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Abstract

In this paper we consider the product of a singular Wishart random matrix and
a singular normal random vector. A very useful stochastic representation is derived
for this product, in using which the characteristic function of the product and its
asymptotic distribution under the double asymptotic regime are established. The
application of obtained stochastic representation speeds up the simulation studies
where the product of a singular Wishart random matrix and a singular normal
random vector is present. We further document a good performance of the derived
asymptotic distribution within a numerical illustration. Finally, several important

properties of the singular Wishart distribution are provided.
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1 Introduction

The multivariate normal distribution is one of the basic central distributions and a build-
ing block in multivariate statistical analysis. It is also a standard assumption in many sta-
tistical applications where the normal distribution is usually accompanied by the Wishart
distribution. Namely, if we consider a sample of size n from k-dimensional normal distri-
bution, the unbiased estimators for the mean vector and for the covariance matrix have a
k-dimensional normal distribution and a k-dimensional Wishart distribution, respectively,
as well as they are independent (see, e.g., Muirhead [17, Chapter 3]).

A number of papers deal either with the properties of the sample mean vector or
with the properties of the sample covariance matrix, although these two objects appear
often together in the expressions of different statistics. Consequently, a question arises
how the distributions of functions involving both a Wishart matrix and a normal vector
could be derived. Recently, this topic has attracted a lot of attention in the literature
from both the theoretical perspectives (c.f., Bodnar and Okhrin [7]; Bodnar et al. [3])
and the applications (see, e.g., Jobson and Korkie [13]; Kan and Zhou [14]; Bodnar [2]).
While Bodnar and Okhrin [7], Kotsiuba and Mazur [16] derived the exact distribution
and the approximative distribution of the product of an inverse Wishart matrix and a
normal vector, Bodnar et al. [3] extended these results to the case of the product of
a Wishart matrix and a normal vector. It is remarkable that the product of an inverse
Wishart matrix and a normal vector has a direct application in discriminant analysis (c.f.,
Rencher and Christensen [20]) and in portfolio theory (see, e.g., Britten-Jones [8]). On
the other hand, the product of a Wishart matrix and a normal vector can be considered
from the viewpoint of Bayesian statistics when inferring the discriminant function and
the portfolio weights by employing the inverse Wishart - normal prior which appears to
be a conjugate prior for the mean vector and the covariance matrix under normality (see,
e.g., Bernardo and Smith [1]).

Singular covariance matrix is present in practical applications, especially when data
are drawn from a large-dimensional process. For example, the construction of an optimal
portfolio with a singular covariance matrix has become an important topic in finance (see,
e.g., Pappas et al. [18]; Bodnar et al. [5]). While the normal distribution with the singular
covariance matrix is known as the singular normal distribution in statistical literature,
there is no unique definition in the case of the Wishart distribution. The singular Wishart
distribution introduced by Khatri [15] and Srivastava and Khatri [21] deals with the case
when the sample size is smaller than the process dimension. The practical relevance
of this case is discussed in Uhlig [23], while some theoretical finding were derived in
Srivastava [22], Bodnar and Okhrin [6], Bodnar et al. [4]. Another type of the singular
Wishart distribution, the so-called pseudo-Wishart distribution, was discussed in Diaz-
Garcia et al. [9]. The covariance matrix is assumed to be singular in this family of Wishart
distributions. Later on, we refer to the Wishart distribution with a singular covariance
matrix independently if the sample size is larger or smaller than the process dimension



as the singular Wishart distribution.

In the present paper, we contribute to the existent literature on the singular Wishart
distribution and the singular normal distribution by considering both distributions not
separately but in a combination. We derive a very useful stochastic representation for
the product of a singular Wishart matrix and a normal vector which provides an elegant
way of characterizing the finite sample distribution of the product as well as it appears to
be very useful in the derivation of its asymptotic distribution under the high-dimensional
asymptotic regime, i.e. when both the sample size and the process dimension become
very large.

The rest of the paper is structured as follows. Section 2 contains several distributional
properties of the singular Wishart distribution which are used as a tool to prove the
main results of the paper presented in Section 3. Here, the distribution of the product
of a singular Wishart matrix and a singular normal random vector is derived in terms
of a stochastic representation from which we also obtain the characteristic function of
the product. Furthermore, we prove the asymptotic normality of the product under
the high-dimensional asymptotic regime. The finite sample performance of the obtained

asymptotic results is discussed in Section 4, while Section 5 presents the summary.

