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Abstract

In most surveys, the risk of nonresponse is a factor taken into account at
the planning stage. Commonly, resources are set aside for a follow-up pro-
cedure which aims at reducing the nonresponse rate. However, we should
pay attention to the effect of nonresponse, rather than the nonresponse rate
itself. When considering nonresponse error, i.e. bias and variance, it is not
obvious that the resources spent on nonresponse rate reduction efforts are
time and money well spent. In this paper we address this issue, continuing
the work begun in Tangdahl (2004), now focusing on the effect of follow-ups
on estimator variance. The components of the variance for some common
estimators are derived under a setup that allows us to take into account the
data collection process, and follow-up efforts in particular.
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1 Introduction

1.1 The problem

In survey planning, decisions must be made on how to allocate limited re-
sources between various survey operations, all with the purpose of minimizing
the total survey error. Examples of such survey operations are frame con-
struction, questionnaire testing and editing. In particular, if we have reason
to suspect that nonresponse will occur in the survey, efforts to deal with this
must be decided upon. A common strategy for dealing with nonresponse is
to use follow-ups or callbacks with the purpose of reducing the nonresponse
rate, implicitly assuming that a lower nonresponse rate results in smaller
nonresponse error. This leads survey administrators to consider reduction of
the nonresponse rate as a major goal during data collection, despite evidence
from empirical studies that indicate that there is not necessarily an immedi-
ate relation between nonresponse rate reduction and decrease in nonresponse
error. Examples of such studies are Curtin, Presser, and Singer (2000) and
Keeter, Miller, Kohut, Groves, and Presser (2000). Hence, before trying to
minimize the nonresponse rate within the available budget, we should focus
on the effect of nonresponse. The main concern in the presence of nonre-
sponse is the obvious risk of bias, but the variance of estimators will also be
inflated. In addition, not only point estimators, but also variance estimators
may be biased.

Strategies to deal with nonresponse are generally combinations of pre-
ventive, reductive or adjustive efforts. The meaning of these terms should
be obvious; preventive actions are taken prior to data collection and aim
at preventing nonresponse from ever occurring, reductive actions take place
during, or rather, as part of the data collection with the purpose of reducing
the nonresponse that ultimately occurs. Adjustment include any attempts
to compensate for the nonresponse at the estimation stage.

In the allocation of resources between different efforts, we need to con-
sider whether the effect of the efforts really outweigh the costs. To be able
to balance reduction efforts, adjustment efforts and costs under budget con-
straints we will need to study the effect of reductive measures on estimator
properties. Some of these issues are discussed in Tangdahl (2004), where
the purpose is to study and evaluate the effect on estimator bias of nonre-
sponse rate reduction efforts used as part of the data collection process. A
framework based on a fairly general response distribution that incorporates



the effect of reduction efforts is introduced. Approximate expressions for
the change in nonresponse bias for six generally formulated estimators under
certain assumptions about the true response distribution are derived, and it
is shown that the bias does not necessarily decrease as the nonresponse rate
decreases.

The study of the change in bias alone, however, does not provide a com-
plete evaluation of the data collection procedure. In considering excluding
some of the nonresponse rate reduction efforts, the effect on the variance of
a given point estimator and the change in the variance must also be stud-
ied. In this paper, the estimator variances are evaluated under the assumed
true, fairly general, sequence of response distributions, RDs, introduced in
Tangdahl (2004). A complete discussion of the effect of truncation of field
efforts must also be based on costs. We will return to this and related issues
in subsequent papers. The reasonable view taken here is that the individual
response probabilities are subject to influence by the survey operations, and
in this case in particular by the nonresponse reduction efforts. Thus, in the
model we adopt, the response probabilities are allowed to change during the
data collection process. We define a sequence of response distributions, all
influenced by both general survey conditions and the specific survey settings,
but also by the nonresponse reductive measures taken by the survey admin-
istrator. This means that for every possible choice of time to terminate data
collection, we define a corresponding response distribution, RD. Formal de-
tails are given in section 1.2. In section 2, the estimators under study are
presented briefly. Section 3 contains a summary of the approach and results
in Tangdahl (2004). A general discussion of the estimator variance and its
components is given in section 4, while explicit variances of the studied esti-
mators are found in section 5. Section 6 is a discussion of alternative error
measures, and section 7 contains a summary and some conclusions.

1.2 Notation and definitions

Let U = {1,...,k,..., N} be the finite population of interest and let N
denote the number of elements in U. The study variable is denoted y, with
the value y, for element k. The parameter of interest is the population total
ty = > yyr where ), is shorthand for ), ;. A random sample s of size n
is selected from U according to the design p(-) with positive first and second
order inclusion probabilities 7, and ;. We will assume that direct element
sampling is used and allow the special case m, =1 for all k£ € U.



For notational convenience, division by 7, will be denoted by ™, e.g. 7 =
yk/ -

Let a = 1,..., A denote an arbitrary point of time during the data col-
lection period, and let A denote the final data collection time point in the
current survey setup. Ideally, all elements in the sample respond to the initial
survey request, but commonly in practice some nonresponse still remains at
time A, and consequently at time a. Since we limit the discussion to only
one study variable, we will not need to make a distinction between item
and unit nonresponse. As the data collection progresses, successive response
sets 1) C ... Cc r@ c ...r C s are generated, where 7Y is the final
response set in the current survey setup. The response set 7(® is assumed
to have been generated by response distribution RD®, with individual re-
sponse probabilities 9;73) = Pr(k € r|s). We will assume that elements

respond independently of each other and that 6’,5;‘2 > HIE:T;U for all k. The as-

sumption of independence implies that Pr(k&l € r(®|s) = 9/(;5)91(&) for every
pairk #l€s.

Throughout, quantities based on response set r(®), the response set at
time a, will be denoted with a superscript (a).

