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Setting the Stage
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e A price index is a statistical measure that summarizes the overall
differences in the prices of a specified set of goods and services
between two or more periods or spatial units.

e Well known uses are:

consumer price index (CPI)

— harmonized index of consumer prices (HICP)
— producer price index (PPI)

— import price index

— export price index.
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e The CPI and the HICP are used as approximations of the general
rate of inflation.

e Such a measure is required in order to

1.
2.
3.

set anti-inflationary targets for monetary policy,
judge the success of monetary policy,

make international comparisons of inflation rates (e.g., conver-
gence required for entry into the European Monetary Union),

analyze inflationary pressure (CPI/HICP together with other
measures of price movement).
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e The CPI is also used for the indexation of

1. wages,

2. social security benefits (retirement pensions, unemployment
benefits, sickness benefits, child allowances, and so on),

3. taxes (e.g., thresholds of income tax schedules, liability for
capital gains tax, and so on),

4. interest (e.g., government bonds),

5. rents and other contractual payments (e.g., alimony for the
support of children, insurance premiums, and so on).
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Table 1.1: Prices and quantities during periods 0 and 1.

Period 0 Period 1

Price Quantity Price Quantity
Item 1 0.5 3 1.0 3
Item 2 1.0 ) 2.0 )

t is the time period

t = 0 (price reference period) and t = 1 (price comparison period)

e 1 =1,2, ..., N denotes the item

p! is the unit price of item 4 in period ¢

2! is the quantity of item ¢ in period ¢
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e Computations:

Exp. Ratio
Price Ratios

Relative Prices

1-6

p%x% —l—péxé 130 5
p1$1 + oy 6.5

1.0 120
P10y e 1) P2 22— 9 (Ttem 2)
p1 05 py 1.0

0.5 110
pl = 0.5 (Period 0) = = —— = 0.5 (Period 1)

P S 10

e Overall price change: 100%.

e Note: Constant relative prices is equivalent to proportional price
changes and, thus, to identical price ratios.

e Analogously, constant relative quantities is equivalent to propor-
tional quantity changes and, thus, to identical quantity ratios.
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Figure 1.1: Price-quantity scenario in which price change can be meas-
ured by comparing expenditures.
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* heterogeneous items
* constant relative prices
* constant quantities

o Item | e Item 3

Figure 1.2: Price-quantity scenario in which price change can be meas-
ured by comparing expenditures.
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e Implicitly, we have applied axiomatic index theory: It considers
specific price-quantity scenarios and asks what number should a
sensible measure of price change yield for this scenario.

o Weak Proportionality Axiom: When the quantities and the relative
prices of the (homogeneous or heterogeneous) items are constant,
the measure should be equal to the expenditure ratio.
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Price
2 L * homogeneous items
,,,,,,,,,,,,,,, oO-  =changing relative prices
* constant quantities
1 ®
® Item 3 o Item4

0 1 Period

Figure 1.3: Another price-quantity scenario in which price change can
be measured by comparing expenditures.
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Table 1.2: Prices and quantities during periods 0 and 1.

Period 0 Period 1

Price Quantity Price Quantity
Item 3 1.0 5 2.0 5
Item4 1.5 3 1.5 3

e Computations:

péxé + p}lx}l 14.5

Exp. Ratio : = = 1.5263
p3$3 +pia] 9.5
2.0 L 15
Price Ratios p_g =22 29 (Item3) 4= 2 =1 (Item 4)
p3 1.0 p; L5

e Overall price change: 52.63%.
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Price
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0 1 Period

Figure 1.4: Yet another price-quantity scenario in which price change
can be measured by comparing expenditures.
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Price
2 * heterogeneous items
o ° * changing relative prices
| * constant relative quantities
Item 11 e Item 12

0 1 Period

Figure 1.5: Price-quantity scenario in which price change can be meas-
ured by comparing quantity-scale-adjusted expenditures.
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Table 1.3: Prices and quantities during periods 0 and 1.

