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Abstract

Ranking lists are often provided at regular time intervals by one or multiple
rankers in a range of applications, including sports, marketing, and politics. Most
popular methods for rank-order data postulate a linear specification for the latent
scores, which determine the observed ranks, and ignore the temporal dependence of
the ranking lists. To address these issues, novel nonparametric static (ROBART)
and autoregressive (ARROBART) models are introduced, with latent scores de-
fined as nonlinear Bayesian additive regression tree functions of covariates.

To make inferences in the dynamic ARROBART model, closed-form filtering,
predictive, and smoothing distributions for the latent time-varying scores are de-
rived. These results are applied in a Gibbs sampler with data augmentation for
posterior inference.

The proposed methods are shown to outperform existing competitors in sim-
ulation studies, and the advantages of the dynamic model are demonstrated by
forecasts of weekly pollster rankings of NCAA football teams.
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1 Introduction

Rank-order data emerge when an expert is asked to rank a finite set of N alternatives,
or items, according to a certain criterion, such as personal preference or a predetermined
statistic. The study of rank-order data is becoming popular in several fields, including
political science (Gormley and Murphy, 2008), music preferences (Bradlow and Fader,
2001), economics (Fok et al., 2012), and sports analytics (Graves et al., 2003). In
practice, the rankers are likely heterogeneous in their qualities or opinions, and it is
often of interest to investigate how the rankings may be dependent on covariates of
the ranked items (e.g., summary statistics). For example, for sports leagues such as
the NCAA, NFL, or NBA, many experts provide ranking lists of teams by relying on
their experiences and team-specific statistics, like the win percentage and the margin
of victory. Moreover, reflecting the inherently dynamic nature of competitors’ abilities
and human preferences, the experts’ rankings may change over time (e.g., Graves et al.,
2003). Analogous considerations hold for rank-order data from other fields, such as
marketing, politics, and health economics.

In this article, we focus on models for rank-order data, also called order-statistics
models (Alvo and Philip, 2014; Liu et al., 2019). Specifically, we consider the family
of Thurstone models, which assumes the existence of an unobserved evaluation score
for each of the N items whose noisy versions determine the rankings provided by the
M experts. However, most of the existing models in this class are designed to study
cross-sectional data and are inherently static, thus ignoring any temporal dependence.

Figure 1 shows the time-varying ranking list of a single pollster from the 2022 NCAA
Division I Football season, which will be investigated in Section 5. First, all teams are
ranked each week, where the temporal evolution is highlighted by the colored lines.
Second, the overall ranking list seems persistent over time. Third, the shifts in the
ranking are heterogeneous in magnitude, as both large and small changes are observed.
Overall, this suggests that a team’s ranking is rather stable within the season, with small
changes driven by the slow evolution of teams’ abilities and sporadic large breaks often
due to sudden events, such as players’ injuries and coach replacements. Similar features
are found in other rank-order data, such as political voting or customer preferences.

The main challenge in investigating and forecasting this class of data is the constraint
among the items in a ranking list (or time series of them), which prevents the use of
equation-by-equation modeling and calls for specific statistical tools. However, the
existing rank-order models fall short of the flexibility necessary (i) to address the highly
nonlinear relationship between the item’s features and observed rankings and (ii) to

forecast time series characterized by possibly large changes.
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Figure 1: AP Pollster Brian Howell: Observed relative ranks for N = 7 teams of the 2022 NCAA
Division I Football season.

This article contributes to the literature on rank-order models by proposing two
new methods for addressing these issues. Specifically, we leverage the Bayesian addi-
tive regression trees (BART, see Chipman et al., 2010) framework to define a flexible
nonparametric static model for rank-order data, named rank-order Bayesian additive
regression trees (ROBART). Then, we extend this framework to a dynamic model called
autoregressive rank-order Bayesian additive regression trees (ARROBART), which ac-
counts for the persistence in time series of rank-order data (e.g., see Fig. 1).

The most widely used families of models for rank data are the Thurstone (Thurstone,
1927) and Plackett-Luce (Luce, 1959; Plackett, 1975), which differ in the distribution of
the noise in the random utility representations (normal and Gumbel, respectively) and
in the ordering interpretation (joint or sequential). Relying on normal regression models
makes the Thurstone family easier to interpret and extend in several directions. How-
ever, the estimation of these models is generally difficult, especially for large numbers
of ranked items, due to the high-dimensional integral form of the likelihood function.
Within the Thurstone family, the Bayesian approach coupled with data augmentation
methods provides an advantageous computational alternative that also allows for the
introduction of covariates (Yu, 2000). Johnson et al. (2002) developed a hierarchi-
cal Bayesian Thurstone model for rank-order data from known groups of evaluators,
whereas Li et al. (2022) propose a Thurstone model with ranker-specific error variances
and a Dirichlet process mixture prior for ranker-specific effects of covariates. Recently,

Gu and Yu (2023) introduce a Bayesian spatial autoregressive model to learn ranking



data in social networks and to account for social dependencies among individuals. We
contribute to this literature by proposing two new Thurstone models, a static and a
dynamic one, where a Bayesian nonparametric approach is used to capture the possibly
nonlinear impact of covariates.

The study of time series of rankings is less developed but has attracted increasing
attention in recent years. Most existing dynamic ranking models are generalizations
of the Plackett-Luce model (Bradlow and Fader, 2001; Grewal et al., 2008; Glickman
and Hennessy, 2015; Henderson and Kirrane, 2018), whereas this article provides a
dynamic extension to the Thurstone family. Specifically, we propose a novel time-
varying nonparametric approach that considers an autoregressive process for the latent
scores and uses a specification based on regression trees to flexibly model the impact of
the lagged response and the external covariates. Its linear counterpart is also introduced
as a benchmark.

