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1 Introduction

In the modern world of science and technology, high-dimensional data are present in vari-
ous fields of science such as finance, environment science and social sciences. In the sense
of many complex multivariate dependencies observed in data, formulating correct models
and developing inferential procedures are the major challenges. The traditional multivari-
ate analysis considers fixed or small sample dimensions, while sample sizes approaching
to infinity. However, its methods cannot longer be used in the high-dimensional setting
where the dimension is not treated as fixed but it is allowed to be comparable to the
sample size.

The covariance matrix is one of the mostly used way to capture the dependence be-
tween variables. Although its application is restricted only to linear dependences and
more sophisticate methods, like copula modeling, should be applied in the general case,
the modeling dynamics in covariance matrix is still very popular subject in both statistics
and econometrics. Recently, a number of papers have been published which deal with
estimating the covariance matrix (see, e.g., Ledoit and Wolf (2003), Cai and Liu (2011a),
Cai et al. (2011), Agarwal et al. (2012), Fan et al. (2008), Fan et al. (2013), Bodnar et al.
(2014, 2016)) and testing its structure (see, e.g., Johnstone (2001), Bai et al. (2009), Chen
et al. (2010), Cai and Jiang (2011), Jiang and Yang (2013), Gupta and Bodnar (2014))
in large dimension.

In many application, the covariance matrix is accompanied by the mean vector. For
example, the product of the inverse covariance matrix and and the difference of the sample
mean vectors is present in discriminant analysis where a linear combination of variables
(discriminant function coefficients) is determined such that the standardized distance
between the groups of observations is maximized. A second example arises in portfolio
theory, where the vector of optimal portfolio weights is proportional to the products of
inverse sample covariance matrix and the sample mean vector (see Bodnar and Okhrin
(2011)).

The discriminant analysis is a multivariate technique concerned with separating dis-
tinct sets of objects (or observations) (Johnson et al. (2007)). Its two main tasks are to
distinguish distinct sets of observations and to allocate new observations to previously
defined groups (Rencher and Christensen (2012)). The main methods of the discriminant
analysis are the linear discriminant function and the quadratic discriminant function. The
linear discriminant function is a generalization of Fisher’s linear discriminant analysis, a
method used in statistics, pattern recognition and machine learning to find a linear combi-
nation of features that characterizes or separates two or more groups of objects in the best
way. The application of the linear discriminant function is restricted to the assumption
of the equal covariance matrix in the groups to be separated. Although the quadratic dis-
criminant function can be applied when the latter assumption is violated, its application is

more computational exhaustive, needs to estimate covariance matrices of each group, and



requires more observations than in the case of LDF (Narsky and Porter (2013)). More-
over, the decision boundary is easy to understand and to visualize in high-dimensional
settings, if the linear discriminant function is used.

The discriminant analysis is a well established topic in multivariate statistics. Many
asymptotic results are available where the sample sizes of groups to be separated are as-
sumed to be large, while the number of variables is fixed and significantly smaller than the
sample size (see, e.g., Muirhead (1982), Rencher and Christensen (2012)). However, these
results cannot automatically be transferred when the number of variables is comparable to
the sample size which is known in the statistical literature as the high-dimensional asymp-
totic regime. It is remarkable that in this case the results obtained under the standard
asymptotic regime can deviate significantly from those obtained under high-dimensional
asymptotics (see, e.g., Bai and Silverstein (2010)). Fujikoshi and Seo (1997) provided
an asymptotic approximation of the linear discriminant function in high dimension by
considering the case of equal sample sizes and compared the results with the classical
asymptotic approximation by Wyman et al. (1990). For the case samples non-equal sizes,
they pointed out that the high-dimensional approximation is extremely accurate. How-
ever, Tamatani (2015) showed that Fisher‘s linear discriminant function performs poorly
due to diverging spectra in the case of large-dimensional data and small sample size.
Bickel and Levina (2004), Srivastava and Kubokawa (2007) investigated the asymptotic
properties of the linear discriminant function in high dimension, while modifications of
the linear discriminant function can be found in Cai and Liu (2011b), Shao et al. (2011).
The asymptotic results for the discriminant function coefficients in matrix-variate skew
models can be found in Bodnar et al. (2017b).

We contributed to the statistical literature by deriving a stochastic representation of
the discriminant function coefficient and the classification rule based on the linear dis-
criminant function. These results provide us an efficient way of simulating these random
quantities and they are also used in the derivation of their high-dimensional asymptotic
distributions, using which the error rate of the classification rule based on the linear dis-
criminant function can be easily accessed and the problem of the increasing dimensionality
can be visualized in a simple way.

The rest of the paper is organized as follows. The finite-sample properties of the dis-
criminant function are presented in Section 2, where, in particular we derive a stochastic
representation for the discriminant function coefficients. In Section 2, an exact one-sided
test for the comparison of the population discriminant function coefficients is suggested,
while a stochastic representation for the classification rule is obtained in Section 3.2. The
finite-sample results are then use to derive the asymptotic distributions of the discrim-
inant function coefficients and of the classification rule in Section 3, while finite sample

performance of the asymptotic distribution is analysed in Section 3.2.



