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U ={u,uy,...,un} — afinite population of N units;
y@ y@y(m) — study variables;

yU) yl(j),yz(j)7 o ,\({),j =1,2,..., m— values of study variables;
xM x@ x(m) — juxiliary variables;

xU) Xl(j),xz(j), . ,X(j)7_/' =1,2,...,m— values of auxiliary variables.
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Suppose the population consists of H non-overlapping strata:

H
Up, Uy, .. U, U= |JUn, Nph=1,2,... H.
h=1
A simple random sample s, C Uy, of size ny, is drawn without replacement in each

strata. Thus:
H

H H
S:U5h7 NZZN},, n:Znh.
h=1 h=1
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The parameters of interest:

N
b=y j=12...,m
i=1

Horvitz-Thompson estimators:

N
Z hzy ) j:1727"'7m

The variance of fy(j),j =1,2,...,m,
H s2 . H /N2s2 .
~ Np \ “hyl) h>py () 2
V(t(j)):ZNﬁ(1—> . =Z<y — Nps )
y hy(J)
h=1 No/ mw 5\ mn

here sﬁyu) denotes the variance of yU) in the stratum U,
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Tasks for achieving better accuracy.

@ A total cost C of the survey is minimized, in order to have coefficients
of variation, for the estimates of totals of the m survey variables,
below specified thresholds;
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Tasks for achieving better accuracy.

@ A total cost C of the survey is minimized, in order to have coefficients
of variation, for the estimates of totals of the m survey variables,
below specified thresholds;

@ A weighted sum of variances of the estimates of totals for the m
survey variables is minimized, while the total cost C of the survey is
below or equal to the specified amount.
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Minimization of a total cost. (De Moura Brito et al, 201

A
To find such sample size in each strata ny, ny, ..., ny, that total cost C of the

survey
H
E Chp
h=1

is minimum
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Minimization of a total cost. (De Moura Brito et al, 2

To find such sample size in each strata ny, ny, ..., ny, that total cost C of the

survey
H
E Chp
h=1

is minimum and satisfies such requirements:

nmingnhSNh, h:].,...,H,
V(i) |

7§CVyU)7 .I:17"'7m7
t,0)

m€Zy, h=1,.. . H,

here npmi, — minimum sample size in strata (npmi, = 2) and
cvyi),j = 1,...,m, predefined coefficients of variation.
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Minimization of a total cost. (De Moura Brito et al, 2

To find such sample size in each strata ny, ny, ..., ny, that total cost C of the

survey
H
E Chp
h=1

is minimum and satisfies such requirements:

nmingnhSNh, h:].,...,H,
V(o) |

—<cvn, j=1,...,m,
t,0)

m€Zy, h=1,.. . H,

here npmi, — minimum sample size in strata (npmi, = 2) and
cvyi),j = 1,...,m, predefined coefficients of variation.
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Let us define a new binary variable with the values

1, if the sample size k € {nmin,..., Np},
Zpi = h=1,... H, is allocated to stratum Up;
0, otherwise.

Note that

k=nmin
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Let us define a new binary variable with the values

1, if the sample size k € {nmin,..., Np},
Zpi = h=1,... H, is allocated to stratum Up;
0, otherwise.

Note that

k=nmin
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New formulation. (De Moura Brito et al, 2015)

Find z-variable, which minimize total survey cost function

C(Z ZC}, Z kth

k=nmin

Note. This algorithm is actualized in MultAlloc package in R.
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New formulation. (De Moura Brito et al, 2015)

Find z-variable, which minimize total survey cost function

H Np
C(Z) = Z Ch Z kth
h=1 k=npmin

Note. This algorithm is actualized in MultAlloc package in R.
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New formulation. (De Moura Brito et al, 2015)

Find z-variable, which minimize total survey cost function

C(Z ZC}, Z kth

k=nmin

and satisfy the following constraints:

h
1) > zm=1 h=12.. H;

k=nmin
H pR2e2 N H 2
Nishyo Zpk NbShy, 0 .
2) 57 —Eigl j=12,...
t2. cv? ko t2 . cv2, ’ o
h=1 "y ""y0) k=n;, h=1 "yW ="yl

3) zm €{0,1}, k= nmm....,N», h=1,2,... H.