The possibility of having large deviations as well as small changes in the time series
of ranking lists, as shown in Fig. 1, calls for the use of flexible tools to model the dy-
namics of the latent teams’ scores. To address these issues, we introduce for the first
time the BART specification in order-statistics models to design static and dynamic
nonparametric frameworks for rank-order data. Bayesian additive regression trees pro-
vide a powerful approach for fitting and forecasting regression models while avoiding
parametric assumptions; see Hill et al. (2020) for an overview of the most popular ex-
tensions. Despite its advantages, BART has rarely been used in time series or state
space models. Recent advances include Bayesian additive vector autoregressive trees for
multiple time series (Huber and Rossini, 2022), and an extension to a mixed-frequency
context for nowcasting in the presence of extreme observations (Huber et al., 2023) .

Our contribution to this literature concerns the derivation of new closed-form fil-
tering, predictive, and smoothing distributions for the latent time-varying scores in the
ARROBART model. Furthermore, we show the proportionality of these distributions to
finite mixtures. These results, coupled with a data augmentation approach, are crucial
to designing a Gibbs sampler for posterior inference.

The proposed ROBART and ARROBART models are tested on static and dynamic
synthetic datasets, respectively, highlighting the superior performance against their lin-
ear counterparts as well as other existing methods. The proposed models are then used
to forecast NCAA Division I football poll data, of which Fig. 1 shows the time series
provided by a single pollster. We find strong evidence supporting the dynamic nonlinear
ARROBART model against the dynamic linear and static counterparts, thus suggesting
the importance of accounting for temporal persistence and nonlinearities.

The remainder of the article is organized as follows: Section 2 provides an overview



of the Thurstone model and illustrates the ROBART and the ARROBART models. It
also provides a theorem describing the filtering and smoothing distributions for ARRO-
BART. Section 3 presents a Bayesian approach to inference. Section 4 investigates the
performance of our methods on simulated data, then Section 5 shows the results of an
application to real data on NCAA College Football team rankings. Section 6 concludes

the article.

2 Nonparametric Thurstone Models for Rank-Order
Data

This section introduces the notation on ranking lists, then it presents a new class of non-
parametric models for rank-order data that extends the Thurstone model (Thurstone,
1927) by allowing for flexible, possibly nonlinear functions of the covariates. Then, we
extend the framework to account for temporal dependence and persistence for investi-
gating and forecasting time series data.

A full ranking of N items is a mapping 7 : A — Py from a finite, ordered set
of alternatives/items, A = {ay,...,ay} to the space of N-dimensional permutations,
Pn. Let # denote the cardinality of a set. With a slight abuse of notation, we denote
a full ranking of N items by the vector 7 = (71,...,7y) € Py, where 7, = 7(i) is
the rank of item a;, € A, for ¢ = 1,..., N, and 7; < 7; means that alternative a; is
preferred to a;, written a; > a; since it is assigned a lower rank. Rankings and pairwise
comparisons are related, as, given a full ranking 7, it holds [a; > a;] <= 7, < 7; for
each i,j € {1,..., N}. Therefore, a full ranking 7 is an ordered N-tuple representing a
set of non-contradictory pairwise relationships in A, and as such, it encodes an ordered
preference for all the items in A.

In this article, we consider a setting where N items are ordered by M rankers.
For each item ¢ = 1,..., N and ranker j = 1,..., M, the K ,-dimensional vector of
covariates is denoted by X;; € R¥=. In the dynamic case, this setup is replicated for
each of the T time periods. Finally, for any vector z = (z1,...,2y) € RV, we use
rank(z) = [a; > ... > a;,] to denote the full ranking of z;’s in decreasing order of

preference, that is, z;, < ... < 2.

2.1 Overview of Bayesian Additive Regression Trees

A Bayesian additive regression tree (BART) specification for a function f : Rf= — R
is a hierarchical prior that approximates f by means of a sum of regression trees. Let

us denote by 7 a binary tree consisting of a set of interior node decision rules and a



set of terminal nodes (or leaves), and let p = {p1,. .., 1} be a set of parameter values
associated with each of the b terminal nodes of 7. A regression tree takes covariate
values as input and produces a fitted outcome value given by the parameter associated
with a terminal node of the tree. This outcome is obtained by dividing the domain of
the covariate x; = (z;1, ..., 7ix,) € RE= into disjoint regions {B,}’_, using a sequence
of binary rules of the form {x; € A} versus {x; ¢ A}, where h € T indexes the
internal nodes of the tree. Most commonly, A; is defined by a splitting variable kj; and
splitting point ¢, such as Ay, = {x; : xi, < ¢ }. Then, x; is assigned the value p,, with
¢ e {1,...,b}, associated with a single terminal node B, of 7 defined by a sequence of
decision rules.

A tree T and a collection of leaf parameters p define a step function g(x;|7, p) that

assigns value p, € p to x;, thus resulting in:

b
9(xi| T, ) =Y pel(x; € By),
(=1

where I(+) is the indicator function and {B,}}_, is the partition of the domain of the
covariate x; associated to the tree 7. The BART specification consists in approximating

the function f through a sum of S trees, as follows:

S
f(x;) ~ ng(xim,us) = Z

s=1 s=1/

/W,s]l(xi S Bf,s)7 (1)

bs
=1

where g5 is a tree function that assigns pys € ps to x; for each binary regression tree

Ts.