2 Finite-sample properties of the discriminant func-
tion

Let xgl), .. xﬁlll) and x§2), e

xﬁ} be two independent samples from the multivariate
normal dlstrlbutlons which consist of independent and identically distributed random
vectors with x )~ N »(py,X) for i =1,..,ny and x§2) ~ Np(pq, X) for j =1,..,ny where
3 is positive definite. Throughout the paper 1,, denotes the n-dimensional vector of ones,
I, is the n X n identity matrix, and the symbol ® stands for the Kronecker product.

Let X1 = (xgl) Xm> and X (x?), e ,X%) ) Then the sample estimators
for the mean vectors and the covariance matrices constructed from each sample are given

by
nj
<) — iZXEﬁ 1 Lo,
L
nj

g _ _1 (X(ﬁ _ i(j)) <X§J> _)—(m)T ‘

n; — 1
J i=1

The pooled estimator for the covariance matrix, the estimator for 3 obtained from two

samples, is then given by

1

S, =———
Pl ny+no — 2

[(n1 — 1)SW + (ny — 1)S?] (1)

The following lemma (see, e.g., (Rencher and Christensen, 2012, Section 5.4.2)) presents

the joint distribution of (!, %) and S,,.

Lemma 1. Let X; ~ N, (11,2 ®1,,) and Xy ~ Npp, (po12, 2 ®1,,) for p <

ni’ ng?

ny + ng — 2. Assume that Xy, Xo are independent. Then
(a) XV ~ NG (0, 1),
< (2 1
(b) 2 ~ N, (l‘%gz);
(¢) (ng+ng—2)Sy ~Wy(ng +ng —2,3),
Moreover, xV, %) and S, are mutually independently distributed.

The results of Lemma 1, in particular, implies that

_ _ 1 1
xV —x® ~ Ny <N1 — Mo, (n_l + n_g) 2) (2)

which is independent of S,;.



2.1 Stochastic representation for the discriminant function co-

efficients

The discriminant function coefficients are given by the following vector

A 1 (2() <2
a=8,! (xV —x®) 3)
which is the sample estimator of the population discriminant function coefficient vector

expressed as

a=%""(pu — p,)

We consider a more general problem by deriving the distribution of linear combinations
of the discriminant function coefficients. This result possesses several practical applica-
tion: (i) it allows a direct comparison of the population coefficients in the discriminant
function by deriving a corresponding statistical test; (ii) it can be used in the classifica-
tion problem where providing a new observation vector one has to decide to which of two
groups the observation vector has to be ordered.

Let L be a k x p matrix of constants such that rank(L) = k < p. We are then

interested in

A

6=La=LS," (x"-x). (4)
Choosing different matrices L we are able to provide different inferences about the linear
combinations of the discriminant function coefficients. For instance, if £ = 1 and L is the
vector with all elements zero except the one on the jth position which is one, then we get
the distribution of the jth coefficient in the discriminant function. If we choose &k = 1 and
L = (1,-1,0,...,0)7, then we analyse the difference between the first two coefficients
in the discriminant function. The corresponding result can be further used to test if the
population counterparts to these coeflicients are zero or not. For & > 1 several linear
combinations of the discriminant function coefficients are considered simultaneously.

In the next theorem we derive a stochastic representation for 6. The stochastic rep-
resentation is a very important tool in analysing the distributional properties of random
quantities. It is widely spread in the computation statistics (e.g., Givens and Hoeting
(2012)), in the theory of elliptical distributions (see, Gupta et al. (2013)) as well as in
Bayesian statistics (cf., Bodnar et al. (2017a)). Later on, we use the symbol < to denote

the equality in distribution.

Theorem 1. Let L be an arbitrary k x p matriz of constants such that rank(L) = k < p.

Then, under the assumption of Lemma 1 the stochastic representation ofé = La is given



xT¥-1x

0 L (ni4+n—2)¢ L x4, ——
(o ma = 2)¢ ny+ng —p

(LRL")"? t0> , (5)

where Ry = 2_1_2_1iiT2_1/iT2_1i;' g~ X7211+n2*p*17 X ~ '/V;’ <l'l’1 — M, (7%1 T L) 2)?

n2

and to ~ tr(ny + no — p, 0y, I). Moreover, &, X and ty are mutually independent.

