= / > AL Ge(—H7) (F.9)
0

Dn i=(1=pn—kn)V(=|7/An])
X AL Ge( Bl 2 dr,

where the last step follows from changing the index i — |[r/A,] to i.

Note that TQ’Z is obtained by removing V(—[r/A,]) from the lower bound of i, replacing
the upper bound by oo and extending the integral up to t. Note that the first change only
applies if 7 < (14 p, + k,)A, and in this case adds at most 14 p, + k,, terms. As A2 |G(t)
is uniformly bounded in ¢, the total error is O(p,;'(pnAn)pn = Pul, = o((pnA,)Y?). In
order to replace the upper bound in the summation by oo, we study the expression (F.9)
when the sum is taken from i = |[t/A,| — |r/A,] — (0 + 1)p, — k, + 1 to co. We consider
the dr integral for r <t —p2A, and for r >t — pI'A, separately, where (2¢ — 2)/(2¢ — 1) <

a < 3 (such a choice is always possible for e € ( 5,0)). In the former case, the resulting

i \2e— a(2e—1)—2e+1
= 0GR =

o((pnAn)'/?) since (2¢ — 2)/(2e — 1) < a and p, < A, 210g A-1. In the latter case, because
A2 G (M)A2 G. (Mﬂ < ()P A1 < (35)77C AL for any small enough

¢ > 0, we obtain the bound < p lklTe t([ZfA”] tn) "EHm] |dr = O(kp©A,,), which is

o((pnA,)'/?) for small enough € because < . Finally, by similar arguments, extending the

term has an absolute first moment which is < p,* 237 0

integral to ¢ incurs an error of the order O(pn IpnAnkiTe) = o((ppAn)Y/?). In summary, we

have shown that (p,A,) " 72(IM (1) — To (£)) 2= 0.
n 1
It remains to show (pnAn)*1/2(]3’e(t) — f5|nr|2 dr) = L5 0. Lemma F.2 below shows
that the constant from (B.2) satisfies CDM( = k2 [T A2 Ge(v)AZ Ge(v + kL) dv.
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Hence, changing v to u = ¢ — vk, and then u to v = (u + [r/A,]A,), we obtain

D, (0) = k2! Z /kn A2 G (V)AL |Ge(v + kL) dv

zlpnknn

K _ i+pn—u
— Z /Agl ()AL Go(H=t) du

i=1—pn—Fkn

/{726 00 (lr/An]+1)Ay ) i—{v)An} 9 i+lpn—{v/An}
N T e
n n i:1—pn—k‘n T n n

for any » > 0. As a result, Yg’e — P, () f(f|?’]r|2 dr is equal to

K2 - ! i—{r/A itlpn—{r/A
5 [ {atio.cta o
Pr i Sk, /0
(LT/AHJ'H)An . .
o | 82, G2 (2gteloed) gL,
[r/An|Ap

2 Lt/AnJ oo

B pnAn

/ / A2 (i_{"];/An}>A2 lGe(inn;{T/An})
j=1 i=l—pp—kn G-DA (J-DHA " 7 "
- Ai,laa%f"}mi,l(w)}w dvdr + Oy(A).

By symmetry, the dv dr-integral for » < v is the negative of the same integral for v < 7.

Hence,

t
—-n,l
]3 _¢m,e(€)/|nr|2dr

(2 Lt/ An]

- S (At i)
pnAn (J—-1)An ’ " ’ "

Jj=1 i=1-pn—Fkn

- Ai,ﬂ%)&,ﬂ%)}uw 0, dvdr +0,(A,). (F.10)

The last line involves 72 — n? and 72 — 72, which can be analyzed separately. We only
do so for the former. Recalling (B.1), we note that the L?*-norm of the increment on
[v,7] of the components involving a” and §%" (recall that 6" = 0 by Assumption CLT")
is O(A}/Q). By Lemma E.1, the same applies to A" = f(f Gem(t — 5)07ds as E[(A7 — AT)?] <
A2"+2 = O(A,). Their contributions to (F.10) are thus Op((pnAn)*lAglAik}fEA}/Q) =
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@) (keAl/ %) = 0,((pnA,)"/2). The fact that the fractional components of 7) are also negligible
derives from the proof of Lemma 5.7 in Chong et al. (2024). O

Lemma F.5. We have (p,A,) 2V ™ L0 for all £ > 1 and (j1,72) € {2,3,4}.

ji.dz
Proof. We start with (ji,72) = (2,2). By (E.2), we have }/2”2[( t) = quie(t)%—??f(t)%-?;f(t)—l—
7;;( t), where Y (Puly) " 2ep AL 2 S Ty i it tpy, fOr M1, My = 1,2. We
first consider YHE( t). As J3; is Fitr,)a,-measurable and satisfies E[J3,; | Fia,] = 0
for all i > 0, we have E[J3; ,J3, ;. p, | Fia,] = 0 for all £ > 1. So if we decompose
Yillz(t) = Zﬁl)p”_l Y;LZJ( t) where YnlZ () = (prln)~ 1A2<1 2 ZL>0 21,j+(+1)pnt <
ng J+(E+1)pret-Lpn
that J3, ; = 0 fori > [t/A,| — ({+1)p,—k ) then ?ﬁe’j( t) is a martingale sum. By Doob’s
inequality, we have B[V} (1)) < S50 BV (0] < (0adh)p 55
(ZL>0 (173, 21,j+(0+1 anJ21 ]+(£+1)an+€pn| ])1/2- By Lemma E.3, we have E“Jm ZJ2nl i+-lpn | ]
k2 for each i > 0. As the sum over ¢ has O((p,A,)™") terms and k,,p, < A, 1z log(A;
we get [V ()] < (paln) 212k = o((puA,)/2). Similarly, the bound E[[Y; (¢)]]
(a2 207 SBT3y ) By V1Y? and Lemma B3 yield E{V5 (1)
(pnAn)*Qeflk‘El/QAiﬂ = o((p,A,)?) since e < 0. The same result for 7?;(15) and 7;;(

derives from analogous arguments.

mlmg( )

sums every (¢ + 1)p,th term starting from the jth one (with the convention

NN A

Next, we move to the case where ji, jo € {3,4}. We have

n,t < (pnAn)_4eA4(1—2a)+
E[le J2( ) ] — 2 n Z E [‘] Jist1 J2 i ]1 11+Lpn ¥ j2 zz+€pn]

pn Iil_i2|S(£+2)pn

i Z E[E[ ﬁ“ JT;Z2 JnlllJrfpn J2, 12+ani|:|)' (Fll)
i1 —i2|>(€+2)pn

Lemmas E.4 and E.5 show that E[J7 , J2 . J% 0, 70 L ] < An®DE=2 Hence, the first

sum in (F.11) is O((pnAn)_4e_1k 2) = o(pyA,,) for e < 0. For the second sum, we decom-
pose E[J7 , Jn . Jm | = B2, 0, JELE IR |+ B[R, T