Most of the estimators studied in the following utilize auxiliary informa-
tion. In a situation with nonresponse, as in a two-phase sampling situation,
the auxiliary information can be available on two levels as follows:

1. Let xq, be a Ji-vector with values known for all £ € s and with the
population total >, xi; known.

2. Let xg, be a Jy-vector with values known for all £ € s. The complete
information at this level is combined in the vector x; = (x},,x},)" of
length J.

Note that the value of the study variable y; is known only for k € (@,
In the most general case, both x; and x are used as an attempt to improve
estimation. There are several ways to combine the available information.
Two important special cases are the case where only x; is used, which will
be referred to as special case 1, and the case where no auxiliary information
is known at the population level, referred to as special case 2.



2 The estimators under study

There are many different methods available for handling nonresponse at the
estimation stage, one being reweighting. It is common to refer to this as
adjusting for nonresponse, although the adjustment is not necessarily suc-
cessful. In Tangdahl (2004), estimators based on two reweighting methods,
weighting by response homogeneity groups (RHGs) and calibration for non-
response were studied. These techniques were chosen because they represent
two large and widely used classes of estimators. With appropriate auxiliary
information, they are both powerful methods. The approaches differ in how
the nonresponse is handled. In the RHG approach, the response distribution
is explicitly modeled, allowing the use of two-phase sampling methods. In
the calibration for nonresponse approach, no modeling of the response dis-
tribution is done. Since this paper is a continuation of the work in Tangdahl
(2004), the same estimators will be studied here.

The RHG model is formulated as follows: assume that a partitioning of
the realized sample can be made such that response probabilities are con-
stant within groups s, h = 1,..., Hs. It is also assumed that the response
probabilities are positive for all elements and that elements respond indepen-
dently. The partitioning need not be the same for different samples, but for
a given sample, the grouping is always the same. In the present particular
setting, we will assume that the same model applies for any given time a,
only the levels change. The model can be stated formally as

Pr(k € r@s) = 0!) = 6,2 > 0 for all k € s,
Pr(k&l € r@|s) = 0101 for all k # 1 € s
for h=1,..., H; and for a given time a =1,..., A.
Let nj, be the size of s, and let r}(:l) of size méa) be the responding subset

of s;, at time a. Conditioning on the response count vector m(®, estimated
first and second order response probabilities are

(a)
0\ = 9,(1? = Db forall k e Sh

and

for k#1€ s,

ja) _ ) ny(n, —1)
Ois =\ (@) (o)

for k € sp,l € spiyh # R



Naturally, the properties of estimators based on RHGs depend on the
formulation of the groups. To eliminate the nonresponse bias, the statistician
must be able to identify groups such that the model assumptions hold, or at
least nearly so. The choice and use of auxiliary information will also influence
the estimator properties since strong auxiliary information can provide a
robustness against RHG model specification error as well as a reduction of
the estimator variance. That strong auxiliary information can lead to a
substantial reduction of the sampling variance is well known; evidence can be
found in most standard textbooks in survey sampling as well as in numerous
papers.

An estimator based on RHGs but with no use of auxiliary information is
the simple RHG estimator

Hy

(a Yk
tg(/cgr* = zm)w Z )Z (@) Uk (1)

TkVkls  n=1"

Using auxiliary information we can form a regression type estimator. In
the general case, where both x; and x are available, the regression based
RHG estimator is

~(a)

) Hs
np Ye — Yk
E a 2
+ m(a) ZT‘}<L ) T ( )
h=1""h

a

A
(a y — Uiy
ycreg ZU ()+Z k

with predictions

H, , \ oA,
~(a) (a) _ "k X1kX g 2 X1kYk
Yk = XlkB X1y (Z mz (a) 5 ) Z m(a)z (a) 2

r
b1 L h O-lkﬁk

and

H, -1 H,
~(a ~ XX XYk
yzg): Z;B() (Z Er§1>o_ﬂk> Z Z’”}(z)aw

h=1 h=1 T

The weights 07, and o7 are residual variances in assumed, hypothetical, re-
gression models of y on x; and x, respectively. Two important special cases
of the regression estimator (2) are

Special case 1:
No additional auxiliary information is available at the sample level. We then



have x;, = (X}, X5;)" = X1x, so the estimator becomes

"h y§k)
ycregl ZU Y1k + Z Z (a) (3)

Tk

Special case 2:
The only available auxiliary information is x;, known for k£ € s. Assum-
ing that 0%, = o7 for all k, the predictions y%k drop out and the estimator

becomes
A(a) Hs ~(a)

Na Yk — y
tf(yCZ‘EQZ -+ Z Z (a) . (4)

Th 7Tk

Estimators (1)—(4) are given in Sirndal, vaensson7 and Wretman (1992).

In the calibration for nonresponse approach, only special cases 1 and 2
will be studied. The general case with two auxiliary vectors is excluded since
the properties of such an estimator have not yet been fully investigated and
consequently it is not widely used, although some recent results can be found
in Lundstrom and Sdrndal (2005). The calibration estimators studied here
are:

Na a) Yk
tz(/clu = Zr(’l) iki - (5)

with

/ / —1
a X CrX1X
v§,2r=1+(zlek—zM—Wf) (zm—’“ = ) oxu (6)

T
in special case 1 and
Na a) Yk
tz(,/c2112 = er) ékl . (7)

with

/ / -1
a Xk CrXpX
vém—1+(z —m) (2 - ) ax.  (8)

in special case 2. The factors ¢, are specified by the statistician, usually
chosen to be a linear function of the auxiliary vector.