Proof. From Lemma 1.(c) and Theorem 3.4.1 of Gupta and Nagar (2000) we obtain that

1 -1 -1
mspl NIWp<n1+n2 +p— 1,2 ) (6)

@) and S, are independent, the conditional distribution of

Also, since x = x() —x
0 = LS;llfc given x = X* equals to the distribution of 8™ = LS;llfc* and it can be rewritten

in the following form

—1lyx Grx T Q—1yx*
LSplx X Splx

d ox T 1—1 g%
0" = (ng+ny,—2)x"¥'x .
( ) )UC*TS;ZI}UC* (nl +ng — 2)X*T271X*

Applying Theorem 3.2.12 of Muirhead (1982) we obtain that

)vc*Tz—l)V(*
=it ne — 2) e~ Xoy e 7
13 ( 1 2 )X*TS;;;(* Xni+na—p—1 ( )

and its distribution is independent of X*. Hence,

xI'y-1x
E=(ny+ny— 2)m ~ X31+n2—p—1 (8)

and &, x are independent.

Using Theorem 3 of Bodnar and Okhrin (2008) we get that )“(*TS;ll)“(* is indepen-
dent of LS 'x*/x*TS_'x* for given x*. Therefore, £* is independent of X*"X~'x* -
LS;ll)“(*/)U(*TS;ll)U(* and, respectively, ¢ is independent of X' X 71x - LS;ll)u(/)“(TSp_llf(. Fur-

thermore, from the proof of Theorem 1 of Bodnar and Schmid (2008) it holds that

—1ux
i LSpl X

)L‘(*Tz—li*
AT Q—1ygx
X Spl X

ny+mne —p

)\J(*Tzil)u( ~ t <n1 + ng — p; inl)u(*, LR;{*LT> (9)
with Rg = 571 — X178~ /3 T8 1%*,

Thus, we obtain the following stochastic representation of 0 which is given by

A

6 L (ny+ny—2)! (Lz—li +

xT3-1x

2R LR 1
n1+n2_p( ) 0]> (0)
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where Ry = B =S I3kT S XTS5 € ~ 2 L X~ N (p,l ~ o, (% n %) 2),
and to ~ ti(ny + ny — p, 0k, Ix). Moreover, £, x and ty are mutually independent. The

theorem is proved. O

In the next corollary we consider the special case when k = 1, that is, when L =17 is

a p-dimensional vector of constants.

Corollary 1. Let A = 1/n;+1/ny and let 1 be a p-dimensional vector of constants. Then,
under the condition of Theorem 1, the stochastic representation ofé =174 is given by

0 L (ng+ny—2)¢" <1T2_1(y,1 — M) + \/<>\ + Mu) 1T2—1120) ,(11)

ny+ng—p

where § ~ X%1+n2—p_1; 20 ~N(0,1), u~F (p — Ly +n9 —p, (1 — po) " Ra(pa — Hz)/)\)
(non-central F-distribution with p—1 and ny+mne—p degrees of freedom and non-centrality
parameter (py — po) TRy (1 — po) /X)) with Ry = 71 = SN 1TE1; € 29 and u

are mutually independently distributed.

Proof. From Theorem 1 we get that

. TS -1
O 2 (ny+ny—2)c! <1T2-15< + to\/u : lTR,vJ) (12)
ny + ng — P
/
= (14 ne—2)E (1T21>“< v —Ox/lTEll\/chRp“c) . (13)
/Ny +ng — P

where Ry = X7 = ZT'MPEYUETL € ~ X) 4, po1s o ~ B + 12 — p,0,1), and
x ~ N, (g — pg, AX) with A = 1/ny + 1/ng; &, to and X are mutually independent.

Because x ~ N, (p; — po, AX), RiZR; = Ry, and tr [R;X] = p — 1, the application of
Corollary 5.1.3a of Mathai and Provost (1992) leads to

(=2 %TRix ~ xi_l (6%) (14)

where 6% = (p; — o) T Ri(pr; — py)/A. Moreover, since RyX X711 = 0, the application of
Theorem 5.5.1 of Mathai and Provost (1992) proves that 1737 !'x and ¢ are independently
distributed.

Finally, we note that the random variable ¢ty ~ t(n; + ny — p,0,1) has the following

stochastic representation

toizo W, (15)
w



where 2o ~ N(0,1) and w ~ x2 |, ,; %0 and w are independent. Hence,

1711
IS5+t S|~ N (lTE_lu,)\lTE‘ll (1 + 5)) (16)
ny+ng —p w
= N (1Tz—1u, DY (1 + Lu)) (17)
ny+ng —p
where
¢/(p—1
w= ST (- ) Ry — )/) . (18)

w/(n1 +na —p)

Putting all above together we get the statement of the corollary. O

2.2 Test for the population discriminant function coefficients

One of the most important questions when the discriminant analysis is performed is to
decide which coefficients are the most influential in the decision. Several methods exist in
the literature with the following three approaches to be the most popular (c.f., (Rencher
and Christensen, 2012, Section 5.5)): (i) standardized coefficients; (ii) partial F-values;
(iii) correlations between variables and discriminant function. (Rencher, 1998, Theorem
5.7A) argued that each of this three methods has several drawbacks. For instance, the
correlations between variables and discriminant function do not show the multivariate
contribution of each variable, but provide only univariate information how each variable
separates the groups, ignoring the presence of the other variables.