Period 0 Period 1

Price Quantity Price Quantity
Ttem 11 1.0 4 2.0 6
Ttem 12 1.5 2 1.5 3

e Inappropriate computations: Expenditure ratio

phxh —|—p}2xi2 o 16.5

0

= = 2.3571
p11x(1)1 + p(l)Qx(l]Q 7

Exp. Ratio:
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e Appropriate Computations: Quantity-scale-adjusted expenditure

ratio
. . xy, 6 T, 3
Quantity Ratios \:—5= = — = 1.5 (Item 11) —= = =~ = 1.5 (Item 12)
ry; 4 iy 2
PLiT11 + Platis r PLi%1 + Platls
Phrdy + Py A PYaTi A + pariyA

ph (55%1/)‘) + pb (5’7%2/)‘)
phiad) + ploals

1 1
65 1 = 1.5263

7 15

e Overall price change: 52.63%.
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First Insights:

o When quantities are constant over time, the expenditure ratio is an
appropriate measure of overall price change.

o As long as the relative quantities do not change over time, the
quantity-scale-adjusted expenditure ratio is an appropriate measure
of overall price change.

o WWhen relative quantities change, a more sophisticated measure is

required.
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Unit Value Index



Index Number Theory 2-2

Price
2 * homogeneous items
* constant prices
| * changing relative quantities
Item 5 Item 6

0 1 Period

Figure 2.1: Price—quantity scenario in which price change cannot be
measured by comparing quantity-scale-adjusted expenditures.
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Table 2.1: Prices and quantities during periods 0 and 1.

Period 0 Period 1
Price Quantity Price Quantity
Item 5 2.0 5 2.0 4
Item 6 1.5 3 1.5 5
e Computations:
120 ! 1.5
Price Ratios : i—g =30~ 1 (Item 5) i—é =15 = 1 (Item 6)

p%x}, +péxé B 15.5
P2z + pRxd 145

Exp. Ratio = 1.069

e Overall price change: 0% or 6.9% or something else?
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When the relative quantities change over time, the quantity-scale-
adjusted expenditure ratio is not applicable.

A more sophisticated price index is required.
Which requirements should such a price index satisfy?

Weak Identity Axiom: When prices and relative quantities are con-
stant, the price index should give the value 1.

Strict Identity Axiom: When prices are constant, the price index
should give the value 1, regardless of the quantity movements.
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Objections!

Moritz Wilhelm Drobisch (1802-1894)
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e Unit values of homogeneous items:

o _ paad+plrg 2.0-54+1.5-3

Period 0: = = 1.8125
Puv 29 + 2 5+3
1.1 1.1
. psTs +pgrg  2.0-4+15-5
Period 1: 1= = = 1.7222
Pov Tt + 2} 445
e Note that
P + plag o plas pewg - 9 0 g o
0’6

= = Ps
z§ + xg o) +ax) )+ ax) a4 g ) + xf
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e The ratio of unit values is the Unit Value (UV) index:

1.1,,1,.1
P5T51tPsTe

Poy = PUv _ el P+ peve 23 4 5
Poy  Bamtpers  pfug o+ pgrg o5+ 0
5 6
e In the present scenario:
1
phy  1.7222
Pyy = =¥ — — 0.9502
VT 0 T 18125

e Overall price change: —4.98%.

e Note the formal similarity to the quantity-scale-adjusted expendit-
ure ratio:

xé + xé

zd + 2l

 pia +ppag 1

Pyy = 20 T Pete - with =
pIxd + pdad v
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Price
2 O
1 o] o
o
0 1 Period

2-8

* homogeneous items
* constant relative prices
* changing relative quantities

o ltem 7 o Item §

Figure 2.2: Price-quantity scenario in which price change can be meas-

ured by the UV index.
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Table 2.2: Prices and quantities during periods 0 and 1.

Period 0 Period 1

Price Quantity Price Quantity
Item 7 0.5 5 1.0 4
Item 8 1.0 3 2.0 5

e Unit values:

o _ Phrd+plrg  05-54+1.0-3

Period 0: - - — 0.6875
€110 pUV mg i x(B) 5 i 3
Ll 4plal 1.0-44+20-5
Period 1:  phy = LToT Ph%5 ks — 1.5556

R 4+5
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e UV index
B @ _ 1.5556

Pyy = -2 = = 2.2627
V0 T 0.6875

e Overall price change: 126.27%.
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Price
2 @ * homogeneous items
° o * changing relative prices
. * changing relative quantities
O
o Item 9 o Item 10
0 1 Period

Figure 2.3: Another price-quantity scenario in which price change can
be measured by the UV index.
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Table 2.3: Prices and quantities during periods 0 and 1.

Period 0 Period 1
Price Quantity Price Quantity
Item 9 0.5 5 1.5 4
Ttem 10 1.5 3 2.0 5
e Unit values:
05-5+15-3
Period 0: 0., = = 0.8750
erio Doy 513
15-4420-5
Period 11 ply = i — 1.7778

4+5
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e UV index:
B @ B 1.7778

Pyy = - = = 2.0318
VT 0 T 0.8750

e Overall price change: 103.18%.
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Summary of Current Insights:

e As long as the quantities do not change over time, the expenditure
ratio is a sensible measure of overall price change.

o As long as the relative quantities do not change over time, the
quantity-scale-adjusted expenditure ratio is a sensible measure of
overall price change.

e As long as the items are homogeneous, the unit value (UV) index
s a sensible measure of overall price change.

o IWhen the items are heterogeneous and relative quantities change,
a more sophisticated measure s required.
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Other Price Indices
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Price
2 L * heterogeneous items
* constant relative prices
| ° ° * changing relative quantities
® e Item3 e ltem?7
(I) I1 Peri=od

Figure 3.1: Price—quantity scenario in which a price index other than the
UV index is required to measure price change.
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Table 3.1: Prices and quantities during periods 0 and 1.

