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Impulse response function

T _
L~

Figure: Some examples of Impulse response functions ﬁ@
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Application

Digital signal processing;

Automatic control systems;

Electronic processing;

Econometrics (errors-in-variables models);
Loudspeakers;

Acoustic and audio applications;

Iryna Rozora On hypothesis testing for impulse response function



Introduction

X(1) Y(1)
= H(t) [E————
input impulse response | output

Figure: Structure of the system

Consider a time-invariant casual continuous linear system with
response function H(7), 7 € [0, A].
H(r)=0as 7 <0,

A
Y(t) :/0 H(r)X(t — 7)dT. (1)
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? to estimate or identify the function H by observations.

Construct the estimator Fx(r) of H and
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? to estimate or identify the function H by observations.
Construct the estimator Fx(r) of H and

Find the accuracy

P{ sup |Ar(t) — H(7)| > ¢}, e>0.
7€[0,A]

that provides a goodness of fits test on the shape of the
impulse response function.

w
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Under ay we define the output of the system on the constant
signal. This means that

1 A
%ZVFAHWW @

H*(r) = H(7) — ao. (3)

As an estimator of the difference of impulse response function
and ap H*(7) we will consider an integral cross-correlogram

Set

H(r) = B a(r T/‘Y X(t—m)dt, [0 (4)

where T > 0 is a parameter for averaging. m

Iryna Rozora On hypothesis testing for impulse response function



Introduction

Suppose now that the input signal processes of the LTI system
are zero mean stationary Gaussian stochastic processes that
are given by:

N
Xn(u) = \/%;; <§k cos(ZK/ZTU) + Nk sin(zk/\—ﬂu)> , uel0,A]
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Assumptions

Condition A. The function H(7) is two times differentiable on
[0, A]. The functions H(7) and H'(r) are continuous on [0, A]
and

A
b = h(A)= /0 IH(r)|d7 < o,

. /1(A)=(/OA|H’(T)|2dT)1/2<oo,

A
h o= /2(/\):/ H"(7)|dr < o.
0

Condition B. The following relation holds true b[
wh
H(0) = H(N).
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Let’s denote
d:= |H'(0)| + |H'(N)].

Lemma

Assume that the conditions A, B are satisfied. Then

) . A(d + (A
H*(r) By a(r)| < NEEERD),

VarAn 7 A(7) < - N

where I1(N\) and (N\) are defined in condition A.

N3(A+2) 1\?
—ar \°"N)
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The following lemma gives an estimation for the variance of
difference Hy 7 A(7) — Hn,7.A(0).

Lemma

Suppose that the conditions of Lemma 1 are fulfilled. Then

Var(l:IN,T,/\(T) - I:IN,T,/\(H)) < C(Na T7 A)‘T - 0‘017 (OB (07 1]7

where C(N, T, ) is some constant and ,6 € [0, A].
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The rate of convergence for the estimator of IR function

Denote
. Nd+hk(N)
NA— 212N ’
Then from (7) it follows that
|EAN7A(T) = H'(7)| < By, 7 € [0,A]
Put

N

A/ NN+ 2)]1 1
’YO(N7 Ta/\):’YO: % <2 )

From (8) we have that
sup +\/ VarZy 1 () < 7.
T€[0,A]
Let + 4
M, = 22‘;791/“70_5_3041/‘”‘1/2.
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The rate of convergence for the estimator of IR function

Theorem

Suppose that the conditions A, B are fulfilled. Then the
inequality

Q=

7€[0,A]

P { sup |H*(7) — /:IN,T,/\(T)| > 6} < Mu(e — hya)

3 e — hy
X <Ca +V2a(e — hy p) — 2’70) * exp {— A 1(}10)

\/E’Yo o

holds true for

f’m

+hya, @€ (0,1]

o
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Testing hypotheses on the impulse response function

It is possible to test hypothesis on the shape of impulse
response function.

Ho states that an impulse response function is H(7), 7 € [0, A],
and H, implies the opposite statement.

Denote

91() = g1 N.T) = Male = hiya)7 (Ca+ V2a(e — hyp) ~ 290

e—hyn 1
X exp{—\/_T%—i-a} (11

From Theorem 1 follows that if
€>2ZNTA= Y2y 4 hya @€ (0,1], then

P {sz\] [H(7) = FAn,7A(T)] > 6} < g1(e). ﬁ@
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Testing hypotheses on the impulse response function

Let ¢1 5 be a solution of the equation
gi(e1s) =0, 0<d<1.
J is a significant level. Put
€15 = Max{e1s, ZN,TA}- (12)

It is obvious that g4 (<7 ;) < 6 and

P{ sup |H(1) — Hn7A(T) > eisp <6
7€[0,A]

w
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From Theorem 1 it follows that to test the hypothesis Hg, we
can use the following criterion.

Criterion

For a given level of confidence 1 — 4, § € (0,1), the hypothesis
Hy /s rejected if

sup |H(7) — An1.A(7)| > €5 5
7€[0,A]

otherwise the hypothesis Hy is accepted, where £l 5 is from
(12).
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Simulation study

We consider a particular case when A = 10, = 1. An impulse
response function is supposed to be

H(r)=1(e7™ —e™).

lh =0.9972, Iy =0.4998,
L =1.2702, d =1.0004.

The function H*(7) = H(1) — ap is equal to

H*(t) =7(e”™ — e ") —0.3153.
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Simulation study

Table: The minimal values of T for fixed value of N = 100 with given
significant level § and accuracy ¢ for gi(e, N) = §

Accuracy, ¢ | T when§ =0.3

Twhend =02 Twhend§=0.1

0.3
0.5
1
1.5
2
5

683 (0.0253)
404 (0.0429)
199 (0.0871)
136 (0.1274)
98 (0.1768)
40 (0.4333)

725 (0.0239)
428 (0.0405)
212 (0.0817)
145 (0.1195)
105 (0.1650)
42 (0.4127)

796 (0.0217)
471 (0.0368)
233 (0.0743)
159 (0.1090)
116 (0.1494)
46 (0.3768)
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Thank your for listening!
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