In this section, we propose an alternative approach based on the statistical hypoth-
esis test. Namely, exact statistical tests will be derived on the null hypothesis that two
population discriminant function coefficients are equal (two-sided test) as well as on the
alternative hypothesis that a coefficient in the discriminant function is larger than an-
other one (one-sided test). The testing hypothesis for two coefficients in the population

discriminant function are given by
Hy: a;=a; against H;: a;#a; fori#j, (19)
while in the case of one-sided test we check if

Hy: a; <a; against Hy: a; >a; fori#j. (20)



In both cases the following test statistic will be used

l/S ( 1) _ )‘((2))
\/1’ plll\/ (1412 = 2)(;E + L) + (%) = xRy (x1) — x3)

T:\/nl—l—ng—p

with T e
. S, 'S,
_q-1_ "l l _ _ T
Ri=8, —ITS;ZII and 1= (0,..,0, 1 ,0...,0, '1,0,...,0) .
i j
The distribution of 7" follows from (Bodnar and Okhrin, 2011, Theorem 6) and it is

summarized in Theorem 2.

Theorem 2. Let A = 1/n;+1/ny and let 1 be a p-dimensional vector of constants. Then,

under the condition of Theorem 1,

(a) the density of T is given by

Ny + No ny+ne —p
fr(z) = —/ ftnﬁn2 oo 151<y>( )ffp Lng+ng—prs/A (W?J) dy (22)

with 51(y) = /ATy, n = R BHD and s = (1, — pa) Rapy — ps); the symbol
fa(.) denotes the density of the distribution G.

(b) Under the null hypothesis it holds that T ~ t, 1n,—p1 and T is independent of (x1) —
x2)Ry(x1) — x@).

Theorem 2 shows that the test statistics 7" has a standard distribution under the null
hypothesis. As a result, the suggested test will reject the null hypothesis of the two-sided
test (19) as soon as [T > tn, 4ny—p—151-a/2-

The situation is more complicated in the case of the one-sided test (20). In this case
the maximal probability of the type I error has to be control. For that reason, we first
calculate the probability of rejection of the null hypothesis for all possible parameter
values and after that we calculate it maximum for the parameters which corresponds to
the null hypothesis in (20). Since the distribution of 7" depends on p,, p,, and ¥ only
via ) and s (see, Theorem 2), the task of finding the maximum is significantly simplified.

Let Fg(.) denotes the distribution function of the distribution G. For any constant ¢, we



get

+o0
P(T>q) = fr(z)dz

q

+
n1+n2— ny+ng —p
= / / AL A2 £ RN oy AL
q
n1+n2 ny+ng—p Foo
= / f p 1,n1+ng—p, s/)\< y) ftn1+n2—p—1,51(y) (:E)dxdy

)‘<p - 1) q
om —I— Ny — ny+mng —p
- )\( . 1) /0v (1 - Ftn1+n2—p—1,§1(y) (q))ffp—l,n1+n2—p,s/)\( )\(p o 1) y)dy

ni + ng ny+ng —p

< W/o (1- Ftnﬁnrpfl,o(Q))ffp_l,nﬁnz_p,s/A(Wy)dy

= (1 - Ftn1+n2—p—l,0 (q))
where the last equality follows from the fact that the distribution function of the non-
central t-distribution is a decreasing function in non-centrality parameter and 6, (y) < 0.

Consequently, we get ¢ = t,,, 4n,—p—1;1—o and the one-sided test rejects the null hypothesis

in (20) as soon as T > ty, 4ny—p—1:1—a-

2.3 Classification analysis

Having a new observation vector x, we classify it to one of the considered two groups.
Assuming that no prior information is available about the classification result, i.e. the
prior probability of each group is 1/2, the decision is based on the optimal rule is to assign
the observation vector to the first group as soon as the following inequality holds (c.f.,
(Rencher, 1998, Section 6.2))

_ 1 _
(y — Nz)TE x> 5(#1 - I«LQ)TZ Yy + 1) (23)

and to the second group otherwise. The error rate is defined as the probability of classi-
fying the observation x into one group, while it comes from another one. Rencher (1998)

presented the expression of the error rate expressed as

1
ER,(A) = iP(classify to the first group | second group is true)

1
+ EP(Classify to the second group | first group is true)
A ~ 2 Ty-1
= ¢ -5 ) with A%= (= pp) B7 (kg — o)

where ®(.) denotes the distribution function of the standard normal distribution.

In practice, however, p,, 5, and 3 are unknown quantities and the decision is based

10



on the inequality

1
(x —x®hTs Ix > §(>‘<<1) —x®)Ts Nz + x@)) (24)

instead. Next, we derive the error rate of the decision rule (24). Let

. 1
d = (x(l)—i(2>)TS;,1x—§(>‘c(1)—‘(2) S (xM) +x)

1
= (W -—xhTs ! (x - 5(2(1) + >‘<(2>)) . (25)

In Theorem 3 we present the stochastic representation of d.