Period 0 Period 1
Price Quantity Price Quantity
Ttem 3 1.0 5 2.0 5
Ttem 7 0.5 5 1.0 4
e Unit values:
1.0-5+05-5
Period 0: 0 = = 0.7500
erio Puv 515
20-54+10-4
Period 1: Pov = i — 1.5556

5+4
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e UV index:

pIIJV
Poy = X =
V0 T 0.7500

e Overall price change: 107.41%.

1.5556

= 2.0741

34
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Julius Lehr (1845-1894)

3-5
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e When items are heterogeneous, the UV index sums over different
item-identifying units:

Péxé+p%m%
1 1.1 1,1 .0 0
P — Puv _ wy+al p3x3 +p7f7 T3+ Ty
— 0 — 0,.0 0 1 1
Doy % p3xd + pad xl 4 xl
3 7

e Solution: Before summation, the item-identifying units must be
transformed into “intrinsic-worth units”.
e For example, if item 7 is twice as valuable as item 3,
— the quantities and prices of item 3 can stay unchanged,
— the quantities of item 7 should be multiplied by 2, and
— the prices of item 7 should be divided by 2.

Then, the prices and quantities of item 7 are expressed in units of
item 3. The latter represent the “intrinsic-worth units”.
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o Let 2z measure the “worth” of item 7 relative to item 3.

e This yields the following generalized unit value (GUV) index:

p3xs + (pr/2) (w72) a3 + (292)
pias + (p%/2) (292) =3 + (v72)
pixd + plal 2+ 292
pIxd + pad xl + zlz

Pouv

e How to find a plausible value of the relative worth 27
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e One could use the items’ prices.

e If one uses z = p}/pi, the GUV index becomes

P33 + prag 25 + 27 (pr/p3)
pias + phal w3 + @7 (pr/p3)
Py + PRy psay + pray
Pyl + pRad pywg + prag
pas + prad

= == Tt _p ,
0.0 0.0 aspeyres
DP3T3 + P77

Pouv =

e The Laspeyres index, Ppaspeyres; measures the change in expendit-
ure that would occur if consumers continued to purchase the price
reference period (f = 0) basket also in the price comparison period
(t=1).
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Ernst Louis Etienne Laspeyres (1834-1913)

3-9
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e The Laspeyres index can equivalently be expressed as

1,.0 1,0
DP3x3 + P77

PLaspeyres - pgxg +p9$’9
_ piad Py
a0 paf 4 plad
B P33 Py I
g+ p9af p§ o plad + pdad ph
PsTs  ps i

pRag + phal p§ - phal + phad p

e This is a weighted arithmetic average of the price ratios p3/p3 and
ph/p%, where the weights are the expenditure shares of the price
reference period.
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e If one uses in the GUV index z = p9/pJ, the index becomes

péwé + p%x% 1‘3 + 27 (03/p3)
p3173 + p7$7 $3 + a7 (p3/p8)
p3$3 + p7$7 I3 + pgx?
p3333 + p7337 pYrs + prag
p3x3 + p7x7

- 0.1 . 01— PPaasche
Py + Py

Pouv =

e The Paasche index, Pp,.scne, measures the change in expenditure
that would occur if consumers had purchased the price comparison
period (t = 1) basket also in the price reference period (¢t = 0).
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Hermann Paasche (1851-1925)
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e The Paasche index can equivalently be expressed as
P33 + prvy

piws + pha

(pgwé + p%%) -

PPaasche

1.1 1,1
D3T3 + P77

1
_ ( piws Yy )
p3xs + prat - piad + phal
-1 -1\ —
(R () ()
pixs + pret \ pl pyas + prat \pY

e This is a weighted harmonic average of the price ratios p3/p3 and
pr/pY, where the weights are the expenditure shares of the price
comparison period.
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e Both the Laspeyres index and the Paasche index can be interpreted
in three different ways:

— They measure the change in generalized unit values (GUV
indices),
— They are weighted means of price ratios.