3 Nonresponse bias at time a

Under an assumed true response distribution, Tangdahl (2004) derives gen-
eral expressions for the nonresponse bias for each of the six estimators given
in section 2. Let t?(ﬂ;) be an estimator for the population total ¢,, based on

response set 7(* and let fys be the corresponding (approximately) unbiased

)

full response estimator. The bias for fg(fé can then be written

B(fz(/?) = E, [ERD(@ (f?(jé))] —ty = Ly [ERDW (f?(fé)) - 2‘?@/3} 9)

where E, denotes expectation with respect to the sampling stage, and Erp)
is expectation with respect to the response distribution RD@, given s. Since
the estimators are nonlinear functions of the unknown response probabilities,
the resulting conditional bias expressions are approximate. Using the defined
sequence of response distributions, Tangdahl also derives expressions for the
difference in approximate bias between estimators fgfé_l) and fz(fé). By using

B(i}2)) — B(i§e V) = Ey [ Bgpe (il2) — Erpu-n (e )| 5],
explicit expressions for the bias and the bias difference are derived for each
of the given estimators, leaving the expectation with respect to the sampling
stage indeterminate. Due to the nonlinearity of the estimators, large sample
approximations are used. The consequences for the bias difference is dis-
cussed under specific assumptions about the response distributions RD(@1

and RD@®,



4 Variance at time a, the approach

In deriving the total variance of the point estimators, a common decom-
position of the total estimation error will be useful. Let f;? be the point
estimator to be used at time a in the presence of nonresponse, and let fys
be the corresponding full response estimator. The total estimation error can
then be written

A ~

f;(g? —ty = (tg(fé) - tyS) - (ty - z?yS) (10)
Using decomposition (10) and rules for conditional expectations, it is
. . o 12
easily seen that the total variance V (tz(fé)) = F [tgfé) — E(tz(fé))} , can be

written as

V (#52) =V, (fys) + Vo [Brpw (5 —ty]s)]
+ £, [VRD(a) (fgé)|s)} + 2Cov, [ERD<a) (fgi) — fysls) ,fys} (11)
=Vi+Vo+Vs+ V)

where the first term is the sampling variance, and the last three are due to
the nonresponse. The components are

V) =sampling variance

V5, =variance of the conditional nonresponse bias

V3 =(expected value of) conditional nonresponse variance
V, =covariance between conditional nonresponse bias and

the full response estimator

The sampling variance V), (fys) is not of primary interest here since focus
will be on change in total variance, which is a function only of the three
nonresponse components in the variance. It will be important however when
the cost and effect of the nonresponse rate reduction procedure is weighed
against other efforts to increase the total survey quality. Such a discussion
is beyond the scope of this paper.

In Sdrndal et al. (1992), ch. 15, the total variance and variance estimators
for all the RHG estimators used here, are presented. However, this is done
under the assumption that the response homogeneity groups model holds.
Variance estimators, but no expression for the true total variance, have been
presented for the calibration estimator, drawing on two-phase sampling the-
ory and the similarity between the calibration estimator and the two-phase



regression estimator. What happens when the model assumptions do not
hold? In this section we present and discuss components of the total vari-
ance in more general terms, while expressions for the variance components
for the six studied estimators are derived in section 5, under the assumed
true, general, response distribution presented in section 1.2.

4.1 Sampling variance

The sampling variance is the variance of the corresponding full response
estimator in each case, i.e. the estimator we would have used if we had no
nonresponse, given the auxiliary information (if any) used in the reweighting
estimator. The simple RHG estimator and the estimators under special case
2 reduce to the Horvitz-Thompson estimator in the full response case. In the
general case and in special case 1, the full response estimator is the regression
estimator with only x; as auxiliary vector. Consequently, x5 has no influence
on the sampling variance.

Results on the sampling variance of each of the studied estimators are well
known. The sampling variance will depend on the strength of the auxiliary
vector, x1, and of course on the design and sample size. A larger correlation
between x; and y will give smaller residuals, and thus a smaller sampling
variance. For the estimators whose corresponding full response estimators
do not utilize auxiliary information, the only way to reduce the sampling
variance is to increase the sample size or to use a more efficient design.

In section 5, only expressions for a general design are given. Explicit
expressions must be worked out for each specific design.

4.2 Variance of the conditional nonresponse bias

Approximate expressions for Epp) (f?(fé) — fys), the conditional nonresponse
bias, are derived in Tangdahl (2004) for each of the studied estimators. A
small simulation study indicates that the variance of this conditional bias is
numerically small compared to the sampling variance and to the expected
value of the conditional nonresponse variance. We do not derive explicit
expressions for this variance component. It has a complex structure, even in
the case of the simple RHG estimator, and will thus not be very informative.

10



4.3 Conditional nonresponse variance

The component E, [VRD@ (fécé)\sﬂ in (11) represents the increase in esti-
mator variance caused by nonresponse, if the point estimator has zero nonre-
sponse bias and is often called the nonresponse variance. Vip) (fé?]s) will

be referred to as the conditional (on s) nonresponse variance.

All of the estimators used here are complex (nonlinear) functions of the
response probabilities, so exact explicit expressions for their conditional non-
response variances cannot be found. We will instead use Taylor linearization
to derive approximate variance expressions, valid for large response homo-
geneity groups. The linearization techniques for two-phase regression estima-
tors in e.g. Siarndal et al. (1992) can not be used since we are not guaranteed
unbiased estimation under nonresponse. Expressions for the conditional non-
response variance are derived in section 5.

4.4 Covariance between the conditional nonresponse bias
and the full response estimator

A small simulation study indicates that this component of the total variance
is generally numerically small compared to the sampling variance and the
expected value of the conditional nonresponse variance. Explicit expressions
are not derived.

5 Estimator variances

As shown in section 4, the variance of an estimator fg? is the sum of four
components. In this section, the total variance is given for each estimator
presented in section 2. Explicit unconditional expressions cannot be derived
without making specific assumptions about the true response distribution,
and, for the RHG estimators, about the response homogeneity groups, so
the expectations with respect to the sampling phase are left indeterminate.
Furthermore, due to the complexity of the estimators, most of the expressions
are approximate.