Theorem 3. Let A\ = 1/ny+1/ny. Then, under the condition of Theorem 1, the stochastic

representation ofcz 15 given by

SN
[I=

1 p— .
+ 1+ + A& + (A + VA =1,2, (26
\/( ny+mng Ny +ng — )\/ & Mo ) for ¢ (26)

where uléy, o, wo ~ F (p— 1,1 +ng — p, (ng +n2)7'&) with &)&,wo ~ X, 1452 and

£2,wop

2 __ ning A252 _ .
552 wo ”12 >\§2+(A+\/Xw0)2’ %0, Wo ~ N(O’ 1)’ 5 ~ Xn1+n2*p*1’ 52 - prl’ 5’ <o are inde-

pendent of u, &1, &9, wy where & and wq are independent as well.

ny+ng —2 <(_1>¢1 An; — 2 <)\§2 +(A+ \/Xwo)2> + <_)\1)i1 (A2 + \/XAw())

Proof. Let x ~ N, (p;, %), Since M, %@ x, and S, are independently distributed, we

get that the conditional distribution of d given XV = x{" and x® = x”

distribution of d defined by

is equal to the

dy = (x§ —x)7S; %,

where x = x — 3(X; (4 XO )Y ~ ~ N, (ul (X% L4 5((()2)), E), (n1 +na —2)Sp ~ W,(ny +
ny — 2,3), x and S,; are independent.

Following the proof of Corollary 1, we get

1
do < (ny +mny —2)61 ((5_{(()1) - XE)Q))TE_I (/J’i - 5(5_((()1) + j’_C(()2)))

(p— 1) > (1) c@hr -1 =(2)
+ 1+ ——u ) (X X Y-(x Xy )20 |,
\/( Ny + ng ( 0 0 ) ( 0 0 ) 0

where u ~ F (p— 1,n1 +ng — p, <,ul- - 1(xg (1 )+x( ))> Ry (uz - —(X(()) —l—x(()))>) with
Ry =7 -7 (xy) —x¢7) (x5 —x0") =71/(x” - %) 2R - %), 20 ~ N(0, 1),

and & ~ be Lt —p—1) &, 2o and v are mutually independently distributed.

11



In using that

L _q), e _(i i1l e
i = 5 (%6 +x07) = =%+ ()G (kg - xE)

g mitng—2( (=1 s ~ ~ ~ 1
i 4 1) _ 2@\ s-1x0) _ 5@y _ () _ @ Ts-1 () _
( 5 (x x'“) (x x\) —(x x'“) (x uz)

—1
ny+ng —p

where u[x™®), x? ~ F (p —1,n1 +ny —p, (xO — ui)TRx (x — ,ul)> with Ry = 27! —
(M — x@)(xM) — xHTE-1/(xD) — xYTE-1(x1) — %)) 25 ~ N(0,1), and & ~

X7211+n2—p—1; €, 7y are independent of u, x(1), x(?).

Since XM and X are independent and normally distributed, we get that

%0 — p, 0 1y %
< _ g | N o —py ) —<*1f’12 AS

and, consequently,

i ~ ~ -1 i—1 ~ ~ 1
0 g x2) o (ST 0 -5 (= )z

where we used that ;- — 15 = ——.
The application of Theorem 5.5.1 in Mathai and Provost (1992) shows that given
(%M — %)) the random variables (X! —x®)TS 1% — ) and (X% — p; )Ry (XY — ;)

are independently distributed with

()—((1) — X(Q))Tg—l(}—((i) — Mi)|(>_<(1) — )—((2))

—1)i-L 1
N EY T g0 g1z 5@ ),
< oy K T EI)ET T X (= ),

(5((1) _ X(Q))Tz—l(i(l) _ X(Q)))
and, by using Corollary 5.1.3a of Mathai and Provost (1992),

(n1 +n2)(xY = p) Ruc(x9 — ) |(x = x) ~ 152

12



with

ny + no ,_ _ _ _
0y = \2n2 (%D = x® — (py = o)) "R (XY — %2 — (g — )
11 + No
= T (= ) Ry — )

_omtne (g — ) TS (e — ) x() _ x@NT <) _ %2
A2 (xO) —x@)TE-L(x0) — %@ ))(X —xP) Ry (x —x1%)
where we use that (xV)—x®) R, = 0 and Ryy = 571 =57 (g1, — p1,) (1t — 1) TS/ (1 —
IJ’Q)TE_l(IJ’l - l.l/2)

As a result, we get

) 9 =2 1)t
s M<(_1)z—1m—y+( Sy — ) TS (& — x)

1 —1
+ \/(1 + + 1L u> szo>,
ny + No ny+mng —p
where A2 = (x—x)TE 1 (xW—x@), u|xV, %@ ~ F (p—1,n1 +na — p, (n1 +n2)7'&)

with & ~ xp_1,62, 20 ~ N(0,1),and § ~ Xm+n2 _p—1; & 20 are independent of u (&, xD %)
Finally, it holds with A% = (u; — o) "X (4, — ) that

((py — p) "= (xD — x@))”

A2 = (x) - )—<(2)>TRN()—((1) —x®) + = :

where both summands are independent following Theorem 5.5.1 in Mathai and Provost
(1992). The application of Corollary 5.1.3a in Mathai and Provost (1992) leads to

/\—1()*((1) _ X(Q))TR“(X(I) _ 5((2)) ~ X?;fl

and
(1 — o) "2 (W = x®)) ~ N(AZAA?).