2 Preliminary results

In this section, we present several distributional properties of the singular Wishart distri-
bution which are used in proving the main results of the paper.

Let A ~ Wg(n,X), i.e., the random matrix A has a k-dimensional singular Wishart
distribution with n degrees of freedom and covariance matrix 3 which is positive semi-
definite with rank(X) = r < k. Throughout the paper, no assumption is made about the
relationship between the sample size n and the process dimension k. The results are valid
in both cases n > k (Wishart distribution with positive semi-definite covariance matrix
¥)) and k < n (singular Wishart distribution with positive semi-definite covariance matrix
3)). Also, let Iy be the k x k identity matrix, ® stands for the Kronecker product, and
the symbol 2 denotes the equality in distribution.

In Proposition 1, we derive the distribution of a linear symmetric transformation of

the singular Wishart random matrix.

Proposition 1. Let A ~ Wy (n, %) with rank(X) =r < k and let M : p x k be a matriz
of constants with rank(M) = p such that MX # 0. Then

MAM” ~ W,(n, MEMT).

Moreover, if rank(MX) = p < r, then MAM? and MEM” are of the full rank p.

Proof. From Theorem 5.2 of Srivastava [22] we have that the stochastic representation of



A is given by
ALXXT  with X~ Ne,(0,Z®1L).
Then using Theorem 2.4.2 of Gupta and Nagar [11] we get
MAM?T £ MxXX"MT £ vY7,

where Y ~ N,,,(0,(MEM") ®I,). This completes the proof of the proposition. ]

An application of Proposition 1 leads the following result summarized in Proposition
2.

Proposition 2. Let A ~ Wy (n,X) with rank(X) =r < k and let W : p X k be a random
matriz which is independent of A such that rank(WX) = p < r < n with probability one.
Then

(WEWDH2(WAWT)(WEWT) 12 ~ W, (n,1,)

and is independent of W.

Proof. Using the fact that W and A are independently distributed, we obtain that the
conditional distribution of WAW?”|(W = W) is equal to the distribution of WoAWZ.

Then applying Proposition 1 we obtain
(WoSW) V2 WoAWD) (WeSWI) V2 ~ W, (n,T,).

Since this distribution does not depend on W it is also the unconditional distribution of
(WEWT)~12(WAWT)(WEWT) /2, The proposition is proved. O

In the next corollary, we consider a special case of Proposition 2 with p = 1.

Corollary 1. Let A ~ Wg(n,X) with rank(X) = r < k and let w be a p-dimensional
vector which is independent of A with P(wT'X = 0) = 0. Then

wl Aw

2
~ X
wlYw n

and 1s independent of w.

3 Main results

In this section, we present the main results of the paper which are complementary to the
ones obtained in Bodnar et al. [3, 4] to the case of high-dimensional data and singular

covariance matrix.



3.1 Finite sample results

Let z be k-dimensional singular normally distributed random vector with mean vector
p and covariance matrix kX, £ > 0, such that rank(X) = r < k, i.e. z ~ Ni(p, kX).
Also, let M be a p X k matrix of constants with rank(M) = p < r < min{n, k} such that
MY # 0. We are interested in the distribution of M Az when A and z are independently
distributed where A has a singular Wishart distribution as defined in Section 2.

In Theorem 1, we derive a stochastic representation for M Az. The stochastic rep-
resentation is an tool in the theory of multivariate statistics and it is frequently used in
Monte Carlo simulations (c.f., Givens and Hoeting [10]). Its importance in the theory of
elliptically contoured distributions is well described by Gupta et al. [12].

Theorem 1. Let A ~ Wy (n,X) with rank(X) =r < k and let z ~ Np(p,kX), £ > 0.
We assume that A and z are independently distributed. Also, let M : p X k be a matriz of
constants of rank p < r < n and denote Q = PTP with P = (MXIM?”)~'/2MX'/2. Then
the stochastic representation of M Az is given by

VTt — /T (T = Q)%
MAz £ (M2t +/((MEZMT)? |ViTtL, — i Ptt"P”| z

tTQt

where ¢ ~ X2, t ~ Np(ZY2u,k32), and zo ~ N,(0,L); ¢, t, and zy are mutually
independent.