Jisi1 ¥ J2,i2 Y g1, Z1+an J2 i2+lpnd Jist1 % j1,81+€pn J2si2 % j2,i2+L€pn Jui1 g Hpn
n n
E| o jl,z'1+€pn])( Tavia® ot lpn ]E[ i, l2+gpn])]. Using Lemmas E.4 and E.5 and the fact

that ¢ > 1, we have E[E] T T2 S AZ V=2 for any i and for j € {3,4}. Therefore,

EIELT iy T iy JBLT i T iy e ] S A0k,

J1,81 Y 31,81 +€pn J2,82 % j2,i2+Llpn

We consider the covariance term and note that E[(J], ;J) 10, — ]E[sz m )Y S

E[( 5 T i) S BUT ) 1 PEL( T gy, )] S ARV for any @ and m € {3,4).

m,i Y m,i+Lpn
The same arguments as in the proof of Lemmas E.4 and E.5 and Assumption LLN (ii) imply
B2, T —E[J7 0 D5, 00T —E[J7. T DII'S exp(=p([iz —ir| =

J1,81 Y g1,81+pn J1,81 Y g1,81+pn J2,i2 % j2,i2+Lpn J2,i2 % j2,i2+Lpn
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(¢ + 1)pn))Ai(2a71)k’;2 < exp(—ppn) Ay al2o= l)k: 2. The second term in (F.11) is therefore
O((pnAn)_4e—2k;4) = 0(pnAn)'
Finally, we study the cases where j; = 2 and j, € {3,4} and where j; € {3,4} and

Jo = 2. The two cases being similar, we only consider the former case. Since E[Y;f(t)ﬂ =

(Pp ) ~Hep 2 AN 20+ D ivin [JZ",Z«IJ2 in o v ttpn I i ipn) fOU J € {3,4}, we can use Lemmas
E 3 E 5 to bOUIld ]E[J2 i1 J2 i29m 21+£pn Jm,i2+£pn] by E[(J211)4]1/4E[(‘]5L,12) ]1/4]E[( m 11+£pn) ]1/4><

E[(J0 )TV S ANk 0 iy — o] < 2p, and by E[(Jg,)VE[(Jg,,) ] x

E[E[J:m,z‘ﬁepnJg@,iﬁepn]Q]l/Q < AP V=3 if |iy — iy| > 2p,. Thus, we obtain E[}gfjf(t)ﬂ <
(Pnln) ™17+ (Paln) 472k, % = 0(paldn). O

Lemma F.6. We have (p,A,)" V(215 + Z;lf) L0 for all £ > 0.

Proof. Analogously to Lemma F.3, one can show that (pnAn)_l/z(Z"’e — 7 ) £ 0 and
(pnAn)_l/Q(Z“ Z’” e) Ly 0, where for j1, jo € {1,2}, we write Zﬁi( ) = (pulA,) " %p !
2(1-20)
A J+ Z Apn 711, ZApn J]gl i+lpy
1
We first prove (p,A,) 12254 (t) -5 0. By the integration by parts formula for semi-

martingales, we have Ap J3y Ay I e, = A, 072+ (I + Iy + I3 + 1) where

2 (i4+prn+kn)A s )
m n
1171' = (lf A )2 /A Cz (8)<’ZS - ZLS/AnJAn)/ An,i—l—ﬂpnG@(r)nr dWT Os dWS7
n=—n (AN 0
9 (i+-(E+1)pn+hn) Ap
= ——— A? G.
2,0 (k_nAn)g /ZA n,i+lpn (T)
(i+pn+tkn)AnAr
X / G (5)(2s = 2s/an|A,)0s AWM, AW,
iAp
, 2 (Z+pn+k7n) 9
I = )2 /A Gi'(8)(2s = 2(s/8n 120 ) A it p, Ge(8) (N0) 15 /201 A, A,
2 (;Fanrkn)A
—— "(s)(2zy — 2
4, (]{Z A )2 [An Cz (S)<Z ZL /AnJAn)

X AEL Ji+lpp Ge(s)[nsos — (nU)LS/AnJAn] ds

and ('(s) = 1if (i +pn)An < s < (i +pn + kn)Ap, ((s) = =1 it iA, < s < (i + k,)A,
and (7'(s) = 0 otherwise. Note that I{"; and I3 are both Fi\ (o41)p,+k,)a,-measurable and
satisfy E[I1" | Fia,] = 0 and E[I3 | Fia,] = 0. Moreover, proceeding as in Lemmas E.2 and
E.3, we can show that E[(I]%)2]Y/2 + E[(I)2)Y2 S (kaAn)* 2k /2. Just as E[|Y5; (£)] =
o((pnAn)Y?) in the proof of Lemma F.5, these two terms are asymptotically negligible.
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It remains to analyze 7;n’e(t) = (pnA\,) "% *1A (1=2a)+ > I for j = 3,4. For j =3, we

777,
. n — n+kn i+ n
rewrite I} = 2(knAn) 72 Y00 (00) (45— 1) | zﬂ] A, G (8) (2= 2418, A% 144, Ge(5) ds
and

—Iml 2(p A >_28 Pntkn Lt/AnJ_(f-‘rl)pn—kn
Zy () = DA AT 2 ( S ),
n\hn=n — P
(i+5)A ’ (F12)
L G = s S G )
Z+]_ n

Consider for fixed j the sum over 7. The ith term if F;;)a,-measurable with a vanishing
Fli+j—1)a,-conditional expectation. Thus the sum over ¢ is a martingale sum. Because
Bl — tymiall = O and [0 182,10, Gulo) ds = O30 ), it o
lows that E[Z5" (O] S (nAa) 2 I B[22 S () AT AY Jp, =
o((pnA,)'?), where (---) denotes What is inside the parentheses in (F.12).

