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Abstract

In most surveys, the risk of nonresponse is a factor taken into account at the
planning stage. Commonly, resources are set aside for a follow-up procedure
which aims at reducing the nonresponse rate. However, we should pay at-
tention to the effect of nonresponse, rather than the nonresponse rate itself.
When considering nonresponse error, i.e. bias and variance, it is not obvious
that the resources spent on nonresponse rate reduction efforts are time and
money well spent. In this paper we address this issue, focusing on the effect
of follow-ups on nonresponse bias. The nonresponse biases for some common
estimators are derived, and the change in bias for these estimators is studied
under a setup that allows us to take into account the data collection process,
and follow-up efforts in particular.
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1 Introduction

Nonresponse is a reality in every survey today, and is also an increasing
problem in many countries. More and more efforts and resources are de-
voted to follow-ups, tracing and refusal conversion. Measures to reduce the
nonresponse rate are considered a necessary part of surveys and special pro-
cedures are indeed usually required to keep the nonresponse rate low. A low
nonresponse rate has been, and often is, regarded as essential to prevent the
estimates from “having too much non-response bias”. It is common to report
the non-response rate as an indicator of the size of the nonresponse error.
However, a low nonresponse rate is not necessarily a safeguard against severe
bias, which means that the resources spent on increasing the response rate
may not always be money well spent. In addition, the methods to reduce
nonresponse are often used in a standardized fashion, making them ineffi-
cient.

Methods to deal with nonresponse can, roughly, be of three types: pre-
ventive, reductive and adjustive. The line between them is not clear-cut,
especially not in interviewer-assisted surveys, but generally preventive ac-
tions are taken before the data collection begins, reductive efforts are used
during the data collection stage, and adjustment is done at the estimation
stage, after the data collection period is over. One method that combines ele-
ments of all three types is subsampling of nonrespondents, a method whereby
unbiased estimation is guaranteed if full response can be achieved in a ran-
dom subsample of nonrespondents in the original sample. The method was
introduced by Hansen and Hurwitz (1946) and has been widely used.

Preventive methods include e.g. construction (and testing) of a question-
naire, interviewer recruiting and training and overall planning of the data
collection. Another example is construction of a sampling frame with small
overcoverage, since the risk of nonobservation may be larger for overcoverage
elements than for population elements. Overcoverage then remains unde-
tected and is often treated as belonging to the target population.

How the preventive tasks are performed can have a great impact on the
response rate. The motivation for preventive efforts is however not only
based on response rates, but should be done for many other reasons since
they influence other types of errors as well. Preventive methods are usually
independent of the choice of data collection mode, although the choice of an
appropriate mode can in itself be regarded as a preventive action. Methods
to reduce the nonresponse include e.g. mailing of reminders in postal surveys,



repeated contact attempts in telephone surveys, tracing of respondents and
the use of incentives. The choice of reductive measures is mainly governed
by the data collection mode. It would for example be difficult to work with
refusal conversion in a postal survey.

Most reductive and preventive methods have been developed from the-
ories in behavioral science. In contrast, methods to adjust for nonresponse
once it has occurred, are based on statistical theory. Adjustive methods
include different reweighting approaches such as weighting by response ho-
mogeneity groups, calibration for nonresponse and imputation techniques. A
combination of methods is frequently used, e.g. imputation for item missing
data and reweighting for unit nonresponse. It is likely that the response
mechanisms generating item and unit nonresponse are different, motivating
different treatment of them at the estimation stage.

As one of the most reported non-sampling errors, non-response and its
potentially harmful effects on survey estimates have undergone extensive re-
search. Much of the research in recent years have been devoted to either
methods for on the one hand non-response rate reduction and prevention
and on the other hand adjustment techniques based on auxiliary informa-
tion. Can something be said about the balance between the two?

In practice, there are budget constraints that must be met under quality
requirements (high precision, small bias). The survey designer must allocate
resources so that they are spent where they can be expected to yield the
greatest error reduction. Nonresponse rate reduction efforts are generally
expensive activities and constitute a large part of the available, limited, sur-
vey budget. For the cost of a reductive measure to be warranted, it should
correspond to an increase in quality, in terms of reduced bias.

An overall goal would be to develop methodology for balancing nonre-
sponse reduction strategies under budget constraints. We can, however, not
hope to find one single, optimal, solution and indeed we do not even hope
to formulate the problem in such a way that an overall optimal solution can
be found. The practical use of cost and error models, which by necessity
are (sometimes considerable) simplifications of the “real” problem, can be
questioned. Groves (1989) discusses such criticisms presented by Fellegi and
Sunter (1974). He points out that in a multipurpose survey the problem is
normally so complex that no one optimal solution can be identified, but error
modeling can be used as a tool with which different alternative strategies can
be evaluated and compared.

As a first step, we will study the effect on estimator bias of reductive
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measures, such as callbacks or simply extension of the data collection period.
All preventive efforts are assumed fixed. The issue here is whether or not
the efforts and resources spent on reducing the nonresponse rate really leads
to a worthwhile reduction of the nonresponse bias. The basic idea is that
if it can be concluded that some follow-up efforts do not increase quality
sufficiently, they can be left out, saving both money and time. Unfortunately,
the effect of a single follow-up effort can not always be singled out, so the data
collection procedure must be evaluated as a whole. For a complete evaluation
of the effectiveness of the follow-ups, focus must also lie on the cost of the
current follow-up procedures, how estimator variances change as response
probabilities change as a result of reduction efforts and the possibility of
estimating changes in bias and variance. Attempts along these lines will be
made in future work, the present paper is the first in a project on balancing
nonresponse reduction efforts and survey cost.

In considering a balance between reducing the nonresponse and adjusting
for it, it becomes essential to regard the response probabilities not as fixed,
but rather as variable, subject to influence from the survey organizers through
follow-ups etc. A response distribution taking this into account is presented
in section 2.1 and will be used to evaluate estimator properties (nonresponse
bias).