2.2 Static Model: Rank-Order BART

The Thurstone model can be described as a random utility model (e.g., see Walker and
Ben-Akiva, 2002), where the full ranking 7 is driven by a latent score, z, such that
for any two items i;,19, it holds z;, < z;, if and only if ¢; > i5. The latent vector z
is assumed to follow a multivariate normal distribution with mean v = (vy,...,vn)

representing the score of each item:
T = rank(z), zi =i + &, gi ~ N(0,02). (2)

The model in Eq. (2) poses an identification problem since the observations only provide

information about the ordering of the elements in z, which implies that the parameters



(v,02) are not separately identifiable from the likelihood. Therefore, to ensure the
identification of the parameters, we fix o2 = 1.!

Consider a framework where no temporal observations are available or the time
dependence is irrelevant to the analysis. Moreover, we assume each individual in a
collection of M professionals or rankers provides a ranking list of the same set of N
items, as is common in many real-world situations such as sports analytics and customer
reviews. To investigate data without temporal dependence, we define a new static model
that extends the Thurston approach in Eq. (2) by including the BART specification
from Eq. (1) for the conditional mean of the latent scores. Specifically, we generalise
Eq. (2) by assuming ranker-specific scores, z;. To account for external information
that might affect the rankers’ decision process, we can include item- and ranker-specific
covariates, x¢ € R¥« and X; € R as well as covariates specific to both alternatives
and rankers, w;; € R¥». Then, for each pair (i,7), we replace the intercept v;; with
an unknown function of the covariates, f. Moreover, to cope with potential deviations
from linearity and to allow for wide changes in the dynamics of the rankers’ score, we
adopt a nonparametric approach based on a BART specification for the latent regression
function, f.

For each item 7 = 1,..., N and ranker j = 1,..., M, let XZJ (x¢',x7, wi;) € RF=
be a covariate vector. The Rank-Order BART model (ROBART) is defined as:

i) + Eij, ei-“d (0,1),

b (3)
/JJZS ij S BZ s)

Mm:"\
]

7; = rank(z;),

s=1 (=1

where f : Rf= — R is a regression function for which we assume a BART specification.
Denoting with d,(7) the Dirac mass at z, ||-|| the Ly norm, and € a vector collecting the

ranker-specific parameters, one obtains the likelihood:

L(Tl, e ,TM|9) = H /RN<27T)_]; exp ( — sz _ ];(X”)H >5rank(z]~)<7j) de. (4)

2.3 Dynamic Model: AutoRegressive Rank-Order BART

In many real-world cases, multiple professionals continuously evaluate the alternatives

and provide their ranking lists periodically over time. The latent scores that a ranker

'If one is interested in interpreting the coefficients of some covariates, then it would be necessary
to impose the additional constraint the v € I' = { € RY : 1%y = 0}, where 1y is an N-dimensional
vector with all entries equal to 1.



assigns to each item, which ultimately determine the professional’s ranking lists observed
by the researcher, evolve over time to reflect the change in the information set and in
the features of the alternatives. Nonetheless, most of the existing models for rank-order
data disregard the temporal dimension of the data, thus missing information on the
serial correlation in the rankers’ latent scores and observed ranks. We aim to address
this issue by proposing a modification of the Thurstone model that accounts for the
temporal persistence of the ranking lists as implied by an evolution of the underlying
rankers’ scores.

Suppose that each ranker provides a ranking of alternatives at each timet =1,...,T,
and let 7;; denote the observed ranking list of ranker j in period ¢. Moreover, let
zj; = (21t ---,2n51) , where z;;, denotes the unobserved ranker j’s score for alter-
native 4, such that z; ;¢ > 2, if and only if 4y < iy for ranker j at time t. In
this setting, each latent score z;;; can be modeled as an unknown function f of its
first lag and the external covariates. This is done by considering the covariate vector

) € R¥= where x¢,, X,

_ al T/ /
Xijt = (Zz'j,t—in,wX' w; Az

gt gt
and item /ranker-specific variables.

and w;;, are the item-, ranker-,

Therefore, in the presence of time series rank-order data where temporal persistence
is a relevant feature, we extend the ROBART model in Eq. (3) to a dynamic framework
by defining an AutoRegressive Rank-Order BART model with exogenous covariates
(ARROBARTYX) as follows:

iid
Tit = Taﬂk(zj,t), Zigt = f(Xz’j,t) + €ijt, Eijt ™ N(Ov 1);

5, & )
f(Xije) = Z Z pe,s1(Xij0 € Bus),

s=1 ¢=1

where the regression function f is approximated by a BART specification. A special
case of the ARROBARTX in Eq. (5) is an AutoRegressive Rank-Order BART model
without covariates (ARROBART) and with one lag, which is obtained by assuming
Xijt = Zzjt—1. The ARROBART model can be interpreted as a hidden Markov model
(HMM, see Cappé et al., 2005) with measurement and transition density given by,

respectively:

7—j,t|Zj,t ~ 6rank(zj’t) (Tj,t>7

Zj,t|zj,t—1 ~ NN(Zj,t‘f(Zj,t—l); IN);

where f is approximated by a BART and [y denotes the N-dimensional identity ma-
trix. Let 7 = {7, :j € {1,...,M},t € {1,...,T}} denote the collection of all the



observations and @ be the collection of all parameters. The ARROBART likelihood

function is:

M T
L(rlo) =[] / / (Hp(rj,t|zj,t)p(zj¢|zj¢1,0)) p(2;010) dzso . .. dz; 7, (6)
j=1JRY RN\ =1

T-+1 integrals

where z; is the initial value of the latent vector. As the ARROBART model postulates
independence across rankers 7, hereafter, without loss of generality, we focus on the case
M =1 and drop the corresponding index.

The temporal dependence among the latent variables introduces a filtering problem
in the estimation of the ARROBART model, as making inferences on the latent vector
z; requires the derivation of appropriate filtering and smoothing distributions.