11



5.1 The simple RHG estimator

2(a)

The estimator corresponding to t,... in the full response case is the ordi-

nary m-estimator f,, = Y. 9. The variance of fﬁr is the sum of the four

components
Vi =Vo(tyx) = 220 - Ardri (12)

Va =V, (Enpo (fyer- = fyels))

H.
-~ 1
~Vp (Z(nh - 1)@&)@)@;%) (13)

h=1 Sh

e L (a) 1 (@, 1 (a) y
with Hsh - n_thhelds and Sa(a)gsh - ny — 1 <Zsh9ksyk - n_h (Zshek\s) (zshyk)>

s))

2 tA(a) 2
) 01— 6] ( - ;gi?) (14)

Oh

Vs = Ep <VRD(a> (féiir*

H, -
~ E, Z (f(a)

h=1 Oh

with fig, = 37 0115, and &) = 3", 0}

sp ks

Vi =2Cov, (ERD<a>( g(,c)ﬂ yﬂ| ).t ”>

s S@(a)ysh ~
— QCOUP Z( ny — 1>W,ty7r (15)

h=1 Sh

The expressions (13) and (15) follow directly from Tangdahl (2004). The
third variance component, the expected value of the conditional nonresponse
variance, is arrived at by the following reasoning. We note that tAyc,T* can be
expressed as the sum of ratios of estimated totals:

Hy )
}L

H

~a ~n e

técir* = E h Z <a>yk E Mh .
h=1 h=1

= m t@rh

12



where £} = Zsth|Syk, o — gl = Zsth(;‘lz and R,(Jllg is a response

Orp,
indicator variable, defined as

R(a) —

1 ifker|s
k|s

0 if not

with expected value 0,&72
Using first order Taylor expansion results for estimation of a ratio, a linear
large sample approximation to té‘;; is given by

(@ e nnty np Eoon (a)
7(a l/ Aa) yoh xa
yc7r Z + Z ySh a) 2fGSh
h=1 t@h = o Lon
o
v
yc@ + Z A(a Zsth\s f(a) (16)
=1 Lo on
Where t(cgh >, lesyk and % ZShH,(CTz are the expected values under

RD® | conditional on s, of ty,«h and féil , respectively. For notational conve-

nience, we let f;‘?e = Z”hfﬁ)h /{éz)
h=1
An approximation to the conditional nonresponse variance of tycﬂ* is then

H, (a)
~a a . t Oh
AVRD(a) (téczr*> - VRD(‘I) (Z Zsh Rl(c\s ( tjéa) >>

h=1 0h 0h
~a) 2
a a o t 6h
—Z( ) 5,00 (1-6)) ( ik — ()> (17)
h=1 t@h t@h

which follows directly if we note that Vipe () = 6f]) (1 6f])) and

Covgppla (R,(;‘lz, RE?) = 0. This approximation will work well if the ex-
pected sizes of the response homogeneity groups are large The condltlonal
nonresponse variance will be small if the “residuals” ¢, — ¢ eh/teh are small,
which they will be if ¢, is approximately constant within groups. Another
possibility for small conditional nonresponse variance is if tAé‘}? are close to ny,
for all h, i.e. if the overall response propensity is high in all groups. This

13



means that efforts that actually increase the response probabilities, will re-
duce the conditional nonresponse variance. Also, for the purpose of reducing
the bias, it was shown in Tangdahl (2004) that the RHGs should be chosen
so that the variability of ¢ is small within groups. From (17), we see that this
also helps reduce the conditional nonresponse variance. Small variability of
y within RHGs can be aimed at through clever grouping of the sample into
RHGs or by using a sampling design so that 7 is proportional to y.

5.2 The regression based RHG estimators
General case

The full response estimator corresponding to f;%leg is

A N Ye — Y1k
tyreg = D_ylik + ZST

with predictions

’ -1

N ~ X1kX X1kYk
/ / 1k

=B = x, (2.200) 5 X

Approximate expressions for the four variance components of V(fl(fézﬂeg) are:

Vim0 AV, (tyreg) = Doy A BBy (18)

/ -1
. X1kX X1kYk
. ’ - 1k
where Eyj, =y — X, B; with B; = (ZU—UQ ) YU -
1k 1k

‘/2 - ‘/P (ERD(‘” (fg(jg'eg - tAyTeg|S>)
Hs

1 o
Z (nh - 1)% (Sﬁ(“>éssh - SG(“))ZS;L (Bé )~ BS))
Sh

h=1

~V, (19)

-1
. ~ XX}, XKUYk
th B, = —-,

b (280137%) ngiﬂk

1 (@)~ 1

ny, — 1 (Zsheldseks - n_h (Zshel(;@) (Zshéks)> and

Sp(@x,s, 15 analogously defined.

Sp@e,s, =

14



‘/3 = Ep (VRD<‘1) (fgg"eg))

H 2 (a) f(a) \ 2
s 9 f )
~ h (a) (a) F(a) Zs kls kb:g
B |2 (g(@) 20 Bu1s (L = Os) (fke;g - htA@ _> (20)
O,

h=1 O

with fke ' (gﬁ)e — 1)é§‘,?9 —i—géi)@é,(;;) and where g19 and gopp are given by (24)

and (25) respectively.

V;l - 2COUP(ERD(‘1>( écg"eg ZJT’€9| )7 y?eg)

H, 1 ) A )
~ 2C — D= (Spers, — Sprge, (B —B,) ), i@ | (21
%(zm 1557 (St = S, (B B.)) 52, ) 2

h=1

The components (19) and (21) follow from Tangdahl (2004). In the derivation
of (20), we apply the same method of linearization as in the simple RHG case
in section 5.1.