As the purpose is to evaluate the follow-up procedure, focusing on its
ability to reduce nonresponse bias, the interest lies not in the nonresponse
bias itself but rather in if and how that bias changes during the data collection
process. Even so, it is important to keep in mind that if the bias does not
change between two points in time, this does not necessarily mean that the
bias is low. It could be taken as evidence that the follow-up procedure is
inefficient and consequently a waste of resources. However, the situation is
more complex as there may be interaction effects between efforts. This effect
is difficult to estimate without the use of embedded experiments. If it is
found that the reduction efforts do not seem to reduce bias, the solution
is not simply to exclude the last reminders and accept higher nonresponse,
but rather to find alternative, more efficient follow-up procedures that can
help reduce the bias substantially. Even though the follow-up procedure in
its current form does not seem to reduce nonresponse error, this can not be
taken as evidence that there is no error present. It is still essential that the
magnitude of the bias is estimated.

Other approaches along these lines could be considered. Selective follow-
ups could be introduced as part of the reduction strategy, i.e. targeting sub-



populations where response probabilities are particularly low, or that are
believed to be major sources of bias in estimators. Register data can be used
to identify such subpopulations. This is a common strategy in business sur-
veys, where a few businesses have a great impact on estimates. However, it is
usually not applied systematically and the effect on bias is unknown. The ef-
fect on estimators of such a strategy could be evaluated using the framework
presented here.

2 Notation, definitions and assumptions

2.1 The response distribution

Traditionally, the outlook on nonresponse has been either deterministic or
probabilistic. A common and reasonable perspective is that there exists a
true, but unknown, response mechanism. Since the response distribution,
RD, is unknown, the evaluation of the estimator properties must be based
on an assumed response distribution. Here it is assumed that whether an
element responds to the survey request is a stochastic event.

One way to deal with the nonresponse at the estimation stage is to as-
sume some response model and apply theory for two-phase sampling with es-
timated response probabilities as second phase inclusion probabilities. Hope-
fully the response model will correspond closely to the underlying response
mechanism, in which case the nonresponse bias can be eliminated or at least
greatly reduced. There are other ways to deal with the nonresponse, but the
true response distribution will nevertheless be a determining factor for the
properties of the estimator.

It is reasonable to think that the response distribution is influenced by
the general survey conditions, such as the survey topic and the population’s
attitude to survey participation, but also by strategies to deal with nonre-
sponse, and other, more specific aspects of the survey setting. The settings
in a certain survey generates a specific response distribution with individ-
ual response probabilities that would most likely be different if the survey
settings changed.

The response probabilities would, in a two-phase approach, be estimated
at the estimation stage. However, to take into account and evaluate the effect
of events taking place during the data collection process, a more elaborate
response distribution must be introduced. We will assume that there is not



one true response distribution (RD), fixed for elements in the sample, but
rather that the response probabilities are influenced by the nonresponse re-
ductive measures taken by the survey administrator and thus change during
the process of data collection.

Consider a general procedure that consists of all the survey operations
right up to, but not including, initial (attempted) contact. This includes
all the general survey conditions and all preventive measures, generating a
(fictitious) level of “response propensity”. Given this procedure, reductive
measures are taken with the purpose of increasing the (final) response prob-
abilities. Unlike the general procedure, the reduction measures are applied
only to the nonresponding subset of the sample at each given time.

The entire survey process right up to time a, including attempts at non-
response reduction, induces RD®. We assume that each additional effort
induces larger response probabilities, at least for some elements in the sample,
and that elements respond independently.

2.2 Notation and definitions

Consider a finite population U = {1,...,k,..., N} consisting of N elements.
Let s be a random sample of size n from U, selected according to the design
p(+), with positive first and second order inclusion probabilities 7 and 7.
We assume that direct element sampling without replacement is used.

The study variable is denoted y and the unknown value for the kth ele-
ment is y,. The parameter of interest is the population total

ty = Zyk = ZUyk

keU

Sometimes it will be convenient to simplify the notation of estimators by
using " to represent division by 7y, €.g. Ur = yx /7.

The data collection starts with an initial attempted contact (e.g. by
mail or telephone) with all elements in the sample. Combined with the
nonresponse reduction efforts, this yields successive response sets ) € ... C
r@ c ... cr® C s, where a denotes some point of time during the data
collection period and 7Y is the final response set in the current survey setup.
Between time a — 1 and a, the number of respondents increase, and the
increase is the number of elements in the set r(®\r(@=Y_ The response set
7@ is assumed to have been generated accordin% to the induced response
distribution RD® | with response probabilities QI(CTS.
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The number of elements in response set 7(® will be denoted m ®. Since
we consider the case of a single study variable, we need not make a distinction
between item and unit nonresponse. When the data collection is completed
at time a, estimation of ¢, will be based on the response set r@),

Remark 1 The superscript (a) will be used throughout to denote estimators
and quantities based on response set (@,

Also, let x1; and x9, denote the value for element k of two auxiliary
vectors. We assume that

® > ,Xii is known
e The vectors x;; and xo;, are known for every k € s

The available auxiliary information for k € s is thus x; = (X}, X5)"-

3 Estimators adjusting for nonresponse

There are an abundance of methods to adjust for nonresponse at the estima-
tion stage. Two main groups are reweighting and imputation. One frequently
utilized method, combining the two, is imputation for item nonresponse fol-
lowed by reweighting for unit nonresponse. Since we consider a single study
variable, only reweighting methods will be considered here. Imputation can
sometimes be a better alternative than reweighting, but will not be studied
here. There is such a diversity in imputation methods; several methods can
be applied for the same study variable with individual treatment of some
elements (e.g. by expert opinion), making it difficult to apply general theory
in situations where imputation is motivated.

The stochastic view of response discussed in section 2.1 has led to the
use of two-phase sampling methods for dealing with nonresponse at the es-
timation stage. By making appropriate assumptions about the “selection”
probabilities in phase two, standard estimation methods for “proper” two-
phase samples can be applied. These methods require the formulation of ex-
plicit model assumptions about the unknown elicited response probabilities.
One such model is the response homogeneity groups (RHG) model. Using
the RHG model, regression estimators for two-phase samples can easily be
adapted to the nonresponse situation.



In the calibration for nonresponse approach, response probabilities never
actually enter the estimation formulas, but are implicit, resulting from the
way the auxiliary information is applied in the estimator.

Both the calibration and the regression approaches actually generate
classes of estimators, so that many alternative estimators are possible. The
ones chosen here are believed to represent estimators most used in practice,
although the selection is somewhat arbitrary. Since the main purpose is not
to compare different estimators, but to study how a given estimator’s proper-
ties change through the data collection, this should be of minor importance.