For j = 4, we have [133] S (kada) 2 [5750% 2, 2 0 1182y, Gals)lImo. —
(70) ls/an | ds. We now apply the bounds E[|z, — zs/a, a.2Y? = O(AY?), Eljno, —
(00) 1s/an 100 2)? = O(A(EAEU)H/Q) (note (3.13), (B.1) and that ¢ and 7 are bounded away
from 0 by assumption) and lep"Jrk” "AL e, Ge(s)ds = O((pnAn)“™?) to obtain

HZ,M( ] = O((palAn) 1AL wwhich is o((p,An)'/?) for our choice of p, because
" > 1e — 1 by assumption. We have shown that (pnAn)*lmZ;l’z(t) L% 0. A similar proof

shows (p, ) ~/22%5 (1) £ 0. 0
Lemma F.7. We have (p,A,)"V2(Z0% + 238 + 204 + 20 £ 0.,

Proof. For j € {3,4} we have ZM( ) = ZM9(t) + Z8%(t) where for m = 1,2, we de-
fine Zmbi(t) = (puln)~2pt AR 200 i Ay Il iDp, T4y, - By the same proof as for
Lemma F.3, we have E“ZW( D < ka 1/2((pnAn)1 2e4¢' | (p,A,)"2+¢+8). This is
o((pnAn)'/?) because ky,p, < An Y2 og Azl e<0and B> e —¢.

Next,

n

B2 (1))
(pnAn)—%Ai(l—?@H (

n n
z : E |:Apn Jll i1 Apn Jll )12 Apn 781 +H€pn Apn Jyio+Lpn

i1 —i2|<2pn

P2

+ Z E |:Apn J?l i1 Apn ‘]11 J12 Apn Jyi1+Lpn Apn ;,Lig +€pn] > :

|i1—i2|>2pn
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By Lemmas E.2-E.5 we see that An' >* +E[A I A 1100 A IT s pn Bpn i ] 18
O((paldn)** ) i fin = ia| < 2py and < AN B[N, VB[, |

E[E[A A 212 < (pp )2 ke 2 if [iy—is| > 2p,. As aresult, E[Z]% (1)2] <
(Pnln) 2P 2 = 0((paAy)). In summary, we have shown that (p,A,)~Y22Z7 L% 0 for

j € {3,4}. The proof of (p,A,) 22}y L% 0 is identical and therefore omitted. O

Pn ]11+€pn Pn ]12+€pn

G Proof of Theorems 6 and 7

-~ Hn T vn
Proof of Theorem 6. Because W, is positive definite, R,(E) = %
Kk, E n* e, E

minimizer of the function R — F}*(E, R) for fixed E € ( z, ;] By L’Hopital’s rule, the
function E — F'(E) = F'(E, R,(E)) = (V)TW, V" —

is the unique

.‘i EWTLV )

o continuously extends to
(1) ,EVVn rcE

E = -1 with F/(—=1) = (V") W, V" — 6(,4;’”” I@W",V . We assume tacitly in the following
1/2Wn®s _1/2
that similar expressions are continuously extended to F = —%. Consider now the scaled

function F,; (E) = (pnAn)*‘leAi(l_Qa)*Ft”(E), whose minimizer is e, as well. By Theorem 5
and the assumption W, 5 W, we have F,(E) SN F(E) = (ET Wo,, . — %)Rﬁ,
uniformly in £ € [—5, 5] By the Cauchy—Schwarz inequality for the inner product (z,y) —

2T Wy, we have F(E) > 0. Moreover, F;(E) = 0 if and only if ®,  is a constant multiple
of ®, .. Because @, p(2)/®, (1) = @, 5(2)/(®,.£(0)+2®, p(1)) is increasing in E, the only

zero of F, is E = e. It follows that €, — e. By similar arguments, we have F;/(e) > 0
P

and (F)"(E) 2>

probability converging to one.

F/(E) uniformly in E. We conclude that the minimizer &, is unique with

We now derive the asymptotic distribution of the GMM estimator from Theorem A.2

in Mies and Podolskij (2023).2° Because e belongs to the interior of [—3, 1], we have

P(VF(e,, R,) = 0) — 1. Hence, O = (@ A2+ R AT satisfies P(VER(O7) = 0) — 1
where F/(E, R) = (UP)™W,Up, Up(©) = V;* — &7 xR and 7 ;; = &7 A2 2% Excplicit

computations show that

OpU(O) = —(pulr)? P A2+ (210g(paAn) B + By ) R, OrUNO) = —d
8,25EUt"(@) = —(pnAn)QEA (1-2a)+ (4 logQ(pnAn)a@E + 4log(pnAn)5;,E + EZE)R,
aJ%JRU;L((a) - _(pnAn)2EA; (1=2e)+ (2 10g<pnAn)6&E + 6:a,E)v a?%RUZL(EJ R) - 07

26 Although the theorem in Mies and Podolskij (2023) only states convergence in distribution, the proof
readily extends to stable convergence.
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_ 92
where @, p = 03P, . Also,

OpF)(©) = 205U (©)"W,U(O), 0rF}(©) = 20rU;'(0) W,U['(©),
0%, FM(O) = 202 ,UM(0) "W, UMO) + 205UM(0)'W,05UMO),
Dir k' (©) = 205U (0) WaUT(©) + 205U (©) ' W,0rU;(0),
Opr T (©) = 20RUL(O©)" W, 0rU;(O).

We now verify conditions (E.1) and (E.2)” in Theorem A.2 of Mies and Podolskij (2023),

starting with the former. By Theorem 5, we have (p,A,) Y2 2A2072)pn (e R,) £33

—1/2—4eAfL(1—2a)+ ( 1 —210g(171nAn)Rt )

Z. Choosing the nondiagonal rate matrix A, = (p,A,) 0

transforms it into a CLT for VF*(e, R,):

/

AV E e, Ry) 553 (<2R,(®), ) TWZ,, — 28, WZ,)T = -2GTWZ, (G.1)

which verifies (E.1).
For (E.2)’, we define B, = CI = (pnAn)2e+1/2A;2(172a)+An. Straightforward matrix alge-
bra and Theorem 5 imply that sup{|| B, V2F,(E, R)Co—W || : |[E—e|+|R—Ri| < upn} — 0,
where u,, = |log(p,A,)|" and W = 2(22&3?3}}2:}5 (é%ﬁij;/vvj::m) = 2GTWG,. Local
uniformity follows from Theorem 5 and the fact that (p,A,) ?“"u, — 0. We also have
ICAlHIBu AL /un S [log(paln)|(paln)Purt < [log(padn)?(paAn)'? — 0, which com-
pletes the proof of (E.2)". As D,, = (pnAn)‘leHA#(l*Qa)*Ag and G; has full rank, Theorem
6 follows. n
Proof of Theorem 7. As we consider convergence in probability, it suffices to examine each
coordinate separately. Recalling the notation from (B.3), we aim to prove for fixed ¢, ¢ =
1,...,m that 29, + 30 W(L, L) (S0, + Sph) — Ree(0.0) [3 (2 ds, where X}, =
(pnAn)_Q_“ep;lAi(l*M)*i\]Z’ﬁt. To simplify notation, we set W(0, L,) = 3 and W(—L, L,) =
W(L,L,) for all L > 0. We also assume that W (L, L,,) = 0 whenever L > L,,. We then
extend the definition of i?;t (and EZ’ZZ) to L € Z by imposing the lower bound ¢ > 0V (—L)
on the index of summation in (4.3). With this notation and the bounds established in
Appendix E, we can show that EZ’;J and EZ’Zth are equal up to negligible terms and therefore,
NP = e WI(L, L,)S7" + 0,(1). Finally, we restrict our attention to £, ' > 2 as the cases
where ¢ = 1 and/or ¢/ = 1 can be handled analogously using the techniques developed in the