Let us first introduce some additional notation. For a variable x € D C R, the
BART specification induces a partition {Cy}X | of the domain D (see the Supplement
for a proof). Notice that {Bg,s}%:l is a partition of D for each tree s € {1,...,5},
where the /th leaf of the sth tree is associated to a scalar coefficient s € R. Let us
define a one-to-one map that associates each tuple (j1,...,js) € X5_,{1,...,bs} to an
index k € {1,..., K}, where K = Zle b, is the total number of the tuples. Then, for
each tuple (ji,...,js) and associated k index, define Cy, = Bj, 1 N ... N B, s and let
[ = 253:1 ;.5 be the associated coefficient. Note that the intervals Cj can be empty
(Cx = 0) or unbounded, that is Cy = (—00, a) and Cj, = (b, 00) for some a,b € D.

We denote by k = (ki,...,ky) € {1,..., K} a tuple or multi-index and define
P = (flys - - -5 flgy )" @s a vector of leaf parameters indexed by k. Then, we use the

shorthand notation .
=

K
E ax = E E Aky,... kN -
k

k1=1 kn=1

In the presence of summations across different tuples, we use the notation k(™ =
™, kY e {1,... K}, for m € N. Given an N-dimensional vector of ranks at
time ¢, 7;, we introduce A, as the set of vectors z € R" whose elements follow the same

ordering as in 73, that is:
N .
At:{ZER Dz < Zig = T < Tit, Vz,jzl,...,N}.

We use the notation Cy = (XY, Cy,) and Cx: = CkNA, fort=1,...,T. Fora
vector 7, we denote by 7., the collection {71,..., 7}, and by Ay, the collection of sets
{Ay, ... A}

Theorem 1 below derives the filtering, predictive, and smoothing distributions for the



latent vector z;;, then Corollary 1 shows that they are proportional to finite mixtures

with time-varying weights and components. We refer to the Supplement for the proofs.

Theorem 1. The filtering distribution is given by
P(Zt’ﬁ:t) X H(Zt € At) ZNN(Zt’ﬁk, [N)Qk,t(Alztfl% (7)
Kk

where Ay is the set of possible vectors z; that agree with the rank-order given by T,
[ are mean vectors corresponding to possible combinations of regions Cy,, ..., Cg, in

which the latent variable z,_1 can be located, and fort > 1,

Qi (Arg1) = Z Gmi—1(A14—2) N (zi—1]fom, In) dzs—1,

Cii—1

whereas, at time t = 1 the dependence on A; is suppressed and we have:

qx,1 = NN (ZO‘ZprioN [N) dZO
Cx

The one-step-ahead predictive distribution, for eacht =1,...,T — 1, is
P(Zt+1|7'1:t) = ZNN(Zt+1|ﬁk, IN)Qk,t+1(A1:t)- (8)
Kk

The smoothing distribution is p(z¢|Ti.7) X p(2z¢|T1.0)re(2¢), where ry(z,) embeds all in-
formation from the periods t' =t +1,...,T and is defined recursively for each t < T
as

S
7(2e) = /A Te1(Zer1) Ny <Zt+1‘ Z 9s(2t), ]N> dz 4,
t+1 s=1

whereas, at the final time t =T, it is given by rr(zr) = 1.

Corollary 1 shows that both the filtering and smoothing distributions are propor-
tional to finite mixtures. These alternative representations for the filtering and smooth-
ing distributions can be used to design a more efficient algorithm for posterior inference
based on a data augmentation approach coupled with a Metropolis-Hastings step (see
Section 3).

Corollary 1 (Mixture representations). At each time t = 1,...,T, the filtering distri-

10



bution is proportional to the finite mizture:
P(Ze| T1:) o Zwk dui (1), (9)
with weights wy, and components uy (2¢) = Uy, ,(2¢) /T, where

ﬁﬁ:t(zt) = I[(Zt € At)NN(Zt‘[l’k7 IN)7

o= [ alm) dm = [ Ntalin Ix) dz
RN Ay
Al
wl}:,t _ Qk,t( 1:t 1)nk,t

Zm Qm,t(Alzt—l)nm,t ’
with m = (my,...,my) € {1,...,K}. At each time t = 1,....T, the smoothing
distribution is proportional to the finite mixture:

(2| T1.7) X Zwktukt Z), (10)

with weights wy , and components uy (z;) = uy ,(2z;) /M, where

uy (z) = 14(z) (20 € AN (ze| i, In),

My ¢ :/ ﬁﬁ,t(zt) dz,
RN

Qk,t(Alth)mk,t
wift =

e Ze C]e,t(Al:tfl)me,t7

C=(ly,... ty)e{L,... K}V

Notice that @y ,(z;) is a multivariate normal distribution restricted such that the

elements satisfy the specific ordering encoded by A;.

3 Bayesian Inference

3.1 Prior on the BART Parameters

The BART specification is completed by choosing a prior for the parameters of the
sum-of-trees model, namely, the binary trees 7, and the terminal node parameters p.

We assume:

bs

S S
P(Tio, o Tsops) = [ ol Top(To) = T | TTpGeesl T [p(70), (1)

s=1

11



where jps € ps. To deal with the potential overfitting of the nonparametric BART
specification, we follow Chipman et al. (2010) and choose a regularization prior for the
tree structure and terminal nodes that constrains the size and fit of each tree so that
each one contributes only a small part to the overall fit. This prior strongly encourages
each tree to be a weak learner, with leaf parameters close to zero.