Proof. Since A and z are independently distributed it holds that the conditional distri-
bution of MAz|(z = z*) is equal to the distribution of MAz".

Let M be the matrix which is obtained from M by adding a row vector z*, i.e.
M = (M7, z*)". Consider the following two partitioned matrices

MAM? MAz* ) (An 2512>

A = MAM? =
( zTAM? 2T Az* Ay Ao

and

5 _wisnir_ [ MEMT Mz Sn T
N N Z*TEMT Z*TEZ* 221 222

Since A ~ Wy (n,X) and mnk(ﬁ) — p+1 < r, it holds that A ~ W,1(n, %)
following Proposition 1. Using Theorem 3.2.10 of Muirhead [17], we get the conditional
distribution of Alg = MAz" given Agg expressed as

K12|ﬁ22 ~ N, <§12§52111227 §11-2g22>

with 5311.2 = ill - 5312552_215321.



Let ¢ = ;[22§2*21, Then from Corollary 1 we get that ( ~ x2, and it is independent of

z. Hence,
MAz[(,z ~ N, ((MZz,((z" £zMIM" — MZzz' M")),
which leads to the stochastic representation of M Az given by
MAz £ (MYz + /((z"SzMEM” — MSzz" SM7) 2z, (1)

where ¢ ~ X2, z ~ Ni(p, kX), and zg ~ N,(0,I,). Moreover, (, z, and z, are mutually
independent.
Next, we calculate the square root of (z/ ZzMIM’ — MXzz' M7) using the fol-

lowing equality

(D —bb")"? = D'*(I, — cD~*bb"D"/?)

with ¢ = SV PIDTP Ml and D = 27 SzMEM? that leads to

bITD-1

Il

MAz (MXz + /¢(MEMT)!/2
% \/EI _ V z'Y7z — \/ZT(E — ZI/QQEUQ)Z
P

ZT12Q% /2,

PX22zTS12PT | g,

where P = (MXM")"/2MXY2 and Q = PTP.
Finally, making the transformation t = X2z ~ N (XY2u, xX?), we obtain the
statement of the theorem. O

Next, we consider the special case of Theorem 1 when p =1 and M = m?”.

Corollary 2. Let A ~ Wy (n,X) with rank(X) = r < k and let z ~ Ni(pn, kX), £ > 0.
We assume that A and z are independently distributed. Let m be a k-dimensional vector
of constants such that m*¥m > 0. Then the stochastic representation of m* Az is given
by

m”Az £ (m"Yz + V¢ [z"%z- m"¥m — (m" Xz)?] 2 20, (2)

where ¢ ~ x2 and zy ~ N(0,1); ¢, 20, and z are mutually independent.

The proof of Corollary 2 follows directly from (1). The result of the corollary is very
useful from the viewpoint of computational statistics. Namely, in order to get a realization
of mT Az it is sufficient to simulate two random variables from the standard univariate
distributions together with a random vector which has a singular multivariate normal
distribution. There is no need to generate a large-dimensional object A and, as a result,
the application of (2) speeds up the simulations where the product of A and z is present.

Another application of Corollary 2 leads to the expression of the characteristic function

of Az presented in the following theorem.



Theorem 2. Let A ~ Wi(n,X) with rank(X) = r < k and let z ~ Ni(p,cX). We
assume that A and z are independently distributed. Then the characteristic function of

Az is given by

exp (- puTRA'RTp) oo
SOAZ(u) = ( 27«/2|A|1/2 >/0 ’Q(C)’_l/2fxﬁ(<)

X exp <i(VTARTu — %QuTRAQ(g)—lARTu + %VTQ(C)V> dc,

where v = k7 1Q(O) AR .,
Q) = AT+ ([A-u"Su—- AR"uu’'RA],

and X = RART is the singular value decomposition of ¥ with diagonal matriz A con-
sisting of all v non-zero eigenvalues of ¥ and R the k X r matriz of the corresponding
eigenvectors; f,2 denotes the density function of the x? distribution with n degrees of

freedom.