3.1 The response homogeneity groups model

The use of response homogeneity groups to adjust for nonresponse is moti-
vated by the assumption that the true response probabilities are (approxi-
mately) equal within the groups. The response model is formulated given
the sample and the general formulation is as follows: the realized sample s
can be divided into groups s,, h = 1,..., Hg, such that response probabili-
ties are constant within groups, but are not necessarily the same in different
groups. The grouping need not be the same for different samples, hence the
subscript s in H,. We also assume that the response probabilities are positive
for all £ and that elements k& and [ respond independently. For an estimator
based on the RHG model, the nonresponse bias is zero if the response model
agrees with the true response distribution. Of course, one does not actually
believe that the model holds exactly, only that it describes the response be-
havior sufficiently well to reduce nonresponse bias compared to more simple
models.

We will assume that the same response model is used for any given time
a. To keep in line with the notation already introduced, we can state the
model formally as

Pr(k € rls) = 01) = 6, > 0 for all k € s,
Pr(k&l € r@|s) = Hk‘SHI(‘Z forall k #1 € s

forh=1,...,Hianda=1,..., A

Let ny be the size of s, and let rh ) be the responding subset of s; at
time a. To form an estimator, estimated conditional response probabilities
are used as weights. The condltlonln% is on the response count vector m(® =
(mg ),...,mg),.. m(H ), where m, "’ is the size of rh , i.e. the number of
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responding elements in s,. Under the RHG model, the conditional response
probabilities are estimated by

(a)

= é,(g) = Th forall k € Sh
Np

H@

k|s,m(a)

and (@ (a
my (mh _1)

5(a) _ np(ny, — 1)

0 =
ki|s,m(®) (a) ()
my,° My,

for k #1 € sy

fﬁrkESh,ZGSh/;h%h/

np Ny
We will study four different RHG estimators, one where auxiliary in-
formation is used only to form the response homogeneity groups, and three
different regression based RHG estimators, one general and two special cases,
with auxiliary information available at different levels.
The first estimator is the simple RHG estimator

s

Na Yk
t;czr* = ZT(G)W Z (a) Z (a)yk (]-)

Tk k|s h=1T1

The second estimator is the regression estimator in the general case of
auxiliary information both for the population (x;) and for the sample (x)

() (@)

. (a) Ye — Yk 1k nh Y — Yy,
ycreg ZU + Z + Z (a) Tk (2>

which is a sum of predicted values and weighted residuals, with predictions

o X1,X] L X15Y
~(a) 1 (a) h 1k&1k 1Yk
Yk = Xlth« = Xy, E ) ZT(@ E Zr< ) 3

m " h=1 mh

2

heOLT
h=1 My 1Kk
and
(@) Lon XX AL XpY
~(a) _ rt(a) _ h k&L kYk
B =xBY =x (Y53 Zr()
m\@ = oy, m! oy,
h=1 My k h=1 h k

Here, 07, and o} are residual variances in an assumed, hypothetical regression
model of y on x; and x, respectively.
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The two special cases of this estimator that we will study are

np

_ @
Z <a> = <1k (3)

Tk

ycregl ZU lk + E :

which uses only X1, the auxiliary information available for &k € U, and

A(a) H; ~(a)

; Th Ye —
D D DI ()

that is used when x; is the auxiliary information, available only for k € s.

All four RHG estimators are taken from Sérndal, Swensson, and Wret-
man (1992), who show their unbiasedness if the RHG model coincides with
the true response distribution, under the condition that there is a negligible
probability of one or more empty groups. They also present (approximate)
variances and variance estimators, valid under the assumption that the re-
sponse model holds.

Remark 2 The regression estimators can alternatively be expressed as g-
weighted sums over the response set. In the general case we have

Hy
a *(a a Yk *(a a Yk
(0 = D i o |91+ g = 1) 2 = 5w |1 + ol — 1]
g 7.0
h=1 h Tk k|s
with
/ Hs -1
*(a) X1k Xlkxlk X1k
9T=1+( X1k — —> (@) =y
1k ZU 1 Z T ; mh zrh UzkﬂTk O-%k
and
X s n X L n XX - X
(@) _ 14 Xp h Xk h EX}, Xk
ng:T <Zs T ;méa) Z"‘é ) 7Tk-) (; m;:l) Zri(z ) O'g’ﬂ'k.) O_’%

The estimators in the two special cases can be written

Hs
a) . . (@) Yk
2fycv"egl - E : Z (a) 1kr ZM‘U J1kr A(a)
— m 0, 1
h=1 k|s

11



with

H, '/ H, , 0\ !
(a) Ny Xik Ny X1kXqy, Xik
Gigr =1+ X1k — E — =) E — =D (@ —
1kr ZU mga) Zrh L m(a) ZTh U%kﬂ'k 2

h=1 =1 Mp, Olk
and
S (a) Yk (@ Yk
a) a a
t creg2 a ZTW)ngT_ = ng2k'r ~a
e ; my!) T Tk 1(<|3

3.2 Calibration for nonresponse

The method of calibration for nonresponse originated from the notion that
two-phase methods with response probability modeling are unnecessarily
complex, and that practicing survey statisticians would benefit from a (com-
putationally) “simpler” method. It is an extension of the calibration theory
in a situation with full response, introduced by Deville and Sérndal (1992).
In calibration, the design weights 1/m; form starting weights from which
new, calibrated weights are calculated. These calibration weights lie as close
as possible to the starting weights, but still produce known quantities when
applied to the auxiliary vector. Originally, the calibration for nonresponse
approach was developed for situations where auxiliary information was avail-
able either for the population or for the sample, not for both. In those cases,
the calibration weights are calculated in a single computational step, and
no modeling of the response probabilities (or the study variable) is neces-
sary. The methods can be generalized to the case when x; and x5 are used
simultaneously, but the situation becomes more complex. Suggestions in
this direction have been made by Sérndal, drawing on calibration methods
for two-phase samples (Sdrndal, Lecture notes, 2003). This case will not
be studied, since the properties of the estimator have not been thoroughly
studied, and it is not widely used. A brief description is given in remark 3.

The success of the calibration approach relies entirely on the strength of
the auxiliary information, and how it is being used. The method may seem
simpler since it does not require any modeling, but it still requires a careful
selection of an appropriate auxiliary vector.