proofs of Propositions D.3 and D.4. The remaining proof proceeds in three steps paralleling

those in the proof of Theorem 5.
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Step 1: Removal of Price Jumps

nl,1 Atr ~n,1 Atr ~n,1 mn,Z,I

Recall the definitions preceding Proposition D.1 and let ;" Cittpn Dp Ci A

nZl —1 2+K —1 Atr 9,1 t /~<n1 n,l1 n,1,L
where m;” Do AT, Ap Ty Define X =37, W(L, L)X, where
1,L
Sett = (Shey )1§M’§m and
)i NP
n1,L _ \PnB2n 4(1 2a) 4+ Z nt1 1
EZ@’ - p2 w wz—‘,—L . (GQ)
n

=0V (—

Since ’Atr’*n’ + |Atr A"71| < w, < A*(lf%‘)*(pnAn)% by Assumption LLN (iv) and

r r r/\nl r/\nl (1-2a)+ = 2—r)w 1/2Aa)—1+1/r
HA;MA:LJJ;J A;n/*;z A;n i+Llpn, A;)n ) ” S A (pnAn) (Agz ) +A£‘L/ he)=1+1/ 1r>1 +
A, 2O‘”( WA, )T by Proposition D.1, we get || + [0 < A‘Q(l_%‘”(pnAn)?%

and ]E[WW — wnaleu < A*(1*2a)+(pnAn)&(A(2fr)w AQ/2r0)=14+1/ry 1oy + A2+

Y

(Paln) 75 4%). Because 4 — oMt = o (i =)+l (i =0, e
obtain the bound EHE;’}—Z?IH < Ly(paA,) 2 det3® ;1(A$} 20)++(2- 7”)w—i—(pnAn)l re@ @)
LnAn{(pnAn)—3—4e+3z%Ag1—20)++[(2—7")w4-((1/2Aa)—1+1/7’)1r>1] + (pnAn)—2—4e+(4—Tc)z%]. Since L, =
A" and p, < A log A-' by assumption, we obtain E[|ZP — X'|] — 0 provided that

<[2-r)w+((1/2Aa)=1+1/7)1,51]+(1—2a) 1 +3w/2—2e—1/2 and u < (2—7r./2)T0—2e.
These bounds follow from Assumption LLN (iv) and the condition u < @ — e + 1,

Step 2: Removal of Volatility Jumps

Recall the notation introduced before Proposition D.2. We introduce quantities that are
analogous to those defined in the paragraph ending in (G.2) by using the superscript no-
tation (-)* (or (-)*%) to indicate the replacement of A by A, 2 (or AT =
APHE?’Ql‘A 2 < ). We show that ¥)"' — 2> and Zn’2’tr — 2% are neghgible

Arguing as in the proof of Proposmon D.2, one can show that E[A) A‘Z’fgp Ag;”:‘l

A AT S AT )R (R, Because
1

ATl < and Atr’\w by definition and v < @ — e + 1 i Te < =7 and
| Pn Z Pn 'L y e+1

@ < i+ e by assumption, we have Spt = 0 = O,(LaAn((pndn)~ 3/2 et(3-re)@—e 4
(pa ) 3232241 reme) = (1), Next, as E[J A, Z27Hr < A7UT% (5, A, )42 for all
p>1by (F.2) and @ < 1 + ¢, we deduce that IP’(AERE?’Q # N, @7 < A7 for any 7 > 0.

Choosing 77 > 1, we obtain 3, P(AY 2? #£ A, %) < A”7! — 0 and thus £ -2} 0.
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Step 3: Consistency in the Absence of Price and Volatility Jumps

We are left to prove £ - C,. Recall that A, Tt =N, S+ Ay, Iy + Ay IS+ Ay, 1
Where Ji; is defined before (D.7). We decompose w2 =y w™? where

J1,J2503,J4=1 ' J1,72,J3,J4,17

n,2,L n,2,L o n,2,L.0L
J17327J3,J47 ZLEZ ( )EJ1J2,JS,J4¢’ J1,52,3,J45t ( j1»j27j37j4775)1§€v£/5m’
n,L
A )-1-de N, ()
Zn,2,L,€,Z’ - (pn n) A4(1_2a)+ wn,Z,Q 77Z)n,él? (G 3)
71,J2,J3,J4,t p2 n z : J1,3250 7 j3,Ja,i+L :
n i=0V(—L)
and
i+ Kn—1
n,l,2 n n,0,2 n L2
wj,j’z Apn‘]] 1A J’H—Zp mj,j’,i7 ],] i K E : A;Dn k‘Apn 3" k+Cpn (G4)
The proof of Theorem 7 is completed by establishing the following two propositions. O

Proposition G.5. If (ji, ja, js, ja) # (1,1,1,1), then X" . )

J1,32:33,J4,

Proposition G.6. X7, 14 5.

sLydy

Proof of Proposition G.5. First recall from Lemmas E.2-FE.5 that

A;(1*2a)+(pnAn)e+l/2 if j =1,

E[|A,, J
A, 1720+ o172 if j =2,3,4

Pn g, le]l/p S

for all p > 1. Applymg Holder’s inequality, we get E[|X7 S Lo (paA,) 372 x

J1 J27]37]47t”

(pnAn)Q(e“/z)k ? where q = 121+ 4+ 1,00+ 15,9, As L, < A% and ky, p, <
An?1og A1, we obtain E(IS52, el = O(A, " Fela2=2H1/27¢y By assumption, we know
that 0 < ¢ <3 and u < (1 —e)/2, in which case the last term is o(1). O

Proof of Proposition G.6. Recall from (E.1) that A, Ji = AV Jﬂi+Apn I s where A, Jr
= Op(A" 7 (p, AL)2) and A, T = Op(An" 2 (p,A,)7 1) by Lemma E.2. As
RES2 Apn Jll ZApn Jll Ji+Lpn, Apn Jl ZApn J12 Ji+lpn +
Ay, T iiip, DpnIios = Op(An 2072005 (Aot +3/2) | Defining Zl 111, in the same way as
El 111, except that A, J7'; is replaced by A, Jiy ;, we conclude that E[|X)? KRRY 2711:12,171,t S