We note that the general regression based RHG estimator given by (2) is
a nonlinear function of estimated totals and can be written as

~ N I~ (a a A
tzgcg”eg - tg(;c;-* + (tX1U - txm-) Bgr) + (t - tic)ﬂ.*> B£ )

Ln s n
£(a) _t ! h p(a) h 3(a)
o Z a) ty?”h + by txl“) (Z ~(a) TX1X1Th> Z tA(a) txlyT‘h
h=1 97"h h=1 "Ory h=1 "Ory
-1
b — 80 ) (S0 M ) S (22)
+ xcm* Z (a) XXTh Z A(a) XYTh
h=1 9rh h=1 t@rh

where ty,py = Zlek, xir = 2 X1 and T > Xk, and

=3 Xlkxlk
XIXWL e Uliﬂk

A X1kYk
tg(lyTh = zr(a)
O

txrh
xc7r* Nh oy A(a

97‘h

15



and analogously for ngz,«h and £§<‘2Th.
By Taylor linearization, it is shown in Appendix A.l that a linear large

sample approximation to féﬁ;a«eg is given by

Na N 'S (a 2 S(a
tg(/cz“eg té )9 + (txlU - tXlﬂ') ng) + <tX7r - tgcc?9> Bé )
Z A(a) Zsh k\s ((91k)0 1)é§61?6 + gé?@éc?) (23)
h=1 lon
~ T (@ (@ (@), (@) (@ (a)
- Z ~a) ZZshek\s ((guw — 1)é11p + oroCro )ZshRHs
= (ton)
h (a) _ B (@) _ _ /B(a)
where €5 = yp — X, 167 ko = Yk — XDy 7,
H, -1
(a) n / Nh 1(a) X1k
glk9 ]'+ (txl - tX17T) Z ~a) TX1X19;L 0__2 (24)
el teh 1k
and
H, -1
a a Xk
oy =1+ (ber — 8%) ( ) i %)
h=1 Tk
Furthermore,
LN L n
)\ o hla) _ h n(a) h 1(a)
Erp@ (Bn) ~ By = (Z g(—a)Txlxleh> Z g(_a)txlyeh (26)
h=1 ‘6 h=1 "0y
and
LN e n
H(a)) ~ pl@ _ "h (a) 2 (a)
s (80) 8 - (Y200, ) ST )
h=1 lg, h=1 lg,
Fla) _ ¢ (a) _ 1yx(a) (a) 5(a) :
If we let frg., = (91rp — 1)€1kp + GorpCre » We can write (23) as

Na ? 'H(a N a
tg(/cz’eg ~ t;cé + (txlU - txlﬂ) Bge) + <tX7" - >(<c)9> B( )

(a) #(a)

Z Z R(a) Zsh6k|s kO;g
A(a) sn” kls 99 f(a)
Oh

h10h

We can then easily use the analogy with the linearized expression for the sim-
ple RHG estimator (16). From (23), and by applying the same reasoning as
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in the simple RHG case, we thus get an approximate conditional nonresponse
variance of £, as

A a) - 9(‘1) 0 (a) Esh k|sfk99
VRD(G)< yc’reg) = Z f(a) Zsh k‘s(l — k’|s) f — _E(—a)

h=1 oh

(28)

.. . . .o F(a) Zsh k|s fk@,g

The conditional nonresponse variance will thus be small if fi,’ — — @
| ton

are small, i.e. if f,ﬁ;?g are approximately constant within groups, or if the
overall response propensities are high in all groups.

Special case 1

The corresponding estimator with full response is fyreg, the same as in the
general case. Thus, the first variance component, the sampling variance, is
given by (18). Moreover, V5 and Vj are given by (19) and (21) respectively,
but with x instead of x;.

The third variance component is

Vs =B, (Vo ({regr|5))

A 2 §(@) ,*(@) 5(a)
~ " (a) «(a) «(a) > s k|s91ko C1ko
NEp Z (A(a)) Zsh €k|s<1 - 015:\3) (911(69)6&9 - - f(a)

O,

=1 \lo,

2

The conditional nonresponse variance in s ecial case 1 follows easily from
(28) if we note that eke) = egk)e, so that ( 91k;9 1)elk)9 + gé%e,(:g) = (QLC)@ +

g —1)el It we define

H, -1
*(a a a ? ! Nh 3 (a 1k
it = (g + 95 — 1) = 1+ (ta,0 — txyen) <Z o) Tifmh) —~ (29)
h=1 Yon 1k

we can write the approximate conditional nonresponse variance as

AVRD(“)( g(;cg"egl) =
2 (a) x(a) (a)
a a *(a) «(a Zs 6k|sglk9 1k0
-y ( ) 50001 — 6 (gl,a;eg,se _ Zafid )
h—1 9h teh
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Special case 2

In this case, the full response estimator is fy,r = > .Uk, so the sampling
variance is given by (12). The variance components V5, and V} are given by
(19) and (21) respectively, while

‘/3 = Ep <VRD(“> (1?3(4(3"692‘5))

H, S0 gl ) (31)
~ a a) «(a s k|s 92k6€ ko
NE]) Z (t ) ZShHHS( k‘s> (gék)e ](i‘e) - . t(a) )

h=1
Since

eh

From (28), we obtain the conditional nonresponse variance of il

the predictions g drop out of (4), we have no residuals eg k)r. The linear large

sample approximation to (4) then follows directly as

ycregQ

i(a) i(a) @\ B (a) (a) 5
tycreg2 ~ tyc@ + (t - txc@) + Z A(a Zsh sz\ngk@ k@
h=1 9h
. (32)

Np (a)
- Z @) 2Zsh k|592k9 k Z k\s
1 (tor )

Again, we can use the same reasoning as in the case of the simple RHG
estimator. Thus, the approximate conditional nonresponse variance of ia
is

ycreg2

AVRD(“)( yc?"egZ) =
2 (a) (a) a) 2
01159
(a) 0 (@) D k|s 92k6Cko
= Z <A(a)> on ek\s(l - 9k|s) <9§k)961(g€) E—r > (33)
h=1 ton
5.3 The calibration estimators
Special case 1
Since the full response estimator corresponding to t;E/c?zll is tymg, the same

as for the regression based RHG estimator in special case 1, the sampling
. A(a,) . .
variance of ¢, ., is given by (18). Furthermore, we have
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Vo=V, (ERD<“> (7?;2[1 - fyreg‘3)>

~V 1 ll’f B _ B Clks 34
~Vp _k|s W— 18)_7Tk (34)

. / a
with ejxs = yr — x7,B1s

Vi= B, (Vepw () = T,0000 - 00) (vie) (39)

where eg‘z)e =y — x’lkBgZ) and Uiz)e is given by (44)

Vi = 2Covy(ERpw < éﬁm yreg| ); yr)eg>
~2C0u, (£,(1-02) (22 (B - Bu) - 2 ). ) (o0
k

Tk

where B{? is given by (39).