The estimators in the two special cases that will be studied here can both
be written on the form

fo = vl = (5)
Tk

yeal =

12



with

/ / —1
(@) __ , (a) X1k CEX156X] )
Upr = Vg = L4 { DopX1e = 20— Doy ——— axw  (6)
Tk Tk
in special case 1 and
CLXiEX)

I -1
,Ul(qr) Uékr =1+ (Z — = 2@ ) (Zrm k) CrXF (7)
in special case 2. The factors ¢, are specified by the statistician. In the first
case, we have calibrated on x; from r(® to U, in the second on x from r(®
to s.

The estimators are given in Lundstrom (1997).

Remark 3 As indicated above, it would be possible to form a calibration
estimator in the general case, i.e. when we have two auxiliary vectors, one
with the population sum known, and one available only for sample elements.
In that case, there are alternative ways to calculate the calibrated weights. It
s suggested that the starting weights are chosen as the product of the design
weights and a simple expansion factor Fj, > 1 that will compensate for the
nonresponse. How the choice of F} affects the nonresponse bias has not yet
been investigated.

In one-step calibration, final weights vy, are calculated, based on starting

. 1 . . . . ZUXlk .
weights ﬂ—ka, so that the calibration equation ), vpX) = (st%/ﬂk 18
fulfilled. The final weights are then

1 Z X1k Fkxk ! Fkxkxﬁv -t
=—F. |1+ v — —_—
Vg ™ k ( <st2k /7 Zr - ) Zr T CrXk

1
Two-step calibration, bottom up means that from starting weights — F,,
Tk

Xok

temporary weights voy, are calculated so that the condition )y vopXor = > ,—
Tk

holds. Based on these, final weights v, are calculated under the condition
Yo UkX1k =y pXik. The final weights are

o = vor (1 + (X — Do, vorXik) (ZTUkalkX/Ug)_l CkX1k)
Only the second calibration equation will be fulfilled.
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In two-step calibration, top down the starting weights are 1/m. Tempo-
rary weights vy, are calculated under the condition that Y vipXi, = > X1k
Based on these, final weights vy, are calculated under the condition that ) vpxy, =
> Xk The final weights are

vp = vik (14 (X ouxe — Y, vuxs)| (> vuxaxy) Xy

with vy, given by (6).

4 Evaluating the nonresponse bias at time a

4.1 The approach

General expressions for the nonresponse bias are derived under the assumed
“true” response distribution described in section 2.1. Let R,(;rz be a response

indicator variable that, given s, takes the value 1 if k € 7@, and the value 0

otherwise. We then have Epp) (Rg‘lg > = 91(6737 where Fpp@ denotes expec-
tation with respect to the unknown response distribution at time a.

The bias is expressed as an expected value over design and response dis-
tribution of the difference between the nonresponse estimator and the corre-
sponding full response estimator. Due to the nature of the response homo-
geneity groups, the expectation over design is not evaluated.

Let f?(f) be an estimator for the population total ¢,,, based on response set

7@ and let fys be the corresponding (approximately) unbiased full response

)

estimator. The bias for ig“ is then expressed as

B = E, [Erpw ()] =ty = E, [Egpe (£7) — 1] (8)

The bias expressions derived below form the starting point for the study
of change in bias between two different points in time, given in section 5.

4.2 The simple RHG estimator

A full response estimator corresponding to the simple RHG estimator fij;l,

is the Horvitz-Thompson estimator
Hs
byr = S0k = ) 3,0k (9)
h=1

14



The bias of fé‘gr* when the response homogeneity groups model does not
coincide with the true response distribution, is then, starting from (8), given
by

Hs

Na . ny

B(fy.) = E, Z(z T 5 Ok — zy)]
Sh, k|s

=By |y (m— 1)3({@)%] (10)

1 (@) -
where S@(a)yvsh = n, — 1 (Zshgksyk - n_h <Zsh k‘s) (Zshyk)) and

A(a 1 a . . : : .
o = —> s, HI(CLZ' The bias expression (10) is approximate, valid for large
np v

response homogeneity groups. The derivation is given in appendix A.

It is easily seen that the approximate bias is zero when the RHG model
coincides with the true response distribution. For a given covariance within
groups, the bias is smaller for higher average response probabilities within
groups. It is not certain that the approximate bias will decrease with higher
average response probabilities within groups since the effect on the bias will
also depend on how the covariance changes. The approximate bias will be
zero (small) if g is (approximately) constant within groups (this can be
aimed at with e.g. a mps-design or stratified sampling).

4.3 The regression based RHG estimators
General case

With full response we no longer have a two-phase selection, and thus the
predictions 7, cancel out, leaving

Ye — Yk Uik
tyreg ZU?Jlk+Z ™ (11)

. —x,, By,
— X B + 3 A T (12)

Tk

with

/ —1
By, - (zsxlf"”“) 5 X (13)
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as the full response estimator corresponding to fg‘é?ﬂeg. We then have the
nonresponse bias

H
B@g(/czﬂeg) = Ep Z (nh - 1)@ (Seéssh - Se(a)ksh (Bé )~ BS)) (14)
h=1 Sh

5 Xk X}, - Xk Yk 5 ()

where B, = () ,— > .~ the full response analogue to B",
O, T}

1

* O k
_ (a) 5 (a) <
S9(a)és$h - ﬁ (Zév’heklsekS o <25h9k|5) (Zsh6k3)>

1
np,

with ep, = yp — XZBsa SW),{S}L is analogous to Sg(a)éssh and
Hs Q(G)X X' -1 Hs e(a)
S(a) 1 k|s kS 1 k|s Xk Yk
B9 = (Z é(a) Zsh U]%Wk ) <Z é(a) ZSh U}%ﬂ'k (15>
h=1 Ysn h=1 YSh

= Eppw <E§“)>

Detailed derivations are given i appendix A. It should be noted that x;; as
used in the predictions g)ﬁ has no effect on the approximate nonresponse bias.

The reason is that ¢ enters the formula for £§,%leg only in the terms ZU(@%',? —

ngjﬁ) /T, with expected value approximately zero. Expression (14) for
the nonresponse bias is approximate, valid for large response homogeneity
groups. This is shown, using Taylor linearization, in appendix B.