LA () 374 (pn )2 (0 AT H32 < LA (paAy) ™26 which converges to 0
because u < (1 —€)/2 and p,, < A log A1 by assumption.

a consequence, we have Aan{IZApn JP
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Using (F.4), we further decompose A2(1720) +A S CYAN (I Iféi—i—fg’f with [1"2’i. =

n,fl n,l < " o
Iy + 17 As a result E1 11,0 = 212,12,t + E12,3,t + EB,lQ,t + X3, where X, ., =

ﬁrLLZE/
> rea WI(L, L )Ek Kt Ek wi = Cpws Ni<ee<ms

N Z’L(t
=n,L.00 ( —l-de £ g v 0
J— n —TL n —nNn
Ypwe = E [kz - (Ik’ drL My z+L) (G.5)
n i=0V(—L)
and
i+ Kp—

= Z f;gj (G.6)

for k, k' € {12,3}. Lemmas G.1 and G.2 below together with the Cauchy—Schwarz inequality
imply that E[[S15,[] S Ln(pala) " *p (k An) A (En )2 - (Ko hin)bn] =
o(1) because kn, pn = An'/?log A tand u < 3+ (1—u')(e"AeT+1/2). The same conclusion
holds for ]E[Eg’m’tﬂ and EHE;MH

It remains to prove i?zlu N Ci. Using Lemma G.1 and ), to abbreviate the sum in

(G.5), we have

—=n,L.00 (pnAn)_1_4€ nt nl e
iady = o > (Aéﬁlmiﬂ + O((kat)* +2<kn/1r(n>“2>)

(2

(pnAn)ilizle nt nl —
N P2 Z L5505+ O((kn K) 7Y2).

i

As u < % + %u’ it suffices to analyze the main term in the previous line, which we de-
note by i?éﬁé’f By (F.4), ]ffl = I{Tfjtlg‘f (knAy) ng N G (s,r)n, dW,n, dW, where
n,l
gi ( ) A% Z—‘rﬁpnG ( )Az G ( ) 5< l+(€+1)pn+kn n+A$L,ZG ( )Ai ’L—‘rfpnG ( )15§(Z+pn+kn)An
Therefore, integration by parts yields
N
122—]12 i+ L

I
T
e

(

N (s,7)n, dW, / / QH_L n,dW,n, dW ]ns dW
G (s,m)m, AW, / / G (u, v)n, AW ,n, dW,, }nde
N4

G (s,r)n, dW, / QHL n, dW,.|n > ds.
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We note that the first two terms on the right-hand side are centered terms. As in the proof
of Proposition D.3, one can show that they are negligible for the limit of i’fféf/ The
latter is determined by the quadratic variation term in the last line of the previous display.

Integrating by parts one more time, we obtain

/g"’fsr dw/g (s,7)n, AW, /g"’f /gHL 0, AW.n, dW,
/QH_LST / G (s, u)n, AW,n, dW, —I—/ QMST)QHL(S r)|n,.|* dr.

As the centered terms do not contribute to the limit, we can replace igﬁﬁf’ b

mpee  KHpaln)70 46 nt( 2 2
Yo = 2 Q (s,7) (5 )|, | drin,|" ds.

We further simplify E’lnz’ﬁ’ff/. Let G (s,7) = A2 Ge(s + (k)AL Ge(r) s 1- (0410 +
A% Ge(5)AZ |Ge(r+lK) 1> 1. Since A2 G.(r) = (knAn)HeAi’lGe(’_;{LA"), we can change

Lot
varlables to rewrite X537 as

(pnAn)l Lo i—s/Ayp 1—T ) s/An 1 r
—Z Gﬁ,e( kilA ) /A )Gé (+Lkn/A ) +L /A )|"7r|2d7"|"75|2d3

K4epn
= I‘€4e+3k? Z/ / 8 T GE ( kLar—i_ﬁ”’r’(i—rkzn)AnFdr|n(i—skn)An|2 ds.

Consider now the restriction of the dr ds-integral to the set where r > A Y or s > A" for
some small constant v > 0. Because |[AZ |Ge(s)| < 1A [s|°7!, the restricted dr ds-integral
is O(A_v (2= 1)). Because 1 is (e A e 4 1/2)-Holder continuous and the integrand is only
nonzero if s > =1 —[({ + 1)k A (é + (¢’ 4+ 1)k)], which is O(1), it follows that

n,L 40 ,
S5 = 4e+3k Z"’?m * / / G (s, er (s ﬁ,r—l—ﬁ)drds

—f-O (A U(Qe 1/]{3 —I—(k} AI v)e”Ae”+1/2/k)

:54%3]{ / / ST‘GZ (S+é,r+ﬁ)drd‘s

+0 ( —v(2e—1) /k +( Al v)e”/\e”+1/2/k )
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Because Ay " "%V /k 4+ A-u(k, AL=0)e"ATH1/2 k. — (1) for v = 1/8 by our assumptions,
the O,-term in the last line of the previous display does not contribute asymptotically.

Summing over L and recalling that W (L, L,,) — 1 uniformly in |L| < L,,, we see that

/n@f’ /nLK@’ m,L.0.¢
Yiotas = E W(L, L)Y 1515 E Yigtay +op(1)
LeZ \L|<Ln

- S [ Gl B+ £ By drds o)

" |L|I<Ln

:K4e+3/ / / GLo(s,s +u)GL (s + v, 5+ u+0v)duds dv + 0,(1).

The integral in the last line can be written as [°( [ G (s, s +u) ds [ GL (v, u+v) dv) du.
As we show in Lemma G.3 below, it is equal to R, (¢, ¢')rk**3. O

Lemma G.1. For all ¢ > 0, i > 0 and j > 4k,, we have E[|I}3;"]"? < (kaA\,) %,
IS S (k)52 en) ™t and BTS2 S (k) (/) 2.

Proof. By definition, If,, = I} Ly Iy £ where both Iy £ and Iy * are similar martingale
terms. We only prove the lemma with I7 ’f instead of I7,;. The contributions from I3 f
and cross-terms between 17} and 13y “ can be handled in the same way. Using the def-
inition (F.4) and the assumption that |n[? is uniformly bounded, we have E[|I};/|?] <

(ka4 [P E03 [HA2 Go(r)A2,,, Ge(s)Pdsdr. As AZ,Go(r) = (kaA,)'*
x A2 G (522 and |A2,G e< >|51A||@ !, we obtain

n,l(2 de (pnthn) B pr 2 i—r/An 2 i+lpn—s/ Ay, 2
B[] S (k) (AMG< LA0)AZ G (BB ) ) s dy

2
(k) 4e+2/ / (A2, G, (s+£n)) ds dr,
—1—k Jr

which proves the first claim of the lemma.