— They track the cost of purchasing a fixed basket of items.

e Numerical results

psxd +pra)  20-541.0-5
g +p29  1.0-5+05-5
pixd + pial ~20-54+10-4
pri+pdxt  1.0-5+05-4

2.0

PLaspeyres

2.0

PPaasche

e Recall that in the current scenario we have pl/p3 = pt/pY. Thus,
the weighting of these price ratios is irrelevant.
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Price
2 @ o heterogeneous items
° * changing relative prices
| ° * changing relative quantities
® e Item?7 e Item 10
0 1 Period

Figure 3.2: Price—quantity scenario in which price change must be meas-

ured by a price index.
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Table 3.2: Prices and quantities during periods 0 and 1.

Period 0 Period 1

Price Quantity Price Quantity
Item 7 0.5 5 1.0 5
Item 10 1.5 3 2.0 4

e Numerical results:

psxd +prz  1.0-542.0-3
g +p92%  05-5+1.5-3
pirs +prey  1.0-542.0-4
Py +pd2t 055+ 1.5-4

=1.5714

B Laspeyres

= 1.5294

PPaasche

e The Laspeyres and Paasche indices appear equally plausible.
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e Four different strategies:

Strategy 1: In
ps% + p7337 $3 + 5’372
S+ PPt 3+ wrz
compute z on the basis of both price reference and comparison
period information.

Pouv

Strategy 2: Form some average of P aspeyres ad Ppaasche-

Strategy 3: Instead of using either quantities from the price ref-
erence period (as in Ppaspeyres) O from the price comparison
period (as in Ppaasche), Use some average of the two periods.

Strategy 4: Instead of using either expenditure shares from the
price reference period (as in P aspeyres) OF from the price com-
parison period (as in Ppaasche), Use some average of the two
periods.
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e Examples for Strategy 1:

PBanerjee

P Davies

1.1 1.1
Dp3x3 + P77

i)
+ |+
SRR

—~}—
=

0,.0 0,.0
D3T3 + prxy

1.1 1.1
D3T3 + P77

IR R RS
NN DN

3
WO |No [wo|No
=R RS
Wi | | W | =

— e | — [ —

8
W
+
S
ENTE
—~—

=

0.0 0.0
D3T3 + Py

1,.1 1,.1
D3T3 + p7q

1,.1
pyz9+pray

0 T
TrtTs

0.0 L 0.0
D3T3 + pry

=

0, 1.1
Ty +P7T7

1 1
Ty + T7 | Tigal

(
(p

318
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e Example for Strategy 2:

1.0 L 1.0 1.1 4 1.1
D3T3 + Py P3x3 + P7ly
0.0 1 700 01 1 01
D3T3 + P77 P3x3 + Prly

PFisher = \/PLaspeyresPPaasche = \/

e Examples for Strategy 3:

0421 0, .1
1 ($3+x3) 1%7+27
P3 2 + p

Phtars =
Marshall-Edgeworth 029t} i 0a0+al p
32 T2

1 /0T Ll /0T

Poun — D3/ T35 + 7/ T7y
als -

0 /0.1, .0 /0.1

D3/ T3T3 + Pry\/ T777
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e Examples for Strategy 4:
Pytarshall -Ed th = p3 (a3 + 73) (p_il”>
arshall.- ewor -
: p3 (23 + a3) + pY (29 + 21) \ p}
Py (7 + 1) ( P} )
P8 (2§ + 23) + p? (29 + 21) \ p?
o = VEAAL (1)
als - 0
Ve - phay + \/phad - phat \Ps
0
VD§as - play 4+ /pha - phay \P7
pics psTy 1 e + P3Ty 1
In Propmquist = p3a§+pay | pastprar n (p_g ) +p3$8+p‘;x‘; pral+plal I <p_g)
2 p3 2 p7
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Table 3.3: Price index values for the illustrative price-quantity scenario.

Index formula Index value Price change (in %)
Laspeyres 1.5714 57.14
Paasche 1.5294 52.94
Fisher 1.5503 55.03
Marshall-Edgeworth 1.5484 54.84
Walsh 1.5499 54.99
Banerjee 1.5548 55.48
Davies 1.5497 54.97
Lehr 1.5527 55.27

Tornqvist 1.5497 54.97
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Summary of Latest Insights:

e For scenarios with heterogeneous items, changing relative quantit-
ies, and constant relative prices, the GUV indices of Laspeyres and
Paasche are suitable and give identical index values.

e For scenarios with heterogeneous items, changing relative quant-
ities, and changing relative prices, the GUV indices of Banerjee,
Davies, and Lehr or the price indices of Fisher, Marshall-Edgeworth,
Walsh, Térnquist, and others appear preferable.