Note. This algorithm is actualized in MultAlloc package in R.
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Find z-variable, which minimize total survey cost function

C(Z ZC}, Z kth

k=nmin

and satisfy the following constraints:

h
1) > zm=1 h=12.. H;

k=nmin
H p2c2 Ny H 2
Nishy 0 Zhk Nhs;,,0) :
2) 57 ——Eigl j=12,...
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Bethel (1985, 1989) algorithm

To find such sample size in each strata ni, ny,...,ny, that total cost C of
the survey

H
Z ChNp
h=1

is minimum and satisfies such requirements:

V(t,n) _

—— <y, j=1...,m,
t,0) Y
y

Note. This algorithm is actualized in bethel package in R.
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Simulated populations. Options.

@ Population size N = 1000, number of strata H = 4.

o Auxiliary variables: x(1) ~ £(0.01), x® ~ N/(50,15),
x(3) ~ N(75,15), x(*) ~ A7(100, 20).

@ Study variables where generated using such formula:
yO =504+ xU) 4 avxWz, j=1,2,3,4,

where z ~ N(0,1), and « is chosen so, that correlation between
study and auxiliary variables are in a given interval.

@ C] =C=C3=20C.
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@ Population size N = 1000, number of strata H = 4.

o Auxiliary variables: x(1) ~ £(0.01), x® ~ N/(50,15),
x(3) ~ N(75,15), x(*) ~ A7(100, 20).

@ Study variables where generated using such formula:
y(j) =50 4+ xU) + aVx0)z, j=1,2,34,

where z ~ N(0,1), and « is chosen so, that correlation between
study and auxiliary variables are in a given interval.

@ C] =C=C3=20C.
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Simulated populations. Strategies.

4 different strategies are chosen:

Strategy | sp,,0)  t,0
St.1 Shyl) tyg)
St.2 Spix) L)
St.3 ShyU) to()
St4d | s ety LG

Here f/,gj) =a-+ bx,Ej)

and 29 = pU) 0 i1 4 k=1, N
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Simulation results.

Minimizing sample size, when cv, ) < 0.05.
0.9 < cor(xY,y¥) < 0.98 0.65 < cor(xY), yU)) < 0.75
Strategy Strategy

St.l1 St2 St3 St4 St.l1  St2 St3 St4
n 3 10 2 2 n 16 10 2 13
no 10 20 7 4 no 64 20 7 63
n3 33 52 26 8 n3 155 52 21 150
ng 18 30 16 3 ny 60 30 14 55
Total 64 112 51 17 || Total | 295 112 44 281

0.3 < cor(x9,y¥) < 0.5
Strategy

Stl1 St2 St3 St4

m 24 10 4 21

ny | 100 20 6 100

n3 | 237 52 19 237

o 89 30 12 88
Total | 450 112 41 446

Here j =1, ..., 4.
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Population: Household Budget Survey

@ 2016 y. data with N = 3443 elements.
@ Study parameters:

o y() — total consumption expenditure (monthly);
y(2) — food and non-alcoholic beverages;

o

° y(3) — alcoholic beverages, tobacco and narcotics;

o y® — clothing and footwear;

o y®) — housing, water, electricity, gas and other fuels;

o y(® — furnishings, household equipment and routine maintenance of the
house;
y( — health;

y®) — transport;
y(©) — communication;
y(10) — recreation and culture;
y1) — education;
y(12) — restaurants and hotels;
o y(13) — miscellaneous goods and services.
@ Strata: Type of dwelling (3) * Income quintile groups (5) * Place of
residence (3) = 45.
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Comparison of Brito and Bethel algorithms, when auxiliary

variables are used.

Minimizing sample size, when cv, ;) can't exceed predefined threshold.