The marginal prior for each tree structure, p(7), is specified by three parts. First,
the probability that a node at depth d = 0,1,... is nonterminal, given by a(1 + d)~2,
for a € (0,1), B € [0,00). Smaller (larger) values of a () impose a larger penalty on
more complex tree structures. We use the default choice proposed by Chipman et al.
(2010), that is @ = 0.95 and 3 = 2. Second, the distribution of the splitting variable
at each interior node is assumed to be discrete uniform over all the covariates. Third,
the distribution on the splitting rule assignment in each interior node, ¢, conditional
on the splitting variable, is uniform on the discrete set of available splitting values. We
remark that this tree generating prior flexibly adjusts to the data since the implied prior
on the decision rules depends on the range of the covariates. Hence, if X;;, contains
extreme observations, this prior places equal weights on them without bounding away
prior mass from the boundary of the parameter space of the thresholds used to define
splitting rules.

The conditional prior on the terminal leaf parameters, p(ues|7s), is assumed to be
the conjugate normal distribution A (Mu>03)> where the hyperparameters are chosen
such that N'(Sp,, So,) assigns substantial probability to the interval (Zmin, Zmaz). In
line with Chipman et al. (2010), the prior on p is constructed after first shifting and

rescaling the response variable z;;; to have a range from 2,,;, = —0.5 t0 Zpes = 0.5.

3.2 Posterior Sampling for ARROBART

To draw samples from the joint posterior distribution, a Markov Chain Monte Carlo

(MCMC) algorithm is provided. The Gibbs sampler iterates over the following steps:

1) sample the path of the latent variables z = {z,,...,zr}, recursively over time;

2) sample the tree and leaf parameters from p(7s, ps|T_s, p—s,z), for s =1,...,5:

a. compute the N.JT-dimensional vector of partial residuals, Ry, as

S
Rs,ijt = Zijt — ng(Xij,t|77m Iik),

k=1
k#s

and notice that p(Ts, pas|T-s, s, 2) = p(Ts, ps| Rs);

12



b. since p(T;|Rs) has a closed form, sample the trees structure from p(7s|Rs)
using a Metropolis-Hastings algorithm;
c. sample the terminal nodes from p(us|7s, Rs), which is a set of independent

draws from a normal distribution.

Sampling the path of the latent variables using the filtering and smoothing recursions
in Theorem 1 is highly computationally intensive. This is due to (i) evaluation of
many Gaussian integrals over very small subspaces of RY and (ii) drawing from an
N-dimensional Gaussian distribution truncated such that its elements satisfy a given
ordering constraint. Both issues worsen as the number of alternatives, N, increases.
To overcome these computational issues, for each period t = 1,...,T, we approximate
the joint posterior distribution of the vector z, and derive the element-wise posterior
distribution for each i« = 1,..., N, conditioning on all the other j # i elements. This
approach is similar to the standard technique used in rank-order data models (e.g., see
Hoff, 2009, Ch. 12). We refer to the Supplement for a description of the method used
to sample the path of the latent states.

4 Simulation Studies

This section investigates the performance of the proposed methods on synthetic data.
In particular, Section 4.1 compares the ROBART model to the methods for rank-order
data introduced by Li et al. (2022). Then, Section 4.2 presents a comparative study
between ARROBART and a range of models that account for (or ignore) the possible

temporal persistence of the data.

4.1 Comparison of ROBART and Linear Models

The performance of the ROBART model defined in Section 2.2 is compared to the
methods for rank-order data introduced by Li et al. (2022) by using the normalized
Kendall tau distance (Kendall, 1938). Given two ranking lists 7 and 7, the normalized
Kendall tau distance is defined as the percentage of pairwise disagreements between

them:

#{(l,j)l<], [7A'Z'<’7A'j/\7'i>Tj]\/[7ii>7:j/\7'i<7'j]}

Kalf,7) = N(N—1)/2

cl0,1.  (12)

The three synthetic datasets used in this simulation are generated as in Li et al. (2022),

and we report briefly their structures. For each ¢« = 1,..., N, item 7 has a true score

13



i, while the covariate vector x; = (z1,...,%;k,) is drawn independent and identi-
cally distributed from a Normal distribution with zero mean and covariance equal to
Cov(xy, Tim) = pl™™, for 1 < I,m < vand |p| < 1. The true score vector v is generated

by considering the different roles of the covariates as:

1. v =x!8, where 8 = (3,2,—1,-0.5), K, =4, and p = 0;
2. 7; = X8 + ||x;||%, where 8 = (3,2,1), K, = 3, and p = 0.5;
3. 7 = ||x]|*, where K, =4, and p = 0.5.

The covariates are linearly related to the score in Scenario 1, have a nonlinear relation-
ship in Scenario 3, and a combination of both in Scenario 2. Given the scores, M full
ranking lists {7;}}Z, are generated as 7; = rank(z;) with z; Ny (v, 0% Iy).

For each of the three scenarios and each value of o € {1, 5, 10, 20,40}, we generate 100
synthetic datasets. We compare the results for ROBART against several competitors:
the Borda Count, the Markov-Chain methods (MC1, MC2, MC3 - Dwork et al., 2001),
the Cross-Entropy Monte Carlo method (CEMC - Lin and Ding, 2009), the Plankett-
Luce (PL) model, the BARC model with and without covariates, and the BARC model
with Mixture of rankers with different opinions (BARCM - Li et al., 2022).

We use the default values for the ROBART model as in Chipman et al. (2010) and

follow Li et al. (2022) in choosing the hyperparameters for all the remaining models.