Proof. From the stochastic representation derived in Corollary 2, we get that

pan0) = E(exp (u”Az)) = E (exp (i Sz + v/ [#7 Tz v Tu — (0'2)2] 2 )
_ (exp (icu” $z) E (eXp <z\/Z 2"z - u'Su — (u'3z)2] " z0> c, z))

<exp (i¢u” Ez) exp <——< 2" Sz - u"Su - (uTzz)ﬂ))

- E (E (exp (i¢u" 2z) exp (——g 2" Yz - u'Tu - (uTZZ)ﬂ) |(>)

~ E (]E (exp (icvT Ay) exp (—§C [y"Ay v AV - (VTAY)Q]) IC))

|
&

where v = RTu; ¥ = RART is the singular value decomposition of ¥; y = Rz ~
N, (RTu, kA) has a non-singular multivariate normal distribution.
Hence,

E (exp (inTAy) exp (—%C [yTAy vIAV — (VTAY)2]) |C>

- = Xp (7 v y) ex 1 yT A T A T 9
e — A .

k! _
< o (v - RIWTA R )y



where
Ty —RTp)" ATy = RTp) + ( [y Ay - vIAv — (VI Ay)?]
=(y-v)' Q) -v)+d
with
Q) = AT HC[A VAV — AvTA],

0O A R
d = «'uW"RAT'R 'y —v"Q0Ov = u"STu —v7Q()v.

As a result, we get

exp (— 5 pTStp) oo
()DAZ(u) = <I£T/22|A|1/2 )/0 |Q(C>|_1/2f)(%(<)

X exp (iCVTAV — %ZVTAQ(C)_lAV + %VTQ(C)V) dc.

This completes the proof of the theorem. n

3.2 Asymptotic distribution under double asymptotic regime

In this section we derive the asymptotic distribution of M Az under double asymptotic
regime, i.e. when both r and n tend to infinity such that r/n — ¢ € [0,+00). In the
derivation of the asymptotic distribution we rely on the results of Corollary 2.

The following conditions are needed for ensuring the validity of the asymptotic results
presented in this section

(A1) Let (\;, u;) denote the set of non-zero eigenvalues and eigenvectors of 3. We assume
that there exist {; and Ly such that

0<l1§)\1§>\2§§)\T§L1<OO

uniformly on k.

(A2) There exists Ly such that

|lul'p| < Ly for all i = 1,...,r uniformly on k.

Theorem 3. Let A ~ Wy (n,X) with rank(X) = r < p and let z ~ Ni(u, k)5 > 0.
Assume = = ¢+ o(n"?),c € [0,+00) and kr = O(1) as n — oco. Also, let m be a k-
dimensional vector of constants such that m”Xm > 0 and |ul m| < Ly foralli=1,...,r
uniformly on k. Assume that A and z are independently distributed. Then, under (A1)



and (A2), it holds that the asymptotic distribution of m” Az is given by

1
Vno ! (—mTAz — mTEu) N 0,1),

n

where
o’ = (mTEp,)2 +m"Em [ktr(Z?) + p" Sy + B mTs3m.
c

Proof. From Corollary 2, the stochastic representation of m?” Az is given by

m7Az < (m”Sz + V¢ [z"%z- m"¥m — (m" Xz)’] 12 20,
with ¢ ~ x2, 20 ~ N(0,1) and z ~ Ny (s, sX),x > 0; ¢, 20, and z are mutually indepen-
dent.
From the property of y2-distribution, we immediately obtain the asymptotic distribu-
tion of ¢ given by

\/ﬁ(%—l)rva(O,Q)asn%oo (3)

Further, it holds that \/n(zo/v/n) ~ N(0,1) for all n, consequently it is its asymptotic
distribution.

We next show that m? 3z and z” 3z are jointly asymptotically normally distributed
under the high-dimensional asymptotic regime. For any a; € R and as € R, we consider

T 2 2
012" ¥z+2aom? Xz = a4 (z + @m> b (z + %m> —%mTEm = aliTEZ—@mTZm
ay aq ay ay
where z ~ Ny (p,, #%) with g, = p+ 52m. By [19] the random variable zI'¥z can be
expressed as

2L kY NG with GANGED), 02 =k (ul )’
i=1
where the symbol x%(d) denotes the non-central chi-squared distribution with d degrees
of freedom and non-centrality parameter 0.