We have that

H Q(G)X X! -1 Hy Q(G)X

3@ g — (S Ly THs Lo ThsXRChs

B, B, = (Z 7@ Zsh . ) (Z 7@ Zsh 02T (16)
h=1 YSh k h=1 Yshn k

From this and expression (14), it is easily seen that the nonresponse bias
will be approximately zero if the residuals ey, = yp — X%Bs = 0 for all &,
since in that case both Sy, ,, = 0 and Eéa) — B, are zero, even if the RHG
model is not true. The bias will also be approximately zero (small) if &, is
(approximately) constant within groups.

Special case 1

In this case the only auxiliary information is xyj, with ), %y known. The

7(a)

full response estimator corresponding to .., is the same as in the general
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case. For large response homogeneity groups, the nonresponse bias for 2?7(;3“691
is then given approximately by (a derivation is given in appendix A) the same
bias expression as in the general case, except that a different auxiliary vector,
x; instead of x, is used. Thus the same conclusions on zero approximate bias

applies.

Special case 2

The auxiliary information in this case is Xy, available only for k € s. In the
situation with full response, this means that no auxiliary information can
be used to form a regression estimator. Consequently, a corresponding full
response estimator is the HT-estimator, given by (9). The resulting approx-
imate expression for the nonresponse bias is the same as in the general case.
At first glance this may seem unreasonable since f@(fél@g uses additional auxil-
iary information, but the reason for this should be clear from the derivation
of the nonresponse bias in the general case. The sampling variance will be

different, however.

4.4 The calibration estimator
Special case 1

The auxiliary information to be used is x1;. The calibration estimator given
by setting v = v\*) in (5) can be rewritten as
- Xllk]égi)

~a = (a yk
i =X B + 3w (17)

Tk

-1
= (a CRX15X] CrX1kYk
B} = (z —) (z ) (18)
Tk Tk

The corresponding full response estimator is the same as for the regression
based RHG estimator in case 1, since (17) and (3) are equivalent if there is
full response and we choose ¢ = 1/0%,. After some algebra, the approximate

with

bias of t?(jglll can be expressed as

~Na . a X/ S (a A a)y Clks
Bli) = B [£.(1-0) 2 (B - Bu.) -5, 0 2]

Tk

— g S (1-0) (22 (B -Bu) - )] a9

Tk
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Tk Tk

(@) / -1 (a)
- cply X1k X k0 s X1k Yk ~ (a
vty - (. 20) " () 1)

Y — X kB1s~ The derivation of (19) is shown in appendix A.

Remark 4 Rewriting the bias expression (19) gives the alternative bias ex-
pression

R (@)

= (1 _ 912?) Yr — X1, By

T

(a)

o) €
g, (- e,iz);—f] )

=F

p

where eg?c)e = Yp — Xllk]ég(;). If the response distribution is such that the re-

sponse probabilities are independent of the realized sample and are defined
for every k € U, i.e. the response probabilities are 9,&'1), we can evaluate
the expectation with respect to the sampling distribution. The resulting bias
expression is given in Lundstrom (1997). That situation could perhaps be re-
alistic in a postal survey if the entire follow-up procedure is determined before
the sample is selected.

We have that

(a) o\ Tt (a)
- (0 . ckeklsxlkxlk Ck6k|sxlk€1ks
B - B, = (Zs— > (21)

Tk Tk

Since Bﬁ? —Bls = 0 if e, = 0 for every k, it is obvious that the approximate
nonresponse bias will be zero in that case. The approximate bias will also
be zero if 0](;@ =1+ ¢ N'xy;, for some constant vector X. This would be the
case if, for example, x5 is a group identifier and the response probabilities
are constant within those groups. The calibration estimator with such an
auxiliary vector is similar to the simple RHG estimator. A more detailed
discussion of the approximate bias in the special case of Remark 4 is given

in Lundstrom (1997).
Special case 2
In this case, the calibration estimator can be rewritten as

x}vB,(ﬂa)
Uy

Yr — ka”v("a)

tA:E/C(LZBIlQ = Zs + Zr(a) (22>
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with

-1

- CLXpX, CLXpYk

B — (2 ) (z ) (23)
Tk Tk

Since there is no auxiliary information above the sample level, the full
response estimator is the HT-estimator fyw. The resulting nonresponse bias
is the same as in special case 1, but based on x instead of x;. A proof is
given in appendix A. The conclusions on zero approximate bias in case 1
also apply here.

5 Change in nonresponse bias between two points
of time

From the approximate expressions for the nonresponse bias in section 4, we
see that the true response probabilities are instrumental in determining the
estimator bias. To conclude what happens to the bias as the data collection
proceeds, we must compare the biases for estimators from different stages
in the data collection process. By studying the difference in approximate
bias between two points of time, conclusions can be drawn about under
what conditions it remains unchanged between those two occasions, given
our assumptions about the true response mechanism.
The difference in approximate bias between estimators f@(,a_l) and f@(,a) is

By — B(#\"™V) = E, [ Egpw (1) — Egpan ()| 5]

We give expressions for the bias difference for each of the studied estimators
and conclude with some simple examples to show how the bias is influenced
by changes in the response probabilities.
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5.1 The simple RHG estimator

For the simple RHG estimator it is easy to show that the bias difference is

ul Sp(a) ut Sp(a—1)
Na Ma—1 . 6(a)ys gla—1)ys
Blfyer) = Bllyer'’) = By |3 (nn = =208 = (i — 1>—<a—_f§"]
h=1 Hsh h=1 esh
(24)
Hs
o 7“9(,1)95 Sg(@sL rg(afl)y'sLSQ(afl)SL
= Ep hz (nh - 1)S?]Sh < e—}za) - 9—(;71) :
=1 Sh Sh
(25)

where 7w 45, = Sp@ys, / (So@s, Sysy ), With Sp , and Sy, being the standard
deviations of #® and ¢ in s;,.