Regarding the second bound, note that

n,l rn,l 1 (pathn) 2 2
E[L; I,] = W/O AL Ge(r)A 4 Ge(r)
X E|: 0 An 1+€p dW / An Ji+j+pn ( )Tls dws‘nr|2 dr.

Since |n|? is bounded, we can argue as above to see that the absolute value of the expectation
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in the second line is O((k,A,,)**3). Therefore, we get

n,l rn,l 2e—1 (i+pn+kn)An
BT S (kA / G.(r)| dr
0

det1 (i+pn+kn)An
= (knAn) ‘ /
0

i/kn .
- (knAn)4e+2/ Ai71Ge(r)Ai71Ge(r + kj—n)‘ dr.

—1—k

n,'G ( )A2

n,i+j

dr

H,lG (z T/A )A2 G (z-‘rj;;/An)

Using that A2, G.(r) < 1+ |r|*"t, we obtain |E[I7{1],,]| < (knA WL —1— k)T S
(kn A, )22 (L i )e ! for j > 4k, which proves the second bound of the lemma For the final

one, combine the previous two to get

i+ Kn—11+Kn,—1

_né nt  n,l
E[(m; NKQ >y [[1241]12,]‘2}

Ji=t Ja=t
A Kp—1itKn—1 . .
(kA )tet? i j1 — J2]\ ¢!
n ji=i je=i "
< (k)2 (ko /K. =
Lemma G.2. For all i > 0 and p > 1, we have JE[|I§ff _M’p]l/p S (kpAp)*t x

[(KnAn)enAeﬁ+1/2 + I]j_:<1 A (Z'/k‘n)%*Q)].

Proof. By (F.4), (G.6), the identity A2 G.(r) = (knAn)1+eAi7lGe(i_’,;{LA”) and a change of

variables, we have

Iy —myl
1 i+Kn-1 (i+pn+kn)An 5 5 5
- A2 Go(r)A2 1, Golr)|m, | dr
T Z(/ GelP)A 1 G,
(]+pn+kn)An ) ) )
-/ A2 Gu(P)AZ, 0 Gl dr)
]{JnAn 2e HE (i+pn+kn)An —r 7 r
= (2™ > (/ A2, G, (SN G, (et gy

J+pn+kn n 9 . /A 9 +lpn— /A 9
/ Aﬁ,lGe(j Zn n)Aﬁ,lG (L)WA dT)
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(kA )2e+1 i+Kn—1

i/kn
- K Z (/1 AL Ge(P)AL Ge(r + R) Min, — gy, | dr
n =i 11—k

—1-k

j/kn
[ AL GG+ )iy, )

(o A\, 2641 PR it 2 2
- K Z ( a //k A1 Ge(r) AL Ge(r + R) My, —ka, | dr
n = i/kn
i/kn
[ A G )AL Gl + 00) (i, s = T ) dr) .

—1-k

For the first integral, note that |A2 | Ge(r)| S 1A 7|7 and thus [A2 Ge(r)AZ |Ge(r+K)| <

1A |r|?¢72. As a result,

3/ kn j/kn
/ A2 Gu(r) A2, Culr + k) msa, a2 dr| < / (LAP2) dr
i/kn i/kn

S (WA /ka)* ) = (LA (/Ra)* ) S (K k) (LA (i/kn)*77)

almost surely. For the second integral, we use the fact that n and 77 are (e Ae7+1/2)-Holder
regular in L? for all p > 1 to obtain

i/kn P 1/p
E ’/ Ai,lGE(r)Ai,lGe(r+£K)(|niAnfrknAn|2 - |77jAnfrknAn|2)dr ]
—1-k
_ i/kn _
ST [ 182 G Gl )] dr ()
—1-k
These bounds combine to show Lemma G.2. O

Lemma G.3. We have [[°[ [ GL (s,s +u)ds [ GL (v,v+u) dv]du = Ry (€, 0)r**3,
Proof. The calculations are similar those in the proof of Lemma F.2. First note that

/ G (5,5 + u) ds = / A% G,(s) [Aglae(s +u— k) + A2, Go(s +u+ em)] ds
R R

o 5i71H2€+3('LL + /ig) + §ﬁ’1HQe+3(U — /‘ig)
8(e+1)(e+2) ’
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where the second step follows from the proof of Lemma F.2. Therefore, by symmetry,
64(e + 1)%(e + %)2/ {/ G’ (5,54 u) ds/ G’ (v,v +u) dv} du
0 R R
- / 52 Hog o (1 + 50) (0 ooyt + 50) + 04, ooy — 0)) dlu,
R
For any ¢’ € R, the Fourier analysis results reviewed in the proof of Lemma F.2 show that

/ 5ﬁ,1H2e+3(u + /ﬁﬁ)ééngeJrg(u + wl') du
R

= 5o [ (e = e O F ) (€ Pl €)
2F(26 +4)% cos*(m(e + 2))

_ (eémg . efémg)zl(e%ig . e’%i5)4e’i”(2/’£)5H,4e,8(5) d¢
™ R
4I'(2e 4+ 4)“ cos +2)I'(—4e — 7)cos(S(de + 7
_ A2+ 4 cor(m(e + 2)D(de —Deos(GUe £ D) iy g

T
foralle € (—%,0)\{—7}. The final formula admits a continuous extension to the case e = —1.
As the fraction in the last line equals 16(e+1)%*(e+ 2)?I'(2e 4 2)?(1 + 1/ cos(27e)) /T'(4e +8),
the lemma follows by noting that 03 ; Hiey7(k(£ — 0)) = k7707 | Hae 7 (€' = ). O

H Proof of Theorem 8

Proof of Theorem 8. Writing Ef' | = E[- | F;_1)a,], we can decompose RP]!(t) — [ P)(t) =
n n n An Az n —
Zu(t) + Bp(t) where Z(t) = Anuy' SUEP{ISEP — B [SEP]) and BR(t) =
Appyt >0 t/A"J E? [|%|p] — [y ot ds. Slnce Anl/ Zg() converges stably to the right-
hand side of (7.2) (see Theorem 5.5.2 in Jacod and Protter (2012)), regardless of the

value of e, we only have to analyze BJ(t), and we do so assuming the strengthened con-

ditions of Assumption CLT’. Because the proof of Theorem 5.3.6 in Jacod and Protter
(2012) shows that drifts are asymptotically negligible for BJ(t), we can further assume
b=a=a"=a"=0. We also assume 0 = 07 = 07 = 0 as they lead to fractional terms that
are similar to but are of higher order than the main terms we analyze below. That is, we
assume in the following that ¢; = ¢ + fg ge(t —s)n, dW 4, n? = nt + fg ge(t — s)nTdW ¢ and
T = o+ Jo 9e(t—s)nT AW, where n, = (1, 7,,0,0), 0} = (0], 7}, 0), mf = (], 7}, 7, 7))
and W, = (W, Wt,Wt, VVt) )