Next, we apply the Linderberg central limit theorem to the i.i.d random variables

Vi = kMG Let 0 = V(V;) and s2 = V(37 V;). It holds that

2 =V (Z w) =K Y AV(G) =R A2(1 +207)
=1 =1 =1

= K Z (A + 47N (u] p,)?) = K2 [2tr(BY) + 45Tl B, ]

i=1



In order to verify the Linderberg’s condition, we need to check if for any small € > 0
it holds that

1
lim 2 ;E (Vi = E(Vi) L) >esa}] = 0, (4)
where
ZE [(Vi = (Vi) L i —E(vi)[>esn)]
Cauchy—Schwarz
< Z\/E [(Vi = E(V; \/E [Lgvi-ai>en)]
— Z\/E (Vi = E(V)4VP[|Vi — E(V))| > eo,]
Chebychev
< Z VEI[(V; —E(V3))* ]68
_ 2¢§iZA4\/(1+252) +40 43T
€ i—1 ¢ Sn
In using

(1+267)% +4(1 4 407) = (5+267)* — 20 < (5 + 267)?

we get with o, = sup, o; the following inequality

RN K? Oinax 1
QZE (Vi = BV Lvipwien] €2V3="225 3 XG5 +267)

ﬁamax Str(X4) + 2k71 T23ua 5v/3 Orax
€ Sy tr(ZY) 42k ulIY3p, — € s,

Using

Wi = (s 2 m) — 2(uTpy +2(@u?m)2

o : ) :

and Assumptions (Al) and (A2), we get

Omaxe __ SUD(N(L+207))  sup,(AF + 267 AP (uf ps,)?)

= — 0
on tr(Xh) + 25l B2, (B4 2 pl B,

which verifies the Linderberg condition.

10



Since
Y EW) = &Y NE(G) =8> AN (1+6) =ntr(S%) + p, Sp,
=1 =1 =1

we obtain by using the Linderberg’s central limit theorem that

12737 — ktr(X?) — pl'3p,

~5 N(0,1)
Ko/ 2ktr(3Y) + 4pTS3p,

Let a = (a1, 2a2)”. Then the last identity leads to

/i [ o7 ( 2%z ) T ( ktr(X2) + u'Sp )

m’ XYz m’Xpu
d ok [ 2ktr(BY) +4puXip 2mT 3
— 0,a” — 5
N( e ( 2m7T3 m’Sm | ° (5)

which implies that the vector (zTZz, mTEz)T is asymptotically multivariate normally
distributed because a is an arbitrary fixed vector.
Taking into account to (3),(5) and the fact that (, zp, and z are mutually independent

we get the following asymptotic result

s 1
z Yz ktr(3?) + pt's
m' Xz m'3p
\Z/—% 0
2 0 0 0
o 0 254 (BY) + 45033 285m0
0 2§mT23p, fmTESm 0
0 0 0 1

Finally, the application of the delta method leads to

viio™

n

m’ Az — mTEu) L N(0,1),

11



where

2

=
N————

o2 = (mTZ/L 0 1 “Ktr(22>+uTzu} msz—(mTzlJ)?}

0 0 0

2”‘—;157’(24) +45uT33p 25mT 3 0
2§mT§]3u %mTE?’m 0

0 0 1

X
o O O N

m’ 3
0
X 1

[[mtr(EQ) +p"Ep] m"Em — (mTEp) 2} :
— (mTEp,)Q +m”"Em [ktr(3?) + p" Sy + ngE?’m.
O

Finally, we extend the results of Theorem 3 to the case of finite number of linear
combinations of the elements of Az. The results are summarised in the following theorem.

Theorem 4. Let A ~ Wy (n,X) with rank(X) = r < p and let z ~ Ni(p, cX),x > 0.
Assume £ = c+o(n™/?),c € [0, +00) and kr = O(1) asn — oco.Let M = (my, ..., m,)" :
p X k be a matriz of constants of rank p < r < n with probability one and let |u] m;| <
Lo for alli = 1,....,7r and j = 1,...,p uniformly on k. Assume that A and z are
independently distributed. Then under (A1) and (A2) the asymptotic distribution of M Az
under the double asymptotic regime is given by

N <%MAZ - MEZ) —4 N, (0,1,)
where
Q = MEpp"SM? + MEM? [ktr(3%) + p” Sp) + SME?’MT. (6)
Proof. For all 1 € RP-fixed we consider 1" MAz. The rest of the proof follows from
Theorem 3 with m = M7”1 and the fact that 1 is an arbitrary vector. O
4 Finite sample performance

In this section we present the results of a Monte Carlo simulation study where the per-
formance of the obtained asymptotic distribution for the product of a singular Wishart

matrix and a singular Gaussian vector is investigated.