It is not obvious in what cases the difference will be zero, negative or
positive. Whether the nonresponse biases at time a and at time a — 1 will
differ depends on how rgys, and Sy change. As an illustration, some simple
examples are given in section 5.4

5.2 The regression based RHG estimators
General case

From the approximate expression for the nonresponse bias we see that the
difference in bias between time a — 1 and a can be expressed as

Hs

1 o
Z (nh - 1)@ (SO(a)éSSh - Sg(a)ksh) (Bé ) — Bs)

h=1

B(t9_)— B(#*V)) = E,

yereg yereg

Hy

1 o
_ Z (nh - 1)@ (Se(a_l)éssh — Se(a_l)ksh) (Bé n Bs>

h=1 Sh

Hy
1 S T@(a)ésshse(a)sh Te(afl)ésshsg(afl)sh
E (nn — 1) | Se,s, - a—1)

h=1 égz) égh
Tg(a),v(shs@(a)sh (Béa) — BS) T@(a—n,—(shS@(a—l)sh (Bé‘l) _ BS>

:Ep

- S}zsh

7@ pa1)

Sh Sh

(26)
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where 7)., and 7y g, are sample correlation coefficients.

In this case it is even more difficult to draw conclusions about how the
approximate bias changes (or when it does not) as a result of changes in the
response probabilities. Simple examples are given in section 5.4.

Special cases

In special case 2, the approximate nonresponse bias is the same as in the
general case, so the approximate bias difference is given by (26). This is also
the approximate bias difference in special case 1, but with xy; instead of xy.

5.3 The calibration estimators
Special case 1

From the approximate bias expression (19), we get the bias difference

~Na Ma—1 a a—1)y €1ks X/ S (a > (a—1
B, - Blie)) = B, [zsw;g—@,&s T (B B )

ycall yeall
e(a)X/ i A e(afl)xl ~ N
-y ( o (Bl - Bu) == (B B )| 0
Tk Tk

The interpretation of (27) is far from trivial, but we can see that if both
]3%71) and Bg‘;) are equal to B, (correspondingly in case 2) at both time
a — 1 and a, then the last two terms cancel out, leaving the difference as a
product of the increase in response probabilities and the residuals.

Special case 2

Since the approximate nonresponse bias is the same as in case 1, the approx-
imate bias difference is given by (27).

5.4 Some simple examples

To see how the approximate bias difference is influenced by changes in the
response probabilities, consider the following simple (somewhat unrealistic)
examples.
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Example 1 Assume that 9 =40 T Yy ay, i.e. that the response probabili-

ties increase with the same amount for all elements in the same group between
time a — 1 and a. This means that rpw s, = Tga-14s,, Sp@s, = Spa-15, and
0(a > 9(a Y. For the simple RHG estimator, this leads to a negative approx-
imate bias dlfference. We can not automatically draw the conclusion that
the approximate nonresponse bias is smaller at time a, since one or both of
the biases may be negative.

For the regression based RHG estimators, we see that 7y, s, = Tga-1s,s), -
Inserting this into the expression (26) for the bias difference in the general
case, and rearranging terms, we see that the difference will be

1 1
(”h — 1)59((171)5}1 Sésshre(afl)éssh % - A(a—1)
93h 95h

Béa) Béafl)
_Skshrﬂ(a—l)ks — aes - = ae_s (28>
"\ gy

Since the approximate bias and bias difference for the calibration estima-
tor depend on the formulation of the auxiliary vector, it is not illustrative to
apply the example directly. However, if x; (x in case 2) is a group identi-
fier with non-overlapping groups, they will play a role similar to that of the
response homogeneity groups.

E

p

Example 2 Assume that 6, a) =(1+ (5h)9 hs - i-e. that the response prob-
abilities increase by the same factor for all elements in the same group. We
then have To@)gs, = Tola—Dgs), s S@(a)sh = (1 + 6h)59(a—1)sh, ng) = (1 + 5h)6 2
and ngl = Bé‘zs_l). It is easily seen that this leads to an approximate bias
difference of 0, i.e. no reduction of the approximate bias between time a — 1
and a, for any of the RHG estimators.

Example 3 Assume that ‘91(;\13) = (1+ 6)9];'; Y. This means that Eg‘;) =
Bg‘;_l), which gives the approximate bias difference

yeall

~Na a—1) €1ks alx/s ~ (a—1 -
B(t( ) ) - B( ycall) Z 50](g|3 ) - Z 501@\5 )7_{_1_: (Bge ) - B18>
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6 Conclusions and future work

Under the assumed true response distribution, it is not obvious that an in-
crease in response probabilities leads to a reduction of the approximate non-
response bias for any of the studied estimators.

With strong auxiliary information, the nonresponse bias can be reduced,
but this will generally mean that the difference in bias will be smaller, i.e.
the effect of reductive efforts are smaller.

Obviously, if the approximate nonresponse bias is zero or negligible (at
any given time) then the change in bias will also be zero or negligible. This
means that we gain nothing in terms of bias by trying to increase the response
probabilities, so we can focus on precision (estimator variances).

As stated in the introduction, the purpose of this research is to consider
the balance between the cost and the effect of nonresponse reduction, a pur-
pose that can only be met by joint cost and error modeling. This paper deals
with one aspect of the error, namely the effect of nonresponse rate reduction
efforts on the nonresponse bias. In the presence of nonresponse, bias is the
most important factor, variance reduction becomes a secondary goal. In a
situation where we consider leaving out nonresponse reducing efforts, vari-
ance is however an important issue, since it can become prohibitively large
if the nonresponse is allowed to increase. We will also need to find point and
variance estimators for the bias (and variance) differences.

So far, only a single study variable and the estimation of a total have
been considered. In most surveys there are several study variables and many
more parameters to be estimated, including functions of totals, issues that
involve considerations that need to be studied further.
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A Nonresponse bias at time a

The nonresponse biases are derived under the assumptions about the response
distribution given in section 2.1.