We observe that [ o?ds = SOL/ A f E? [ ds + 0,(AN?). This is because

(i—1)An,
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SOt/ A féA’{ (& —Er,[#/?]) ds is a martingale sum in which the ith term is O,(A2¢11) =

op(l). Next, for s € [(i — 1)A,,iA,], let ¢ = E? [¢] and 0™ = /¢'. Then ¢, —
o= f(j_l) A, ge(s — )M dW, and, by Taylor’s theorem and the assumption that c¢ is

bounded away from zero, o, — o™ + ﬁ(es — M) — m(cs — M)+ op(AQGH) Defin-
: n 1/2 pilp n,i n ? Cs— Cs n o __
ing ¢,(z) = |2fP, Xfy = A2 [0 omidW,, Xy = s Ao [0 e=ER I, and &Y, =
_&/%T f(zel)A C(S ncf)s dWs, we obtain the expansion B(t) = A, ZthZ/IA"J 23:1
0p(AZF + /%) where Q= (AT [i24)a, et ds)P2, Qry = LB [6(X0) (X + X;z)
n n n n 2) 2— Ay

%¢Z(Xi,0)(‘)(i,l)2] — Wi Wiz = 4pA2 Cp/ ~1)An !m DA, | f( DA, f(z 1A, f(z 1A, ge(r — u) X
ge(s — u)dudrds, Qpy, = —A;, 1fZA” (c2yP2ds and QF5 = p(p 2) cp/Qli TN

fz DA, fz A, ge( —7’)2de8.
Applying a second-order Taylor expansion to Qf; and Q7,, we note that zeroth- and

first-order terms cancel out, such that Q}'y, = Q7 + Q7 = p 2) cp/2 2 fZA”
Cli—1)a,) ds)? — AL fz i, —Cli—1)a,)? ds] —i—o (A%H) Rearrangmg the terms in brack—
ets, we can equlvalently write Qfyy = SAQ Z/QI)QA f A f — Cli—1A,)

X (¥ — ™) drds + 0,(AZT!). Consider now a slowly diverging sequence )\ Using a
martingale argument and the fact that Q7, = O (AeH/Q), we have AHZWA”J( Ty —
EY \ [Q74]) = Op(()\nAn)l/QAfL+1/2) = 0,(VA,) if A, = o(A;*71). Therefore, it suffices to
consider A, ZZLZIA "] E} ,, [@QF14] in the following.

As ' — cioa, = fo(i_l)A” [9.(s — u) — g.((1 — DA, — u)|n,dW, and ™ — ¥ =
foZ D [ge(r — U) = ge(s — u)In, dW,, we have E, (¢} — ciona, )t — ")) =
Jo 7 lgels = u) = ge(i = DAL = w)]ny dWo J§ (gl — ) = gelis — wlm, W, +
JEEI [ge(s =) = o (1= 1) Ay —w)][ge(r —u) — ge(s—w)[EZ, [|Im,[*] du. The two [
integrals have L?-norms of the order A5™/%( (S (ge(v) = ge(v — 1)) dv)'/? = o(AST?) and
are therefore negligible. Because the f )\1 ))AA -integral is already O,(AZ¢*!) we can replace
By (72 by [nG-1ya, 2 Since [(25 5 [ioh A, 9e((i= 1) A, —w)[ge(r—u) = ge(s—u)] dr ds =
0 by symmetry, it follows that E? , | 1"13] p(p 2) cpZ/Z1 2A7L|77(z Da., ZA\2et1 fo fo Mg (s
w)[ge(r + u) — ge(s + u)] dudrds + o,(A2*1). The identity f Dan Jicvan Jooa, 96(r

u)ge(s — u) dudrds = A2 fol fol fo Ge(r + u)ge(s + u) dudr ds shows that QFs + Q5 =

M g PAZE LT (st g+ ) — guls + )] dudr ds + op(AZ),
As aresult, A, ZWA” 2] 2 QY p(p N2 [ e 2|775|2d5f0 fo Jg ge(s+u)[ge(r+u) —
ge(s+u)] dudrds+o,(A2F1). By symmetry and the fact that [, (ge(r+u) — ge(s+u))? du =

. S 11
|s—r|?*, the triple integral equals —3 [1 [; [ (ge(r+u)—ge(s+u))? dudrds = —m.
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We have shown that

p(p _ 2) ﬁ 2e+1 /t -
A, § : § : - n r/ 24 At LAYy (H

It remains to analyze Q7,. We define B, = (Bu, B,)T, B, = A;l/Q(W(i_l)AﬁuAn
Wi-1a,) and B, = A;l/Q(W(- DAn+ul, — W(i va,) for uw € [0,1]. Conditionally on
Fli-1)a,, B is a two-dimensional standard Brownian motion. With this notation, we have

n?

Xy = 0i—1ya, Bi + Oy (ALT?),

A€+1/2 1 s
XY= —" . (s = 7)dB, dB, + 0,(ASt1/?),
L= g | s, [ ats=n) p(ACH12) )
A2et+] 1 s 2
=gt [ (ms, [ ats=r)aB.) dB o820
8001y, Jo

Next, we need some notation for multiple Wiener integrals. For m > 1 and f € L?([0,1]™),
define 1,,(f) = >, ftw(1><- () f(t, o tm)dBy -+ dBy_, as a sum of iterated It6 in-

tegrals with respect to B, where 7 ranges over all permutations of 1,...,m. Then X, =
e+1/2 _ 5} e
2 B (eau BTy, P40 85 ) whene o) = La.(ls—ri) and 77(5) =
Jy 9e(s — r)dB,. Squaring X[ and using Proposition 1.1.3 in Nualart (2006), we ob-
2e+1 _ _ _
tain (X)) = Q_DA” (18 _1ya, (Ta(ha) + 415(ho) + 2| f2lI72) + T _yya, (T2(h3) + [ fP1172) +

21y Ty, o (o (S P)] 0 (A1) whese hy(r, s, 4, 0) = g.(Js—r{)g. (Ju—o]). har, 5
— [ o) fals,u)du = 1 (7 go(ls — 7l) dr)? ds and kE(r,s) = FP(r)£P().