The components V5 and Vj follow directly from Tangdahl (2004). To
derive V3, we again use Taylor expansion. The calibration estimators can be
expressed as nonlinear functions of estimated totals. In special case 1, we
have

7?5211 = Y@l + Xk + X wXu) B

—1
2(a 7(a)\ [ A(a 7 (a
- t( ) + (txlU - tgq)T) (T>((1)X1T> tsq)yT
_ f ( t@ fa) gla ))

x1x1r7 X1Yyr?) Cyr 7 TX1r

where £ = 57 i, B0 = > Xk,

/
CrX1EXqy

T(@)
Txlxlr - Zr(a) X1y

. CrX1kYk
and t@ — u )
T Z’r( ) .

The expected values under RD@, given s, are t => ekﬁgk,
X10 Z ek\sxlk’

(a) /
- NES ST S8

T , =3, (37)

Tk
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91(;\15) CRX1kYk

fla) _
t’xlye - Zr(a) L (38)
and .
Egp <B5r> ~ B(a) = (Tial)me) tgi)ye (39)
A large sample linear approximation to t;olll’ using Taylor expansion, is
then
t?(;}lu . t;qU Y+Y, Rk\svmeeme (40)
with egt,?g = Yy — xlk]égz) and
-1
oty =1+ (b —82) (Th0) e (41)

The details of the derivation are given in Appendix A.2. From the linear
approximation, we get the approximate conditional nonresponse variance of

pa)
tycall as

AV (o) = S0 = 05 (0158150)° (42)
Special case 2

The sampling variance of 1?3(1212 is given by (12) while V; and Vj are given by
(34) and (36) respectively, but with x instead of x;. Furthermore,

Vs = By(Vapeo (o)) ~ By (S0 0 - 06D (ihels)?)  (43)
with ) .
Wiy =1+ (b —89) (T2)) (44)

When auxiliary information is available only for & € s, we note that a
linear approximation to t( @) calz 18 given by

tffélm Y+ > Rk|sv27c?9€l(;;) (45)

1 R(a) s : i(a)
with eke =y, — x;, B, . Hence, the conditional nonresponse variance of ¢,
is

AVppia (i) = S 0601 — 05 (vess)?
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6 Measures of error

In a survey with nonresponse, where estimators may be greatly biased, the
variance is not a satisfactory measure of the error. Instead, measures taking
both variance and bias into account should be used. We believe that in
the presence of nonresponse, the risk of bias overwhelms any requirement of
precision. Focus lies on accuracy rather than precision and this should be
reflected in the measure of error. The mean square error, which is the sum
of variance and squared bias, is a common measure of quality in estimates.
Other possibilities are the bias ratio and the mean absolute error. In practical
applications, regardless of which error measure we choose, the problem of
estimating the bias still remains. Unless special efforts are made to estimate
the bias, one has to settle for an estimate of the (sampling) variance.

7 Concluding remarks

In a survey with nonresponse, decisions must be made on how much resources
should be spent on data collection in order to reduce the nonresponse rate.
To be able to make an informed decision, the effects of nonresponse rate re-
duction on estimator properties must be studied. In this paper, as part of a
project on balancing nonresponse rate reduction efforts and costs of data col-
lection, we present expressions for the variance and its components for some
common estimators under nonresponse. This is done for an arbitrary point
of time during the data collection process under a general, assumed true,
response distribution. The estimators that are used are chosen to represent
two widely used classes of estimators that incorporate auxiliary information.
The variances are, even for the simplest of the estimators, complex functions
of the response probabilities.

The variance, and how it changes during the data collection process,
becomes important when the nonresponse rate reduction efforts are evaluated
and a possible truncation of field efforts is considered, since the variance may
be prohibitively large when the nonresponse rate is high.
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A  Derivations

A.1 Taylor linearization of z?gileg

The regression based RHG estimator in the general case is

H,
i, =3
h=1

N ' A(a a ! a
E (ﬂ ( x1U — txm’) Bgr) + (t - tg{c)w > B1(ﬂ )
m

A(a)

a txr
with txc)w* E np——~ ) , Where txrh > @ )X, and t@’r = mh =) Sth‘s
t
h=1 97"h

The estimator can be written as

H, -1/ m,
a _ ( ) N / Nh (a Nh 2 (a
t:E/c)Teg byer= + (txlU - txlﬂ) (Z WT’(‘l)Xlrh> (Z fa) tgcl)y"’h>

h=1 "0r h=1 "0ry,
. } Hs" - ! (A.1)
i "h $(a) T p(a) Tt 4(a)
+ <tx7r Z f(a) txrh> <Z Lt(a) Txxr‘h Z ]?(a) txyrh
h=1 97‘h h=1 GT'h h=1 0'I’h
(a) (§(a) 2(a) rp(a) t(a) T(2) (a)  fla).p _
f (t 'r’h7 tX’I‘h’ Txlxlrh ) txlyrh7 T}((xrh7 txyrh 9 tyrh7 h - 17 MR HS)

where tyrh Z (a>yk and we define the totals

/
- X1kX1k 2 (a) X1kYk
T(a) = (a) and t = (@) 5
X1X17Th Zrha O_%kﬂ_k X1YTh Zrha O_lkﬂ_k

with typical elements

ZE kL X

Jl Jik kYk
= E ———1  and t(a) = E (a) = .
J1Jﬂ"h rh T (@) J1YTh rn _(a)
O Tk O Tk

The totals ngzrh and f:;?,«h are analogously defined.