Brito algorithm Bethel algorithm

v, () 0.03 0.05 0.10 0.03 0.05 0.10

n | 2656 2158 1217 2464 2150 1236
cv(%y(l)) 0.01 0.01 0.02 0.01 0.01 0.02
cv(fy(z)) 0.01 0.01 0.02 0.01 0.01 0.02
cv(%y(3)) 0.02 0.03 0.04 0.02 0.03 0.04
cv(%y(4)) 0.03 0.04 0.06 0.03 0.04 0.05
cv(%y(s)) 0.01 0.01 0.02 0.01 0.01 0.02
cv(%y(a)) 0.02 0.03 0.04 0.02 0.03 0.04
cv(fy(y)) 0.02 0.03 0.04 0.02 0.03 0.04
cv(%y(g)) 0.02 0.03 0.05 0.02 0.03 0.05
cv(%y(g)) 0.01 0.02 0.02 0.01 0.02  0.02
cv(%y(m)) 0.02 0.02 0.04 0.02 0.02 0.03
cv(fy(u)) 0.03 0.05 0.10 0.04 0.05 0.10
cv(fy(lg)) 0.03 0.04 0.07 0.03 0.04 0.06
ov(t,uy) | 002 002  0.04 | 0.02 0.02 0.04
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Comparison of Brito and Bethel algorithms, when auxiliary

variables are used.

Minimizing sample size, when cv, ;) can't exceed predefined threshold.

Brito algorithm Bethel algorithm

ov,p | 003 005 010 | 003 0.05 0.10

n | 2656 2158 1217 | 2464 2150 1236
ev(t,m) | 001 001 002 [ 001 001 002
ov(t) | 001 001 002 001 001 0.2
ov(f,e) | 002 003 004 | 002 003 0.04
ov(t@) | 003 004 006 | 003 004 0.05
ov(f) | 001 001 002 001 001 0.2
ev(t,) | 002 003 004 | 002 003 004
ov(t,m) | 002 003 004 | 002 003 0.04
ev(t,) | 002 003 005 | 002 003 005
ov(t@) | 001 002 002 001 002 0.2
ev(t,ag) | 0.02 002  0.04 | 002 0.02 003
ev(t,an) | 003 005 010 | 0.04 0.05 0.10
ev(t,az) | 003  0.04 007 | 003 0.04 0.06
ov(t,uy) | 002 002  0.04 | 0.02 0.02 0.04
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Comparison of Brito and Bethel algorithms, when auxiliary

variables are used.

Minimizing sample size, when cv, () < 0.03.

Brito algorithm | Bethel algorithm
Strategy St.1 St.2 St.1 St.2
2656 2739 2464 2564
cv(ty(l)) 0.008 0.005 | 0.008 0.007
cv(fy(la)) 0.053 0.030 | 0.048 0.034
cv(%y(lb)) 0.033 0.030 | 0.034 0.030
ev(tag) | 0.021  0.022 | 0.024 0.025
cv(f a4)) | 0.082 0.030 | 0.074 0.032

cv(t (1e>) 0.130  0.030 | 0.129 0.032
cv(t an) | 0.095 0.030 | 0.097 0.034

cv(t (1g)) 0.005 0.006 | 0.007 0.008
cv(tJ( ») | 0.010 0.010 | 0.013 0.013
cv(t,ap) | 0.068  0.030 | 0.063 0.030
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Comparison of Brito and Bethel algorithms, when auxiliary

variables are used.

Minimizing sample size, when cv, () < 0.03.

Brito algorithm | Bethel algorithm
Strategy St.1 St.2 St.1 St.2
2656 2739 2464 2564
cv(t,m) | 0.008  0.005 | 0.008 0.007
cv(t,ua) | 0.053  0.030 | 0.048 0.034
cv(fy(lb)) 0.033  0.030 | 0.034 0.030
ev(tag) | 0.021  0.022 | 0.024 0.025
cv(f a4) | 0.082  0.030 | 0.074 0.032

cv(t (1e>) 0.130  0.030 | 0.129 0.032
cv(t an) | 0.095  0.030 | 0.097 0.034

cv(t (1g>) 0.005  0.006 | 0.007 0.008
cv(tJ( w) | 0.010  0.010 | 0.013 0.013
cv(t,ay) | 0.068  0.030 | 0.063 0.030
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