A.1 The simple RHG estimator
a)

The nonresponse bias for tym* is

B(.) = E,Epp, [i“”*} —t,

yer* yer

~

= E, [ERDG( g(;(gr ) — ty,,}

H H
Np . -«
Erp@ (E — ZLM«) - Zshyk]
h=1 T h=1

:Ep

By using Rl(;lls), the response indicator variables, we can express mﬁf" as

D R,E:Tz and ) gk as ZShR,iszk, which gives

Erp, (2 th = 5@ Sh k|syk> Zzshyk] (A.1)

h=1 Zsthﬂs

Hs
. np
= Ep Z ( a Zs k|syk Zs yk)]
h= Zshel(ﬂls } "

H
S n “ 1 . §
-5 (3 (S - (£ (2.0

B(i'.)=E,

yem*

Since we make use of the large-sample approximation that the expected
value of a ratio of random variables equals the ratio of the corresponding
expected values, the bias expression is approximate, valid for large response
homogeneity groups.
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A.2 The regression based RHG estimators
A.2.1 General case
The nonresponse bias for o, is

B ({gli)reg) = EpEgp@ [@S%Z«eg] —tly=Ep [ERD“) (5?32“69) B fyreg}

: 1@ - X&kB%ﬁ)

) x, B
=FE, |Epp@ | 2_uX1:Bir + 22, ™
H R,(jz (yk — x%B@) _ X,1]<;Els

np, A Yk
+ Z = 2 uXuBis — 2,

(a) Sh T T
h=1 ZS}LRMS k k

/

S (a A X N ~
:Ep |:ZUX,1]€ <ERD(G) <B§T)> - BlS) - Zsﬂ__lk (ERD(G) (ng) - Bls)
k

. (a) (@)
— Eppw Zs— o § : (a) Zsh
Tk h=1 ZshRMs Tk
(A.2)

Now, we have that
/ > (a) - . Xllk A (a) N
£ 5 (e (52) - 30)] = 5[5 (e (35) )

so the first two terms of (A.2) cancel out, leaving

B(fggeg) = EPERD(a) Z
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. . x) B
By adding and subtracting )

, we get

Tk
~a . X ~ (a ~ Yk — x! BS
B(tg(/cl’eg) :Ep Zs_k ERD(‘W Bg" ') — Bs - Zs—k
Tk Tk
H, R@ <y _ X/B(a)>
np ks \ Ik LD
+Eprp@ Z 52 s (A.5)
h=1 Zsth(c\z " Tk
H (@) 1
: X ~ 1 OsXk \ [a@ o
(225 n, ) (o -n)
h=1"5h

dk 1 elg:az Cks €ks A
+ ; 9—((;) Zsh Tk - Zsh 7T_k; ( 6)

with ers = yr — x;,B;s. Rearranging terms gives

B(EW ) =E o~ Oacrs 1 @ Cks
( ycreg) —p hz; @ Zsh Tk N n_h <zsh k:|s> (Zshﬂ'_k>
H (@) o1
= b _ 1 (a) X}, ORI
— ; @ (ZSh ﬂ-k N n_h (Zshek‘s> (Zsh 7T_k> <B9 — BS)
(A7)
Hs 1
:Ep Z (nh - 1)% <S€éssh — SG(G)XS}L (Béﬂz) o BS>) (AS)
h=1 Sh,

which is expression (14).
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A.2.2 Special case 1

The approximate nonresponse bias in case 1 follows easily from the general

case if we note that the bias for fgz)regl is

B<£§/[3”6g1) = Ep |:ERD(a) (fz(jgﬂeéﬂ) — fyreg1i|

Hs 1 fla)
- (a np Yr — X1 Bq,
ERp) (ZlelkBgT) T Zm(a) ZT§LG> o >

T
h=1", k

:Ep

' B
I B Y — Xlk 1s
_ZUXIkBls - Zs
Tk

R](CTQ (Y — X&kB%))

s , we see that this
h T

H,
By adding and subtracting Z n(;;) >
h=1""n
is the same expression as (A.6), if we replace x; with x;;, and use (A.3).
Repeating the steps (A.7) and (A.8) gives the approximate bias in this case.

A.2.3 Special case 2

The approximate nonresponse bias for 55,2@92 is the same as in the general

case and follows directly from (A.4), no separate proof is needed.

A.3 The calibration estimators

The derivation of the nonresponse bias for the calibration estimators follow
closely those for the regression estimators.
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A.3.1 Special case 1

From expression (17) for the calibration estimator, we see that the approxi-
mate nonresponse bias for t( o) w1 18

B (fé?au) E [ERDW (tgchu) - fyrey]

;) R]E)IS ( XllkBg?‘))
=E, | Erpw | 2ooXuBi + 22, -
A
. —x,, By,
S B, -y, e XuB) (A.9)
Tk
Rl(c|sX1kB18
By adding and subtracting ) , we get
(a . Rl(calelk ~ (o R
B(tg(ﬂ:?zll) :Ep ERD(G) ((Zyxllk - ZS;—]C (Bgr) — Bls)
R(a)< / ]:3) ) ( , ]:3) ) (Al())
k\s — X1 D1s _ Y — X1 DPi1s
+ ZS 7Tk Zs 7Tk
Using that

K, |:ZUX,11<: <ERD<G> (Blr) Bls)} =Ly {Zs% (ERD(G) (Bﬁ‘?) - Bls>:|

we get
(a) 1 A
a . X ek s X1k = (a ~ ( X Bls)
B(téczlll) Ep (Zsﬂ__l: - Zslﬂ_—k> <B§9) - B18> - Z (1 - 0k|s)ﬂ_—k1k

— 5 [T (1-60) (2 (B - ) - )]

The expression for the approximate nonresponse bias given in Remark 4,
follows easily by letting 9,275) = 9,(;” for £ € U and evaluating the expectation.
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A.3.2 Special case 2

It is easily seen that the expression for the nonresponse bias will be the same
as in special case 1 if we note that the bias in this case is

~ (0 (a) SR
o o),

Tk Tk

B(fg(;gzzz) =Ly | Egpw Zs

~

/
B, . .
which, if we add and subtract stk—, is the same expression as (A.9), but
m

with x instead of x; and ) | Xy instead of ), x1;. Repeating the steps from
(A.9) to (A.11) gives the bias in this case.

