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Abstract

The sum of a random number of independent and identically distributed random
vectors has a distribution which is not analytically tractable, in the general case.
The problem has been addressed by means of asymptotic approximations embed-
ding the number of summands in a stochastically increasing sequence. Another
approach relies on fitting flexible and tractable parametric, multivariate distribu-
tions, as for example finite mixtures. In this paper we investigate both approaches
within the framework of Edgeworth expansions. We derive a general formula for
the fourth-order cumulants of the random sum of independent and identically dis-
tributed random vectors and show that the above mentioned asymptotic approach
does not necessarily lead to valid asymptotic normal approximations. We address
the problem by means of Edgeworth expansions. Both theoretical and empirical
results suggest that mixtures of two multivariate normal distributions with pro-

portional covariance matrices satisfactorily fit data generated from random sums
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where the counting random variable and the random summands are Poisson and

multivariate skew-normal, respectively.
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1. Introduction

Let {x;, i € N} be a sequence of independent and identically distributed (i.i.d.)
d-dimensional random vectors. Also, let N be a random variable independent of
the sequence whose support is the set of nonnegative integers. Furthermore, let
s = X1 + ...+ xxy be the sum of the first N components of the sequence, with the
convention that s is the d-dimensional null vector when N = 0. We refer to s as to
the random sum of {x;, i € N} with aggregating variable N. The distributions of
s, N and x; are the compound, primary and secondary distributions, respectively
([23]). Random sums occur in many research fields, including physics, biology,
reliability, queuing and finance ([14], [18], [19]). One such application is in actuarial
science where such a compound distribution has been mainly studied as a claim
model, where the random vector s, x; and N are represented as the aggregated
claim, the i-th claim size and the claim counts, respectively ([1]). However, analytic
expressions for compound distributions are available only for certain types of primary
and secondary distributions ([7, Chapter 13]) and an approximation is required for
a general case ([23]).

Asymptotic methods are often used to approximate the compound distributions,
when the aggregating variable is expected to be high enough. Following an argu-
ment similar to the one used in central limit theorems, the aggregating variable
is embedded in a sequence of stochastically increasing random variables. More
precisely, let {N,, ¢ € N} be a stochastically increasing sequence of random vari-
ables independent of {x;, i € N}, whose support is the set of nonnegative integers.
Also, let p, and 3, be the mean vector and the positive definite covariance matrix

of the ¢-th element s, of the sequence {Sq =X1+...+Xn,, q € N}. Finally, let
{zq = E;UQ (Sq — uq) , q € N} be the associated sequence of standardized random



vectors, where ¥, 12 s the positive definite and symmetric square root of the in-
verse of ¥,. Conditions for the convergence of {z,, ¢ € N} to a standard normal
distribution have been given in the univariate case in the pioneering work of [35]. In
[19], the authors focused on geometric summation which leads to geometric stable
distributions. In [10], the tail behaviour has been investigated when the secondary
distribution is multivariate subexponential.

Alternatively, the compound distributions can be approximated by properly cho-
sen parametric distributions, as it is often done in actuarial sciences. There have
been many proposals for fitting univariate compund distributions with parametric
ones (see [8]). For example, multivariate compound distributions have been ap-
proximated with skew-normal distributions and their generalizations (see, [6], [11]).
Unfortunately, the information matrix of the distribution in [6] is singular under
normality, thus preventing the use of standard likelihood-based methods for testing
the hypothesis of normality ([13]), while the skew-normal distribution suffers from
the inferential problems discussed in [31]. Multivariate compound distributions have
also been approximated with finite mixture distributions ([4]), which may require
the estimation of many parameters. For example, a mixture of k& d-dimensional
normal distributions is parametrized by k(d* + 3d + 2)/2 real values, unless some
simplifying assumptions are made.

In an interesting thread of research, the compound distributions can also be
approximated by means of Edgeworth expansions, which possess several attractive
properties ([3], [5] and [15]). The simplest, nontrivial Edgeworth expansion of a com-
pound distribution depends on its first three cumulants, which have a simple analyt-
ical form. The third cumulant of a d-dimensional vector y with mean g and finite
third-order moments is the d* x d matrix K5y, =E [(y — p) ® (y — p) @ (y — p) "],
where ® stands for the Kronecker product. Let v; and &; (j = 1,2,3) be the
j—th cumulants of N and x;, so that the first, second and third cumulants of s are
E(s) = &, Var(s) = i€, + 1n€,€] and

Ky =11€+ 10 (@& +€JE] + & ©&) + 138, €] © &,

where &) is the vector obtained by stacking the columns of the matrix &, on top of

each other ([27]). Note that the Edgeworth expansions are closely connected to both
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asymptotic and parametric approximations. In [38], the author used Edgeworth
expansions to show that the approximation of a multivariate normal distribution
distribution with another distribution with the same mean vector and covariance
matrix, as measured by the Kullback-Leibler divergence, tends to improve when the
third cumulants of the latter distribution become negligible. In [26], the author
used theoretical as well as empirical arguments based on Edgeworth expansions to
show that data generated by a distribution might be satisfactorily fitted by another
distribution, as long as the two distributions have the same first three cumulants.