From the last statement we get the stochastic representation of d expressed as

SN
=

¢ 2\ An;

1 P
+ \/(1+n1+n2+n1+n2 >\/Agz+ (A +Vwp)?2 )

where u|&1, &, wo ~ F (p—1,n1 +ng — p, (N +ng) ™~ 151) with &1z, wo ~ Xp—1,52 and

£2,w0

2 _ mi+ A?
552 wg n/\12n%2 )\§2+(A+\&w0)2)\£2’ 20, Wy ~~ N(071)7 é ~ X'rz1+n2—p—17 52 ~ Xp—l’ 57 Zp are

m e =2 ((_1)“—M <>\§2 + (A + Vw)? ) i <A2 + \/XAwo>
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independent of u, &, &, wy where & and wy are independent as well. O

Theorem 3 shows that the distribution of d is determined by six random variables
&, &1, &, 20, wp, and u. Moreover, it depends on g, i, and 3 only via the quadratic form
A. As a result, the the error rate based on the decision rule (24) is a function of A only

and it is calculated by

1 .
ER,(A) = §]P’(d > 0] second group is true) (27)
1 .
+ §]P’(d < 0 first group is true).

The two probabilities in (27) can easily be approximated for all A, p, ny, and ny with
high precision by applying the results of Theorem 3 via the following simulation study

(i) Fix A and 7 € {1,2}.

(ii) Generate four independent random variables &, ~ Xil tna—p—1 2~ X?;_p 20 ~

N(0,1), and woyp ~ N(0,1).

: 2 . nin2 A2{2;b
(iii) Generate & ~ Xp-152 with 6&@%1) = R et

(iv) Generate u ~ F (p—1,n; + ny — p, (ng + ng) " 1&1,).
(v) Calculate ch(f) following the stochastic representation (26) of Theorem 3.
(vi) Repeat steps (ii)-(v) for b = 1, ..., B leading to the sample dﬁ“, o (fg).

The procedure has to be perform for both values of © = 1,2 where for ¢ = 1 the relative
numbers of events {d > 0} will approximate the first summand in (27) while for i = 2 the
relative numbers of events {d < 0} will approximate the second summand in (27).

It is important to note that the difference between the error rates calculated for the
two decision rules (23) ad (24) could be very large as shown in Figure 1 where ER,(A)
and ER¢(A) calculated for several n; = ny € {50,100, 150,250} with fixed values of
p € {10,25,50,75}. If p = 10 we do not observe large differences between ER,(A) and
ER(A) computed for several values of n. However, this statement does not hold any
longer when p becomes comparable to both samples sizes n; and ns as document for
p = 50 and p = 75. This case is known in the literature as a large-dimensional asymptotic

regime and it is investigated in detail in Section 3.

3 Discriminant analysis under large-dimensional asymp-

totics

In this section we derive the asymptotic distribution of the discriminant function co-

efficients under the high-dimensional asymptotic regime, that is, when the dimension
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Figure 1: Error rates ER,(A) and ERs(A) as functions of A for p € {10,25, 50,75} and

ER,(A).
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increases together with the sample size and they both tend to infinity. More precisely, we
assume that p/(n; +ng) — ¢ € [0,1) as ny + ny — 0.

The following conditions are needed for the validity of the asymptotic results:

(A1) There exists v > 0 such that p™ (1 — po)? X7 (g — p2) < oo uniformly on p.

(A2) 0 <  lim (n1/ng) < oo.
(n1,n2)—00
It is remarkable that, no assumption on the eigenvalues of the covariance matrix X,
like they are uniformly bounded on p, is imposed. The asymptotic results are also valid
when ¥ possesses unbounded spectrum as well as when its smallest eigenvalue tends to
zero as p — oo. The constant v is a technical one and it controls the growth rate of the
quadratic form. In Theorem 4 the asymptotic distribution of linear combinations of the

discriminant function coefficients is provided.

Theorem 4. Assume (A1) and (A2). Let 1 be a p-dimensional vector of constants such
that p~ 17X < oo is uniformly on p, ¥ > 0. Then, under the conditions of Theorem 1,
the asymptotic distribution of 6 =174 is given by

A 1
Vni + 7L20';1 (9 — Tcszil(ul — [,LQ)) i> N(O, 1)

for p/(ny +n2) = c €[0,1) as ny + ng — 0o with

o 7 ) S S ) (29
+ A+ HQ)ITEII]I{O}(’Y)>

where 1 4(.) denotes the indicator function of set A.