B Taylor linearizations

B.1 Nonresponse bias for the regression based RHG es-
timator

The nonresponse bias for the general regression based RHG estimator is given
by (A.5):

(a) 1 H(a) - (a
RD(a a s s
! =D DN i i
where

-1

s (a) s (a)
B(a) _ i np Z Rk‘sxkxéc i ny Z Rk|sxkyk
" R = olm oy,

(a) £~5n
h=1 Zsh k|s h=1 ZshRMs

We will focus only on the parts of the bias that are nonlinear in R;T;
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They can be written as functions of estimated totals:

X;B&a)
fl - Zs Tk
H -1/ m, -
_ h m(a) Ph 2(a)
Z (Zt(a) Txxsh> (Zf(a) txysh)
h=1"0sy, h=1"0sy,

H, (a) H,

nh k‘syk ‘Eysh
f2 = Z a S Z h
h=1 Zsth(ds 9

sh
f A np Rl(c\z ;cB( )
= —
@
h=1 Zsh Rk\s Tk
Ln L & n
- _ h $(a) b (a) h t(a)
(Zf@ t) (Z i T) (Z R ’“)
h=1 05h h=1 05h h=1 98h
where te =3, Rk‘s and &) | T\, and t&,, have the typical elements
(a)
RONS _ 3 sz\s%k
Lo T
(a)
fla)  _ 3 R\ 5Tk Tk
37'sh Sh U]%ﬂ'k
and .
A(a) _ Z Rk‘sxjkyk
Ljysn o2y,

Large-sample results for f,, which is simply a sum of ratios, are well
known, and results for f; are easily derived using the derivation for f3, so we
need only consider f3. Using rules for differentiation (see for example chapter
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15 in Harville (1997)), we get the partial derivatives:

5f H, "/ H, -1
O _ " 2 (a) " p(a) _ M )
5£(a) o (Z ~a) txsh) (Z tA(a) Txxsh (tA( ))thysh

Osy, h=1 t@sh h=1 "Osy, GZh

H, " oH, -1

_ " 2 (a) " r(a) _ " (a)

(Z E(G/) tx5h> (Z A((I) TXXSh (tA(a) )2 TXXSh
h=1 "0sy, h=1 "Osy, Osp, (B 1)
al n o n .
Lh m(a) °h 2 (a)
h=1 “Bsy, h=1 "fsp,
n T 0 i n
h_ 2(a) h r(a) h 2(a)
Ty e (Z @ wa) (Z o) txwh)
(tGSh) h=1 t@sh h=1 tesh
5t H, "/ H, -1
3 _ " 2(a) " p(a)
si@ (Z #(a) tXSh> (Z () oo,
77’ sn h=1 “Osy, h=1 "Osy, (B 2)
(a) Ty s n '
A h () h {(a)
A, (z u T;xsh) (z thysh)
h=1 s, =1 los,

5f < L -
e " t(a) M (a) (@)
5i@ (Z i txsh) (Z Ty Loocsy | A (B.3)

JYSh h=1 "Osy, h=1 "Osy,

-1
Of __y i Mh (@ i lh @ B.4
si@ Th jla) xS fla) xysh (B-4)
jSh h=1 GSh h=1 Gsh

where A, is a J x J matrix with in positions (4, j') and (j', j)

Np
(a)
. Zsh k|s
and the value 0 elsewhere, and A, is a J-dimensional vector with the value
n
h @ in position j and zeros elsewhere.

Zsh Rk|s
Evaluating the partial derivatives at the expected value point (with re-

spect to the response distribution) (£, T fi’;)(,h, £ ), and letting BY" =
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Hg -1 H,
Z%ng@h Z @ )tia;)gh we get the approximation
h=1"l6n ton

h=1

fo= z—txgh By’ ZZAJhB;z (i i)

h=1 ton
n L oA
T ¢ (o) B () @ 3@
(i) () XXt (i - 1)
h=1 ton h=1 lon hel <)
H, "o -1 g,
h 2(a) h n(a) 3 (a) (a)
- (Z t<—a>txeh> ( @Txxeh> PIPIRVAGHIE
h=1 ton h=1 lon h=1 j
o "/ H, n -1, n
h 7 (a) h rm(a) h ~(a) Hia) 2 (a)
- (Z t(_a)txeh) (Z t(_a)Txx9h> Z (t(a)>2 <Txx9hB9 - txy9h>
h=1 ton h=1 lon h=1 \lon
H o
h 2(a) (a) (a)
+ Z @ theh} <t95; - tOh)
e (or)

The expectation of the above expression, with respect to the response
distribution, is just

O o) gl _ SN %
Eppw(f3) = B = h GHLE o
rp@ (f3) ;t R txon ; S 72 s Do
= = sy ks

The same approximation can be made in special case 1, simply replace x
with x; above.

B.2 Nonresponse bias for the calibration estimator

The nonresponse bias for t ) 11 1s given by (A.10):

R(a) /
/ k\sxlk ~(a)
Ep | Egp@ D uXik — D —7Tk: (B Bls)
R(as( ¥ Bls) o B .
+ 3, ad 1k _ ZSM
Tk Tk
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Tk

where )
;N —
5(a) CLX1kXqy CX1kYk
BlT - Zr(a) Z’r(a) T
k

The parts of the nonresponse bias that is nonlinear in R,(;@ can be ex-

pressed as functions of estimated totals:

J1= ZUXllkBg(;)
= ZUXllk(TSi)Xls)_lfﬁ(g)ys

Rl(cTs)XllkBgi)
Tk
)flf(a)

X1YS

f2 = _Zs
_ i@ (f@

xls( X1X1S

where £, T, and £}, have the typical elements

R,(Ca)x’
(a |s1k
iy =y, —

T

(a)
Rk|kaX1ij1j/k

L =
J27'S S 7Tk;

and .
. RV ckx1kyn
(a) k|s J
tjys - ZS

Tk

Results for f; are easily derived using the derivation for f;. The partial

derivatives are

6f2 F7(a) r(a —1A T (a —17(a
< _t( ) (T( ) ) lAjj'(qu)xls> ltgq)ys

65‘]‘]/ X18 X1X1S
5f2 2(a) rm(a —15
5ij = _t§(1)s<T§q)xls) )\j
5f2 '’ /mi(a —17(a
~ = _Aj(qu)xls) tgq)ys

5,
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where Ay is a is a J x J matrix with 1 in positions (j,;’) and (5',7) and
the value 0 elsewhere, and S\j is a J-dimensional vector with the value 1 in
position j and zeros elsewhere.

Evaluating the partial derivatives at the expected value point (fffl)e, T@ g ),

x1x1607 "x190
and letting B = (TY_ )1t we get

x1x160 x1y6?
Hl(ﬂas?xllk S (a
fo =3, B

Tk

_ZX 1]0(11)_{())
7(a)
- tX19 x1x10 Z Z A 139 ( gi's tm’9>

J J'<i

(a) a) ~(a)
X19 Z ( Jys jy9>

J

The expectation of fy, with respect to the response distribution, is

9( 2X -
Eppe (f) = 3, 2EB,,

Tk

a)

yeal2’ just replace x; with x in the

The same approximation can be made for i
derivation above.
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