If we first condition on B in the analysis of E" | [¢7 (X])(X})?], we can see that the mixed
term, 27¢-1)a,7i—1ya, l2(f2)[1(f?), has a zero conditional mean due to I;(f{’). There-
fore, only the first two terms in the expansion of (Xﬁl)? contribute. By Lemma H.1,
B[ () La(ha)) ~ p(p = Defs, BIL [ BPEL L) | Bi] = p(p = DL, %
|Pall B[ ByP=2(BY = 6B + 3)] = p(p—2)(p — 4)ppc{ " n, lalls. Similarly, we have

B} [0(X)ALy(ho)] ~ dp(p—1)> s ||hall Bl BaP~2(B3—1)] = dp(p — 2215 sl o
B [on (X2l foll2e] ~ 2ppci I fell2e, B2 [60(X0) L(RE)] ~ p(p — 2>upc€{i>a x

E?_l[(fol forge(ri— u)dB,dr)?] = p(p — 2),upcp/21)1A fo f ge(r — u) d?") du as well as
B2 [0 P2 ~ ppcl s, S B (S ges )dBHd8~2pup W IFl2. In

the same way, one can show that B, [¢ (X)) X5] ~ — 5= Al B 1[¢’ (&) x
9 1)A n
3(ks) + L(Ba)]] + 75,y a, B [0, (X0) 11 (F)]), where Ey(s) = [§ ge(s — 7)* dr, ks(r, s,u) =
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ge(s = 1)ge(s — w), B [0 (X0o) Ta(ks)] ~ pef CEIBBi(B} = 3B))]llkslln = p(p
) sl and B2 ) )]~ s

For the first part of Qf,, note that Ef_, [¢7, (X)X = pcp/2 1/21['3" W[B1[P~2 By X | 4-p(p—
DN B (| By P2 fo M 0ya,) dBy X + op(A%H). Conditionally on Fi-na
the product |By[P~2 fo o' — 0(i-1)a,) dBs belongs to the direct sum of Wiener chaoses of
odd orders, while the main component of A} in (H.2) consists of one term in the second
Wiener chaos with respect to B and one term that involves a single integral with respect
to B. These terms yield a zero covariance with |B;|P~2 fol(ag’i — 0(i-1)a,) dBs, whence
B [0 () X4] = pel 2 BR[| B P2 BiX] + 0, (AZH),

Expanding &7 in (H 2) one level further, we obtain Ef_, [¢] (X]}) X ] = cflﬂl)lf AST2 5
EiL [|Bi[P~* By fo (Z 1+s)A fo ge(s — r)(E L [NG-14m)a,]dBr + ﬁ(i—l—&-T)An dB,)dB,] +
ipziz Do SARHIE [|Bl|p 2By fy [2 S0 ge(s — 1)ge(r — w) dB, dB, dBy] + 0,(AZ*1).
The first term on the right-hand side is identically zero. This is because conditioning on
B removes the part involving B and what remains consists of |B;|P~2B;, an odd function
of By, and a double mtegral the two of which are uncorrelated. Thus, by Lemma H.1,

n n n nl n e —
B [0 (X0 A0] ~ Ipllnse g2 AZE(R 2B, (B} — 3Bl = iplp — 2y x

Mi—1)an p/2-1 o
nil i;i sz/ DA A2 1] e, with 1(r, s,u) = ge(s — 7)ge(r — u).

Since Q13 = 1p(p—2)cf* 1, Inonya, PAXT [T (s 9e(s—7) dr)? ds+0,(AZ+!) = Lp(p—
)cp 212A |77 (i—na, PAN T ksl 4 0p(AZH!) and, by direct calculation, we have [k =

’L

2(1f2llZ2: 2llhallz - Hksl\u = lllz = Jo fo Jo 9e(s = 1)ge(r — u) dudr ds = 555G and
| hallrr = fo Iy ge(s —r)drds)? = K2(6+1) T = COS(W(EB)JF(;)?Z) we conclude that
[t/An]
A, Z Qry = p 2) DD~ 2) p2et1 /t C187/2—2 cos(me) (173 + csn/ns)

(2e + 2)(2e + 3) (H.3)

(p — 4) cos(me)T'(2e + 2)n? 9ot 1

d AZet

+ (e + 3)° 5+ 0p( ).

The theorem follows by combining (H.1) and (H.3). O

Lemma H.1. Suppose that f € L*([0,1]™) for some m > 1 and (By)ep,) is a standard
Brownian motion. Then E[L,(f) | Bi] = m!H,,(B) f[o g f (t1, ... ty) dty, - - - dty, where

H,(z) = E0 w240 =212 s the mth Hermite polynomial.

The first four Hermite polynomials are given by Hy(z) = x, Ho(z) = 3(2* — 1), Hs(x) =

$(2® — 3x) and Hy(z) = 5;(2* — 622 + 3).
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Proof of Lemma H.1. Let f denote the the symmetrization of f (see page 9 in Nualart
(2006)) and h®™(ty, ... tw) = h(t1) - - h(tm). Because I, (f) = I,(f) and the linear span of
{h®™ . h € L*([0,1])} is dense in the space of symmetric functions in L?([0,1]™), it suffices
to show the lemma for f = h®™. Let e = 1jg) be the constant unit function on [0, 1] and

fo s) ds)e be the projection of h on e and (I — P)h = h— Ph. Then Ph and (I—P)h
are orthogonal in L2([0,1]) and fo Ph(s)dB, and fo (I — P)h(s)dB; are independent. In
particular, h = Ph + (I — P)h and ||h||%2 = |Ph|3: + ||(I = P)Rh||3,. The The Wiener—Ito

chaos expansion of the stochastic exponential (see page 23 in Nualart (2006)) states that

exp(t [, h(s)dBy — E||h[[2,) = 30 &1, (h®™) for all ¢ € R.
Condltlomng on By yields Zm o SE[L, (h®™) | By] = expl(t fol Ph(s)dB; — % |Ph||3.)
1 2
x Elexp tfo (I — P)h(s)dB,s — ||(I — P)h||3,) | Bi] = exp(tfo Ph(s)dBs — %||Ph||%2)

x Elexp(t fol(f — P)h(s)dB, — t2 > |[(I = P)h|[3.)], where the first step follows from the fact
that fol Ph(s)dBs = ( fol h(s) ds)Bl and the second holds because of the independence be-
tween 31 and fol Ph(s)dBs. Because the last expectation is one, we have shown that
S DE[L (o) | Bl] — exp(t f} Ph(s)dB, — £Phl%) = 350 S Ln((PR)™) for
all t € R. Comparing coefficients, we conclude that E[I,,,(h®™) | B1] = I,((Ph)®™), which
is equal to m!( fo s)ds)™ H,,(B;) by Proposition 1.1.4 in Nualart (2006) and the fact that
Ph = fo s)ds)e. This shows the lemma for f = h®™ and, by a density argument, for all

f e L2([o,1]™). O
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