Proof. Using the stochastic representation (11) of Corollary 1, we get

- 1
VAl +Tl20'71 (0— 1

— C

)

1\ p ISy —
i VAl + (%) ((nl + Nnog — 2)5_1 — ) p (,Ll;1 “2)

1-c p0y
ny+ng — 2 -1 Vp 1T
—+ )\(77,1 -+ n2>—1 2 P+ p7 P u P — 20,
§ ny+mng —p poy

where { ~ X311+n2—p_1, 20~ N(0,1),u ~F (p — Ly +n9 —p, (1 — p2) " Ra(pr — Hz)/)\)
with Rj = X7 =S HMITS 1T € 29 and u are mutually independently distributed.
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Since, £ ~ X2, 1n,_p_1, We get that

\/nl—l—ng—p—l( S p—1_1>AN<0’2)

n1+n2—

for p/(ny +n2) — ¢ € [0,1) as n; + ny — oo and, consequently,

m(<nl+n2_g)€_l_ 1) i mtmp1 1

1—c :\/nl—i—nQ—p—l 19 1—c
ny+ng —2 13 D . 2
—p—1((1- — — Zp ~ 0
X \/n1+n2 p (( C)n1+n2_p_1 n1+n2_p_1> % N(’l—c)
for —2— = ¢+ o((n1 + ny)~'/2) where z, and %, are independent.
Furthermore, we get (see, (Bodnar and Reif}; 2016, Lemma 3))
_ . p—1 c P (1 — p2) "Ra(pr — po) as.
T4p T —— -1 — 1 + — 0
PP e o) =1 < 0y (7) A + )
Putting the above results together, we get the statement of the theorem with
1 _ 2 _
o = (1—c¢)3 (2 (=7 — p2))” + 1S — po) R — o)
+ Ay + nz)lTE_ll]l{o}(W)>
1 _ 2 _ _
- (1—c¢)? ( (ITE iy — M2)) U (g — p2) 27 gy — p2)
+ Alng + nz)lTE_ll]l{o}(’Y)>
m

The results of Theorem 4 show that the quantity ~ is present only in the asymptotic
2
o
assumption (A2) is no longer needed. However in the case v = 0 we need (A2) in order to

variance 2. Moreover, if v > 0, then the factor \(n; + ny) vanishes and therefore the

keep the variance bounded. We further investigate this point via simulations in Section

3.3, by choosing 7 > 0 and considering small n; and large ny such that n;/ny — 0.
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3.1 Classification analysis in high dimension

The error rate of the classification analysis based on the decision rule (23) remains the

same independently of p and it is always equal to

A , -
ER,(A) =@ (_E) with A% = (py — pp) "7 (1 — )

In practice, however, p,, p,, and 3 are not known and, consequently, one has to make
the decision based on (24) instead of (23). In Theorem 5, we derived the asymptotic

distribution of d under the large-dimensional asymptotics.

Theorem 5. Assume (A1) and (A2). Let p~7A2 — A2 and An; — b; for p/(ny +ny) —
c€0,1) as ny +ny — oo. Then, under the conditions of Theorem 1, it holds that

pmin(v,l)/Q i i ny +ng — 2 (_1)i_1p—'yA2
P’ ny+ng—p—1 2

c b —
1—c 2b

N /\/’((—1)" (b1 + ba) L0y (7),

c ~ 1

mA41[1’+°°) (v) + = 0)3'(0(51 +bo) Loy (7) + A1y (7)))

forp/(n1 +n2) = c€[0,1) as ny + ny — 0.

Proof. The application of Theorem 3 leads to

7 i—1
pmin(y,l)/Q (i . ny + ng — 2 (_1) p—7A2>

pY ny+nyg—p—1 2

2 §
> < min(v,1)/2— 7)\§ _|_2pm1n('yl/2 7/2\/TA2\/_w0_|_pm1n( 1)/277)\w(2]>
=D

+ ) mln 1)/2— 7/2\/TA2\/_UJ0>

ny + ng — 2 1 —1
v TR (1 + 2 u
§ ni+mny np+ng—p

% \/pmin(fy,l)fZ'y)\éfz + (pmin('y,l)/Zf'y/Q /pf'yA2 _i_pmin(fy,l)/Q'y\/XwO)QZO)

4 min(y,1)/2—1/2 VP ny +ny —2 —o—1(1— §
P Vi +ny —p—1 3 Vi = p ny+ny—p—1
(—1)i_1 _ 9 Ny + ng — 2 1)\ —2
X A _ ) L
p + (=1) A
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D i C bz -2
— N((‘U 11_6 5%, (b1 + ba) 1103 (7),

C ~
3 A4]]' [1,400) (7) +

2(1—c¢)

A= op _1 BE (c(by + b2) Loy (7) + AWy (m) ,

where the last line follows from Lemma 3 in Bodnar and Reif (2016) and Slutsky Theorem
(see, (DasGupta, 2008, Theorem 1.5)). O