Table 1: Comparison between ROBART, BARC, and other ranking methods.

o Borda MC1 MC2 MC3 CEMC PL BAR BARC; BARC; BARC; BARCM ROBART

— 1 (0.03) 131 1.08 1.01 255 562 099 0.65 0.65 0.98 0.65 0.89
2 5 (0.13) 1.27 1.02 1.01 1.13 1.09 0.99 0.65 0.65 0.97 0.65 0.68
£ 10 (0.22) 1.57 101 1.00 1.05 1.07 1.00 0.71 0.71 0.99 0.71 0.69
5)‘3 20 (0.32) 1.47 1.00 1.00 1.02 1.04 0.99 0.78 0.78 0.99 0.78 0.75

40 (0.41) 1.23 1.00 1.00 1.01 1.01 0.99 0.88 0.88 0.99 0.88 0.87
~ 1 (0.03) 1.33 1.04 1.00 265 1.06 0.99 0.97 0.97 0.98 0.97 0.86
2 5 (0.12) 1.30 1.01 1l.00 1.12 1.10 0.99 0.83 0.83 0.97 0.83 0.69
£ 10 (0.20) 1.36 1.01 1.00 1.05 1.07 1.00 0.77 0.77 0.99 0.77 0.67
% 20 (0.29) 1.48 1.01 1.00 1.03 1.04 0.99 0.80 0.80 0.99 0.80 0.72

40 (0.39) 1.25 1.00 1.00 1.01 1.03 1.00 0.89 0.89 1.00 0.89 0.85
» 1 (0.05) 1.28 1.03 1.00 1.60 1.11 1.00 1.00 1.00 1.00 1.00 0.88
2 5 (0.18) 1.32 1.01 1.00 1.06 1.06 0.99 1.00 1.00 0.99 1.00 0.73
§ 10 (0.29) 1.38 1.00 1.00 1.03 1.04 0.99 1.00 1.00 0.99 1.00 0.78
%’ 20 (0.36) 1.34 1.00 1.00 1.02 1.03 1.00 1.00 1.00 1.00 1.00 0.85

40 (0.42) 1.18 1.00 1.00 1.01 1.01 1.00 1.00 1.00 1.00 1.00 0.91

Notes: scaled Kendall tau distance across the same scenarios as in Li et al. (2022). The Borda column with
parentheses shows the average Kendall tau distances between estimated and true ranking lists using the Borda
Count, while the remaining columns show the standardized by the one. Small values have better estimation,
and big ones have worst results.

Table 1 reports the Kendall tau distances between the true and estimated rank

lists averaged over the 100 replications. For each column, we provide the ratios of the

2See the Supplement for further details on these methods.

14



average Kendall tau distances over the corresponding values for the Borda Count, which
serves as the baseline. In Scenarios 2 and 3, for any o, the proposed ROBART model
outperforms all the competing models. In particular, there is a strong gain in Scenario
3, for any o, moving from an improvement of around 10% (for ¢ = 1 or 40) to 27%
(for o = 5). Similarly in Scenario 2, irrespective of o, ROBART performs better than
BARC and BARCM, with a gain of 10% (for o equal to 1) to 20% (for o equal to
5). Increasing the value of o leads to similar results in magnitude, except for o equal
to 40, where the ROBART model provides slightly better insights with respect to the
BARCM and BARC. These better performances are less evident in Scenario 1, where for
small values of o (equal to 1 and 5), the ROBART is outperformed by the BARC and
BARCM models, while it beats the other models of 1% and 3% when o is bigger than
10. As expected, nonlinear relationships in the data-generating process are correctly
estimated by the BART specification. On the other hand, the proposed model does not

yield improvements for estimates of linear functions of covariates when o is small.

4.2 Comparison of ARROBART and Linear Models

We investigate the performance of the proposed ARROBART against several competi-
tors by means of the normalized Kendall tau distance defined in Eq. (12). In particular,

the synthetic datasets are generated according to three main scenarios:

2
i,t—1»
— 2
2. Yijt = 0.052@"1571 + 0'1Zij,t717

3. Vije = 012454 1%i5011, Kz =3, p=0.5,

1. Yijt = 0.1z

where in the last scenario the K, covariates X;;; = (Zij11,-- ., Zijk,) are drawn inde-
pendently from a multivariate normal distribution with mean zero and Cov (¢, Tijt.m) =
pl=ml for 1 < I,m < v and |p| < 1. In detail, each scenario describes a nonlinear re-
lationship, where t = 1,..., N, j=1,....M,and t = 1,...,T. We fix the number of
rankers, M, the number of items, N and the period, T, to 5, 20 and 52, respectively.

For each scenario, the latent scores and the full ranking lists are generated as
Zj, YA ~n(vji,0%Iy) and 7;, = rank(z;,), respectively. Moreover, for each scenario,
we generate three datasets varying the signal-to-noise ratio; specifically, the data are
simulated using a value of o € {0.1,0.5,1.0,1.5,2.0}.

We compare the results against different competitors, such as (i) an autoregres-
sive linear model for the latent score (ARROLinear); (ii) an ARROBART specification
with exogenous covariates (ARROBARTX); (iii) an autoregressive linear model with
exogenous covariates (ARROLinearX). Moreover, we extend the ARROBART model to
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include the lag-1 of the observed response variable (ARROBART-lag) and compare it
with (i) an analogous linear model (ARROLinear-lag); (ii) a ROBART model using the
first lag of the response variable as covariate (ROBART-lag); (iii) a linear rank order
model (BARC) with the first lag of the response variable (ROLinear-lag).

Table 2: Comparison between ARROBART and ARROLinear with and without covari-
ates.