Thus, conditional on s, f@%&eg is a nonlinear function of the estimated to-

tals féil,fﬁg)h, T,(cal)xlrh, ’Eﬁf?y,nh, T,&)rh, fﬁ:;)rh, 1??(,?«31, h=1,...,Hs. Using first order
Taylor expansion, this estimator can be approximated by a linear pseudoes-

timator through

Q

Q
to=t Z (t, —t,) (A.2)
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where
of
aq = —=
5tq (51,‘..,£Q)=E(£1,...,{Q)
In this case, the expectation will be taken under RD®, given s. We will

need the following partial derivatives:

5f<(? - Zl ;1 8 () 6, By
Na Ma Th ~Na XTh r
6t9rh (tOTh)Q (terh)
H, -1
n / "h (a np 2 a *(a S (a)
— (txlU — t’X17T) <Z A(a) T)((l)xlrh) Tz |:t’((1)y7’h - Tg(l)xlthlT :|
tGrh (tﬁrh)
! Hs !
{ {(a) " rp(a) " li@ _ @ g
- (tXﬂ' - txcw*) (Z ~a) Txxrh> TQ txyrh - Txxthr
h=1 t@rh (terh)
-1
5fa N N 2(a) 2 (a)
5 - - (tx1U - tx17r) (Z ~a) T)((l)xlrh Ajljithlr
t]l] Th h=1 te"'h,

H -1
5f “ O A o NGO
(St = - (txw - txmr*) Z t( a) Tgcx)rh A 75’ th( 2

jj Th h=1 GT'h
—1
5 AR ; (@
_ a)
6t(a) - (txlU o txl”) (Z Na) T>(<1X1Th Ajl”’h
J1YTh h=1 “Ory
H, -1
5f @) ; NOIRY ~ N ~(a) {(a)
(St = (t txc7r > Z WTxxrh Ajrh
Jyrh h=1 “Ory
) (@) s(a) -
f( ) 21)1 B;”
)
) f(a) n,

Sty g,
where Am 18 @ Jp x Jp matrix with the value nh/féizl in positions (ji, j7)

and (j1, 1) and the value zero elsewhere, _/A\jjfrh is a J x J matrix with the
value nh/f((;il in positions (j,5') and (j',7) and the value zero elsewhere. The
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Ji-vector j\jlrh and the J-vector S\jrh have the value nh/fg:,l in positions j;
and j, respectively, and zeros elsewhere.

Let i, = 3., 040k, £y = 3, 05 and

0\ x 1 X
(@ g, @ g DX
tx16h Z 9k|sxlk’ TX1X19h - Zsh O—%kﬂ-k
0\ x 0%, x!
gl Ukls X1kl T =3 ThlsTRTE
x1y0h Sh U%kﬂ'k 9 xx6h Sh Uzﬂ-k
(a)
{j(a) . 9k|sxk’yk
xybh — Sh 2

be the respective expected values, under RD® given s, of the totals in (A.1).
H, H,

Also, for notational convenience, let té‘;ﬁ, = Z T(Lh) té(,)m tfffe - ZA(a) tx%)m
= Lo =1 Lon
- I (a) a) HsnhA()
Til)xﬁ — Z B Tx1xl9h and Txxa = ZtA(a) T, - Furthermore, let
=1 Lon h=1"on
L I n
A (a S (a h m(a h 2(a
Epp <B§’I‘)> ~ ng) - (Z ~(a) T§<1)X19h> Z thn)y% (A-3)
=1 tg, h=1 lo,
and
L L n
S(a ~(aq h ~~(a h a
Egp (Bﬁ, )> ~ B((J )= (Z %Tgﬂzah) Z #(a) tiy)gh (A4)
=1 lo, =1 lo,

Evaluating the partial derivatives at the expected value point
f(a) 2(a) rp(a) £ (a) (a) ta)  a) g _
(tGC}LL ) tx{zh’ Txa1x19h7 txiy&h’ Txa1x19h7 txaly9h7 ty(gh’ h = 17 ] HS)

under RD@ given s, and inserting into (A.2), we obtain
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~ a ~ I 2 (a ~ ~ ~
tg(;cgﬂeg tg(/ct)Q + (txlU - txlﬂ) Bge) + (tXﬂ' - tch) Bé

_ )_ a)
Z f(a 2y9h t6h)

-1 Hs
N " ((a) 22 7 (a) T(a) (@)| (4(@) _ 1(a)
- (tx1U - tx17r) (Tx1x19> Z m |:tx1y9h - TxlxlehB i| (terh - tHh)
h=1 \"6h
H
a 1 N, 2 (a a - Na
(-8 () 7SS i, 0, B i) i)
1 (Lon)
Hy
"h A(a)’ (a) (p(a) _ #a)
+ 2 tonBo (tor, — lon)
h=1 (tGh
1 Hs
N " ((a) "h (A(a T(a) A (a)
- (txlU - tXlT(') (Tx1x19> Z tA(a) <T§(1)X1Th - Tx1x19h> B19
h=1 “6h
/ -1 Hs
~ ~(a ~(a T(a T(a) N (a
- (txw - ty(cc)9> (Tgcx)9> Z A(a) (Tg(x)rh - TxxOh) Bé :
h=1 t
L (e I (a)
+ (txlU - txlﬂ) <Tx1x19) Z t(a) (tﬁcai)y% B txw@h)
h=1 “6h

( xXry, tA"x@h) + Z
h=1

(a)
( yrn ty@h)

o

1

Hs
A (a) " (a) -1 a (a)
+ (txﬂ - txc@) (Txx9> Z t(a) (tgcy)Th - txy9h>
e t teh
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With some simplifications we then have
A A~ I A(a N ~ A
t(a) tg(; )0 + (tx1U - tx17|') B§9) + (tXﬂ - tic)é) Bé g

ycreg
C v @ VIR T (G +\(a) @) 7(a)
- (tx1U - txm') <Tx1x10> Z (tA(a))2 <tx1y¢9h - Tx1x10hB1€ ) t&rh