The parameters of the limit distribution derived in Theorem 5 can be significantly
simplified in the special case of n; = nsy because of A\n;y = Any = 2. The results of
Theorem 5 are also used to derived the approximate error rate for the decision (24). Let

a= ﬁ%p”A. Then, the error rate is given by
1 1 (-
ER,(&) = 3P {d>0li=2}+ 511»{65 <ofi=1}

1 : d . . .
— P {pmln('y,l)/2 (_ . (_1)1—1a> > _pmln(’y,l)/Q(_l)z—la|Z~ _ 2}

2 p’Y
+ 1p pminr/2 i — (=1)ia | < —pminOD/2(_1)i )i =1
2 p’Y -
N 1 - Cmein(w,l)/2 —my N lcp _apmin('y,l)/2 —my |
2 v 2 v
with
& bl - 2 cC b2 — 2
my 1—¢ 25, (b1 + bo) {0}<7)7 Mo 1—c 2, (by + b2) {0}(7),
e (AN L e+ b1 A%
) 2(1 — 0)3 (p ) [1,+oo)(/7> + (1 — 0)3 (C( 1+ 2) {0}(’)/) +p 0,1] (*}/))7

where we approximate A2 by p~7AZ2.

In the special case of ny = ny which leads to by = by = 2, we get

with

pmin('y,l)/Q—'y /1 —c /p—wA2

h, =
Ve A2 o0y (7)/2 4 dcl oy (v) + p 7 A% 1(7)

I

which is always smaller than one. Furthermore, for v € (0,1) we get h. = /1 — c.
In Figure 2, we plot ERs(A) as a function of A € [0,100] for ¢ € {0.1,0.5,0.8,0.95}.
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Figure 2: Error rates ER,(A) and ERs(A) as functions of A for ¢ € {0.1,0.5,0.8,0.95}.

We also add the plot of ER,(A) in order to compare the error rate of the two decision
rules. Since only finite values of A are considered in the figure we put v = 0 and also
choose ny = ny. Finally, the ratio % in the definition of a is approximated by 1%:
We observe that ER(A) lies very close to ER,(A) for ¢ = 0.1. However, the difference
between two curves becomes considerable as ¢ growths, especially for ¢ = 0.95 and larger

values of A.

3.2 Finite-sample performance

In this section we present the results of the simulation study. The aim is to investigate
how good the asymptotic distribution of a linear combination of the discriminant function
coefficients 0 = 17a performs in the case of the finite dimension and of the finite sample
size. For that reason we compare the asymptotic distribution of the standardized 0 as
given in Theorem 4 to the corresponding exact distribution obtained as a kernel density
approximation with the Eppanechnikov kernel applied to the simulated data from the
standardized exact distribution which are generated following the stochastic representa-

tion of Corollary 1: (i) first, &, zo., up are sampled independently from the corresponding
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univariate distributions provided in Corollary 1; (i) second, 6, is computed by using (11)
and standardized after that as in Theorem 4; (iii) finally, the previous two steps are re-
peated for b =1, ..., B times to obtained a sample of size B. It is noted that B could be
large to ensure a good performance of the kernel density estimator.

In the simulation study, we take 1 =1, (p-dimensional vector of ones). The elements
of p; and psy are drawn from the uniform distribution on [—1,1] when v > 0, while
the first ten elements of @, and the last ten elements of u, are generated from the
uniform distribution on [—1, 1] and the rest of the components are taken to be zero when
~v = 0. We also take ¥ as a diagonal matrix, where every element is uniformly distributed
on (0,1]. The results are compared for several values of ¢ = {0.1,0.5,0.8,0.95} and
the corresponding values of p,ni,ny. Simulated data consist of N = 10° independent
repetitions. In both cases v = 0 and 7 > 0 we plot two asymptotic density functions to
investigate how robust are the obtained results to the choice of ~.

In Figures 3-4, we present the results in the case of equal and large sample sizes (data
are drawn with 7 = 0 in Figure 3 and with v > 0 in Figure 3), while the plots in Figure
5 correspond to the case of one small sample and one large sample. We observe that the
impact of the incorrect specification of v is not large, while some deviations are observed
in Figure 5 for small values of c¢. If ¢ increases, the difference between two asymptotic
distributions becomes negligible. In contrast, larger differences between the asymptotic
distributions and the finite-sample one are observed for ¢ = 0.8 and ¢ = 0.95 in all figures,

although their sizes are relatively small even in such extreme case.
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Figure 3: The kernel density estimator of the asymptotic distribution and standard normal

for 0 as given in Theorem 4 for v = 0 and ¢ = {0.1,0.5,0.8,0.95}.
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Figure 4: The kernel density estimator of the asymptotic distribution and standard normal
for 0 as given in Theorem 4 for v > 0 and ¢ = {0.1,0.5,0.8,0.95}.
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Figure 5: The kernel density estimator of the asymptotic distribution and standard normal
for 0 as given in Theorem 4 for v > 0 and ¢ = {0.1,0.5,0.8,0.95}.
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