Scenario 1 Scenario 2 Scenario 3
o 0.1 0.5 1.0 1.5 2.0 0.1 0.5 1.0 1.5 2.0 01 05 1.0 15 20
ARROBART (0.30) (0.16) (0.17) (0.14) (0.13) (0.03) (0.13) (0.14) (0.12) (0.12) (0.49) (0.51) (0.46) (0.50) (0.52)
ARROLinear 1.74 3.09 2.85 3.44 3.39 10.02 3.01 3.10 3.26 3.03 1.04 096 1.04 1.03 0.96
ARROBARTX - - - - - - - - - - 0.68 0.72 0.77 0.74 0.77
ARROLinearX - - - - - - - - - - 1.05 1.02 1.09 1.04 1.01

Notes: the ARROBART row shows in brackets the average Kendall’s tau distances between estimated
and true ranking lists using the ARROBART method. The remaining rows report the ratio of average
Kendall’s tau for the model in the row to average Kendall’s tau for ARROBART. Values greater than
one mean that the benchmark outperforms the competitor. Bold denotes the best-performing model.

Table 3: Comparison between ARROBART, ARROLinear, ROBART, and ROLinear
with one lag of the observed ranks as a covariate.

Scenario 1 Scenario 2 Scenario 3
o 0.1 0.5 1.0 1.5 2.0 0.1 0.5 1.0 1.5 2.0 0.1 0.5 1.0 1.5 2.0
ARROBART-lag (0.42) (0.30) (0.25) (0.20) (0.18) (0.29) (0.28) (0.23) (0.19) (0.16) (0.29) (0.31) (0.32) (0.32) (0.37)
ARROLinear-lag  1.17 1.61 193 2.17 2.29 0.94 131 165 185 221 1.78 1.60 1.54 1.59 1.38
ROBART-lag 1.02 1.05 1.04 1.05 1.03 1.07 1.06 1.06 1.04 1.04 1.00 1.02 1.04 1.00 0.99
ROLinear-lag 1.17 1.61 1.94 217 2.28 095 1.31 1.69 1.86 2.20 1.77 164 159 1.60 1.40

Notes: the ARROBART-lag row shows in brackets the average Kendall’s tau distances between estimated
and true ranking lists using the ARROBART-lag method. The remaining rows report the ratio of average
Kendall’s tau for the model in the row to average Kendall’s tau for ARROBART-lag. Values greater than
one mean that the benchmark outperforms the competitor. Bold denotes the best-performing model.

The results are shown in Table 2, where the normalized Kendall tau distance is re-
ported for the benchmark ARROBART model, whereas for the competitors the ratio
of their performance over the ARROBART is shown. Instead, Table 3 illustrates the
outcome for all the models estimated using also the lag of the observed rank as a co-
variate, where we use the ARROBART-lag model as a benchmark. For the benchmark
models, the closer the normalized Kendall tau distance is to zero, the better the perfor-
mance. Therefore, ratios of performances for the competitors greater than 1 mean that
the benchmark is outperforming them (and vice versa). The results suggest several in-
teresting insights. First, the ARROBART (ARROBART-lag) benchmark outperforms
the competitors in all three scenarios for almost all the noise levels. A few exceptions
occur in the presence of an extremely strong signal (o = 0.1); this is due to the sub-
optimal performance of the BART specification in almost the absence of noise and is in
line with previous results in the literature (Chipman et al., 2010). Second, in the third
scenario, the ARROBARTX shows up as the best model, thus highlighting the ability

of the proposed methods to leverage exogenous covariates when they are relevant to the
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regression. As a third point, the results suggest that the nonlinear specifications, that
is the ARROBART and ROBART models, always outperform their respective linear

counterparts.

5 Application to NCAA Rankings

5.1 Data Description

We apply the proposed methods to a real dataset of pollster-specific rankings of N =7
American football teams from the Associated Press weekly poll for the 2022 NCAA
Division I Football season. The data includes the ranking lists of M = 15 pollsters
across T' = 16 weeks. As many teams are not listed in the top 20 by at least one pollster
in at least one week, we consider a subset of N = 7 teams to obtain a time series of full
rankings. Figure 1 shows the entire time series of ranking lists for a single pollster. See
the Supplement for more details on the dataset.

To account for external factors driving each pollster’s evaluation, we include the
following covariates, updated each week before pollsters submit their rankings: the win
percentage, the average margin of victory, the margin of victory of the last game, and
a binary variable equal to 1 if the team won the previous game.?

The purpose of this application is to assess the forecasting performance of the pro-
posed methods. By comparing the static ROBART and dynamic ARROBART together
with their linear counterparts, we aim to determine the relative importance of accounting
for nonlinearities (via the BART) and temporal persistence in time series. Specifically,
we perform an out-of-sample forecasting exercise where we train the models using an

expanding window with test periods from week 12 to week 16 of the poll.

5.2 Results

The models under investigation are the proposed ROBART, ARROBART, and ARRO-
BARTX, together with their linear counterparts ROLinear, ARROLinear, and ARRO-
LinearX. The ARROBARTX and ARROLinearX models include exogenous covariates
in addition to the lagged latent variable, whereas ROBART and ROLinear, being static,

only consider the former. *

3Data were collected from https://collegepolltracker.com and https://www.teamrankings.
com/.

4ARROBART, ARROBARTX, and ROBART were implemented with 25, 25, and 50 trees respec-
tively. The Supplement contains a robustness check for ARROBART with different numbers of trees
(25, 50, 75). The Supplement contains a derivation of the ARROLinear sampler.
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Table 4: Kendall’s tau distance for forecasts of the AP Football Poll 2022 rankings.