Oh

H
- 2@ ) (@ ) Nh (+(a) “@) B”@) i)
- (tx7r - txcg> (Txx9> Z ONS <txy6h — ToeonBo ) tor,
h=1 <t0h>

Hs Hs Hg
M 2(a) B (a) f(a) "h 2(a)' Ry (@) " #(a) 2(a)
+ A((l) 2tX9hB9 t@rh - Z %txi'h Be Z t(a) Qtyehtarh
h=1 ( Hh) h=1 tGh ( )

—1 Hs
" " ((a) a (a)
+ (tX1U - txlﬂ) <Tx1X10) Z A(a) <t§(1)y7'h - T’((l)xlThB19>
h=

_q Hs H;
n (a) (a) a (a) Th g
+ (tx7r - txg@) <Txx0) Z ~a) (tgcy)rh - T>(cx)7“hB ) Z f(_a)tg(/rzl

h=1 t6‘h h=1 “6h

Rewriting this expression leads to

g(a) = tA(a) + (txlU - Exm’)/]:a)gz) + (t B tx?@) ]:3) X

ycreg yel
-1
¢ " (rn(a) < (a)
Z A(a Zsth|5 <( x1U — txm) <Tx1x19) X1 ) €10k
h=1 0h

Zsth|s

9@ : @ \7!
_Z A(a) sh k|s <(tX1U xur) <Tx1x19> Xlk) ewk
h=1 t
—1
P30 R (1 (b 60 (10) ) i

h=1 9h
h a a “(a R
N Z [(t(a)) 23h9k|5 <1 + (t - tx09> (Txxé)) ) egk] Z Rk|s
h=1

27



which can be further simplified into
N a > ' S(a > " A a
t;cg"eg ~ tg(/co)9 + (tXIU - txlﬂ') Bgﬁ) + (tXﬂ' - tic)G) Bé :

np a . )
+ Z s;LRl(qg ((9§k)9 1)e§k)9 + gék)ee( ))

h=1 0h
Hoo
h (a) (¢ (a) (a) 5@
- Z (t(“)) 23h9k|s ((glk9 — 1)éjp + 92k9 >Zsth|s

where el =y — x4, By, ¢ff = yr — x;Bg” and

)=
>
3|7
>
2=
E:
D>
>
v
L
‘x
| =
b

g§z)0 =1+ (tx1U - £X171')/ (

H, -1
(a) _ . 2a) ) A (a) X,
Gopp = 1 + <txw - tx09> (§ : §(a) Txx9h> 0,3

If we let f,gg)g = (gﬁ; 1)é§(,?0 + géi)gég;), we can simplify further and write

i)y as

Na Na N 'S (a N a
tg(,(cz"eg ~ ty(Jc)H + (txlU - txlﬂ) B§0) + <tXﬂ' - >(<c)9> B( )

H, 7(a)
np (a) Zsh k|sf
+ Z (a) Zsh Rk\s (fk@ i A(a) )

ty
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~(a)

A.2 Taylor linearization of tycall

The calibration estimator is

2?g(/((lzglll Zr(a) gk’ + (txlU - ZT(U‘ ) Bgi) (A5)

with

;o\ —1
o (a) _ CrX1kX1g, CLX1kYk
Blr - Zr(a) T Zr(a) T

k k
7@ )@
= (Txlxlr) tx1y7‘
where T, and ’E,((al)yr have the typical elements

Chljy k) +(a) CkLjk Yk
B Ejgr = Dp

() _
trjir = Qv . and hyr = ™

Let #%) = > @k and £ = > .@X1k. Then 1??52111 can be written as a
nonlinear function of estimated totals:
-1
a) 7(a a i (a
tycall - t@(ﬂ’) + (txlU - ( )) (qu)Xﬂ') tgq)yr (AG)
_ f( T’ x17”T(a) t(@ )

X1X17T7? TX1Yr

We will need the following partial derivatives:

5f i(a T (a
5{(1 = _(txlU - tgcl)T),(T}((1X17‘> IAJIJ/BlT
]1]1
5f - ~ o
(St - (txlU - tgcai)ry(Tgcl)xlr) lAjl
ler
5f Y/ (e 17(a ! Bla)
(St(a) _Ajl (T}((1)X17‘> tgq)yr = _Alel'r
of
<@ — 1
Oty
where Am’ is a J; X J; matrix with the value 1 in positions (ji,j]) and

(j1,41) and the value 0 elsewhere and X, is a Jy-vector with the value 1 in
position j; and zeros elsewhere.
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The expected values, under RD®, given s, of the totals in (A.6) are
0\ x4 X
7(a) _ (a) ~(a) k|s CRA kA
ty@ - Zsek|syk’ x10 - Z ek\sxlk7 Tx1x10 - Zsﬂ_—k and tx1y6 -
S, Qﬁlekyk respectively.
Also, let Egpw (B ~ B(Z) = (Tial)xle) ltia) o- Evaluating the partial
derivatives at the expected value point and inserting into (A.2) leads to

1) 1)+ (b — BB + 0 R — Y 000 + (B — £ B

- (txlU tgcal)e) (Tical)xl ) (Tg(al)xu" - T>(<al)x19> B%)

+ (b — 80 (T ) R, — 89,

D (a Rl(cazegz)kz
= t;lUBga) + Zs |
Tk
+ (tx1U - t(a) ) (Tgca;)xle) (tgtal)yr - Tgctll)xer%)>

x10

MONC;
= t},yB 9+, Rk|s 1k6€1k6

the@ — oy s B@ and 0@ — 14 (6o — 1@y (T@ )
WILD €139 = Yk — X D1p ANA Vypy + (b0 — ty)p) CrX1k-

x1x10
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