12



In our simulation we fix m = 1/k where 1 denotes the k-dimensional vector of ones
and generated each element of p from the uniform distribution on [—1, 1]. The population

covariance matrix was drawn in the following way:

e 7 non-zero eigenvalues of 3 were generated from the uniform distribution on (0, 1)
and the rest were set to be zero;

e the eigenvectors were generated form the Haar distribution by simulating a Wishart

matrix with identity covariance matrix and calculating its eigenvectors.

Both the mean vector and the population covariance matrix obtained by such setting
satisfy the assumptions (A1) and (A2).

We compare the asymptotic density of the standardized random variable m” Az with
its finite-sample one which is obtained by applying the stochastic representation of Corol-
lary 2. More precisely, we draw N = 10* independent realizations of the standardized
random variable m” Az by using the following algorithm

a) generate m’ Az by using stochastic representation (2) of Corollary 2 expressed as

m” Az £ (m" %z +/( 2"3z - m"¥m — (m"¥z)?] 2 o,

where ¢ ~ X2, 29 ~ N(0,1), z ~ Nip(p, kX); ¢, 20, and z are mutually independent.
b) compute

viio™

n

m’ Az — mTEu)
where

— (mTE/J,)2 +m"Em [ktr(Z*) + p"Sp] + “m7im.
c

c) repeat a)-b) N times.

Then, the elements of the generated sample are used to construct a kernel density estima-
tor which is compared to the asymptotic distribution, i.e. to the density of the standard
normal distribution. As a kernel, we make use of Epanechnikov kernel with the bandwidth
chosen by applying the Silverman’s rule of thumb.

The results of the simulation study are summarized in Figure 1 for n = 500 and in
Figure 2 for n = 1000. In both cases we set kK = 1/n. Finally, & = 750 is chosen for
n = 500 and k € {750,990} for n = 1000. Furthermore, several values of r are considered
such that ¢ = {0.1,0.5,0.8,0.95}. The finite sample distributions are shown as dashed
line, while the asymptotic distributions are solid lines. All obtained results show a good
performance of the asymptotic approximation which is almost indistinguishable from the
corresponding finite sample density. This result continues to be true even in the extreme

case of ¢ = 0.95.

13
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(d) n =500, ¢ = 0.95, k = 750

Figure 1: Asymptotic distribution and the kernel density estimator of the finite sample
distribution calculated for the product of a singular Wishart matrix and a singular normal

vector (n = 500).
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(d) n = 1000, ¢ = 0.95, k = 990

Figure 2: Asymptotic distribution and the kernel density estimator of the finite sample
distribution calculated for the product of a singular Wishart matrix and a singular normal

vector (n = 1000).
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5 Summary

Wishart distribution and normal distribution are widely spread in both statistics and
probability theory with numerous and useful applications in finance, economics, envi-
ronmental sceinces, biology, etc. Different functions involving a Wishart matrix and a
normal vector have been studied in statistical literature recently. However, to the best of
our knowledge, combinations of a singular Wishart matrix and a singular normal vector
have not been investigated up to now.

In this paper we analyse the product of a singular Wishart matrix and a singular
Gaussian vector. A very useful stochastic representation of this product is obtained,
which is later used to derive its characteristic function as well as to provide an efficient
way how the elements of the product could be simulated in practice. With the use of
the derived stochastic representation there is no need in generating a large dimensional
Wishart matrix. Its application speeds up simulation studies where the product of a
singular Wishart matix and a singular normal vector is present. Furthermore, we prove the
asymptotic normality of the product under the double asymptotic regime. In a numerical
study, a good performance of the obtained asymptotic distribution is documented. Even
in the extreme case of ¢ = 0.95 it produces a very good approximation of the corresponding
finite sample distribution obtained by applying the derived stochastic representation.
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