Model t=12 t=13 t=14 t=15 t=16 Average
ARROBART  (0.04) (0.07) (0.09) (0.16) (0.07) (0.09)
ARROBARTX 2.00 0.52 1.72 1.40 2.48 1.58
ROLinear 3.43 2.62 2.76 0.60 2.74 2.01
ARROLinearX  2.79 1.05 2.24 1.40 3.57 2.03
ARROLinear 2.79 1.05 2.24 1.40 3.57 2.03
ROBART 2.79 1.05 2.24 1.42 3.57 2.04
Notes: average across pollsters by week (columns 2 to 6) and global average across
weeks (column 7). Models are sorted in ascending order according to the global
average across weeks. The first row contains the Kendall’s tau distances between

ARROABRT and the true ranks. For all other models, the ratios to the ARRO-
BART Kendall’s tau distances are presented.

Table 4 displays averages across pollsters of Kendall’s tau distances for forecasts
of team rankings. Columns 2 to 6 contain week-specific average tau distances, and
the last column gives the average over the last 5 weeks. The results highlight a slight
heterogeneity across horizons and models, and we rely on the total average across rankers
and time horizons to determine the overall forecasting performance of each model.

Overall, we find strong evidence in favor of the ARROBART class of models, both
with and without covariates. This is in line with our simulation study, where the ARRO-
BART generally outperforms ARROLinear models. Moreover, the total average indi-
cates that the dynamic models (ARROBART and ARROLinear) outperform the static
framework (ROBART and ROLinear), thus suggesting the importance of accounting for
temporal dependence in forecasting this dataset. Finally, the nonparametric (BART)
specification is found to yield the best performance in the autoregressive models and
very similar outcomes to the linear counterpart in the static case. The better average
performance of ROLinear is essentially due to a very good forecast at t = 15, whereas
in all the previous periods, it is underperforming compared to the competitors.

To inspect in more detail the advantages of the BART specification compared to the
linear one, we report the point forecasts from the best ARROBART and ARROLinear
models in Fig. 2 against the observed ranks, for N = 7 teams and h = 5 test periods. As
the rankers are assumed to be independent, we present the results for a single pollster.
The ARROBART model is able to correctly predict the rank for several teams, with
minor deviations for Alabama and Clemson. Conversely, the ARROLinear forecasts
are generally more distant from the actual ranks. In particular, it can be observed
that while both methods often produce similar forecasts, ARROBART produces more
accurate forecasts for Alabama, USC, and Michigan in weeks 12 to 14.

The point forecast falls short of quantifying the uncertainty about the predicted
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Figure 2: AP Pollster Brian Howell: observed poll ranks (blue dots and line) and ranks forecasted
using the ARROBART (green triangles) and ARROLinear (orange squares) models.

value. To tackle this issue, we investigate in deeper detail the posterior predictive
distribution of the best-performing model. Figure 3 reports the posterior predictive
distribution of the rank for Alabama and Michigan, whose observed ranks have changed
multiple times during the testing sample (see Fig. 2). For both teams, the predic-
tive density of the rank is unimodal and changes over time in terms of its mode and
dispersion, suggesting a horizon-specific uncertainty of predictions. Furthermore, the
comparison of Fig. 2 and Fig. 3 highlights that in those periods where the point forecast
differs from the observed one, the latter falls within the second-most frequent rank of

the posterior predictive distribution.
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Figure 3: ARROBART posterior predictive distribution (grey balls, with size proportional to
the probability mass) against the observed ranks (black dots and line) for Alabama (left) and
Michigan (right) ranks of AP Pollster Brian Howell.
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6 Discussion

This article introduces a novel class of nonparametric Thurstone models for static and
dynamic regressions for rank-order data called ROBART and ARROBART. The pro-
posed frameworks use a BART specification for the regression function of the latent
variable representation to allow for flexible, possibly nonlinear relationships between
the latent scores and their lagged values as well as exogenous covariates. The filtering
and smoothing recursions for the dynamic model are derived, followed by a discussion
on the computational tools needed to sample from them. A simulation study illus-
trates that the proposed ROBART and ARROBART outperform the competitors in a
forecasting setting. The ARROBART model is applied to an out-of-sample forecasting
exercise of a real dataset of weekly rankings of American football teams for the 2022
NCAA season. The results highlight the better performance of the ARROBART family
compared to linear and static counterparts. Overall, this suggests the importance of
accounting for temporal persistence in sports rankings and the usefulness of BART in
accounting for the nonlinearities driving the evolution of the latent team-specific scores.

Besides representing an advancement in the literature on rank-order data and time
series of them, the proposed methods can be applied to a wide range of datasets other
than sports data. Examples include the analysis of the main drivers of customers’
rankings, university rankings, and political ratings. In the presence of more complex
dynamics of the latent scores, the proposed ARROBART model can be generalised to
p > 1 lags. Other interesting possible extensions of the proposed methods include in-
vestigating the performance of more general BART specifications. For instance, the
introduction of a varying-coefficient BART (Deshpande et al., 2022) or of the Dirichlet
additive regression trees approach (Linero and Yang, 2018), which assumes a Dirichlet
hyperprior for the BART variable splitting probabilities. These methods would allow us
to alleviate or address the main shortcomings of plain BART specifications, such as their
lack of smoothness and vulnerability to the curse of dimensionality. The proposed au-
toregressive BART methods can also be adapted to investigate binary outcome data and
count data, which are popular for example in epidemiology and climate studies. These
data are characterized by potentially highly nonlinear dynamics and/or relationships
with external factors, thus making the use of BART a viable candidate for improving
forecasting performance. Finally, it would be interesting to extend the proposed dy-
namic model to investigate the problem of aggregation of ranking lists (Deng et al.,
2014; Zhu et al., 2023) in a time series setting.
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Supplementary Materials

An online Supplementary Material is available upon request to the authors.
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