Intuition suggests that the Edgeworth approximation of a given distribution im-
proves when more terms are included in the approximation itself. In particular, a
third-order Edgeworth approximation might be improved by including the fourth-
order cumulants of the approximated distribution. Inclusion of fourth cumulants is
particularly useful when the performance of the chosen statistical method heavily
depends on the fourth cumulants of the sampled distribution, as exemplified by the
following cases. In [30], the author showed that the performance of a likelihood test
based on the erroneous assumption of normality crucially depends on a measure of
multivariate kurtosis which is a simple function of fourth cumulants. Fourth cumu-
lants of the sampled distribution impair the performance of widely used likelihood
tests on covariance matrices, when normality is assumed ([40]). In [34], the authors
addressed preferential sampling in spatial statistics by means of fourth cumulants.
In [39], the author stressed the importance of fourth cumulants in the multivariate
linear model. In [2], the authors investigated the effect of fourth cumulants on the
Fisher discriminant function, and found it to be nonnegligible.

In this paper we derive a general formula for the fourth-order cumulants of the
random sum of i.i.d. random vectors and show that the asymptotic approach based
on stochastically increasing sequences does not necessarily lead to valid asymptotic
normal approximations. We address the problem by means of Edgeworth expan-
sions. Both theoretical and empirical arguments suggest that the distribution of a
random sum where the summands and their number are skew-normal and Poisson,
is satisfactorily approximated by a mixture of two multivariate normal distributions

with proportional covariance matrices.



Sections 2 and 3 contain the theoretical results regarding the fourth cumulant of
a multivariate random sum and Mardia’s measure of multivariate kurtosis. These
results are used in Section 4 to highlight some difficulties in the convergence of
multivariate random sums to a multivariate normal distribution, which are addressed
in Section 5 by means of Edgeworth expansions. Section 6 and the Appendix contain

some concluding remarks and all theorems’ proofs.

2. Fourth cumulant

Let x = (xy,... ,xd)T be a d-dimensional random vector with mean vector pu =
(1, - - ,,ud)T and covariance matrix ¥ = {oy;}, 4,7 = 1,...,d. We assume that the
fourth moments of x are finite, i.e. E (|z;x;225]) < 400 fori,j,h,k=1,...,d. The
fourth cumulant K4 = {k;jnx} of x is the d-dimensional, symmetric tensor of order 4
whose elements are the fourth-order derivatives of the cumulant generating function
of x: Kijnr = logE [exp (LtTX)} /Ot;0t;0t,0t),, where * = —1 and t = (t1,. .. ,td)T

is an arbitrary vector of constants. An equivalent representation of x;jn is
E [(zi — i) (75 — pg) (xn — pin) (21 — p)] — 0ijonk — Oin0ji — Tik0jn. (2.1)

The elements x;;p; might be arranged into the d? x d? block matrix Kix = {Rp},
where &, = logE [exp (:t"x)] /0t,0t,0t0t™ for p,q =1,...,d. The matrix K, is

the unfolded version of IC4y [32] and can be represented as
Kix=E[y®y ®@y®y'] —(Ie+Csa) (E®Z) - TVET, (2.2)

where y = x — i, 3V is the vectorization of ¥ and Cg4 is the d* X d> commutation
matrix ([28]). We refer to the matrix Ky as to the fourth cumulant of x. Some
spectral properties of K, x are examined by [24]. Basic properties of the fourth
cumulant that can be found in [22] and [25], among others.

In the next theorem, we present the fourth cumulant of the random sum of
random vectors s. It is shown that the fourth cumulant of s can be represented
via the first fourth cumulants of the counting random variable N and the random

summands Xx;.



Theorem 2.1. Let N be a nonnegative counting random variable with finite fourth
moment. Also, let x1,...,xy be i.i.d. random vectors with finite fourth moment
and independent of N. Then the fourth cumulant of s is

Kis = néy+m[(le+Cu) (o0& +&&" |+ (0E +£650&
HE Q& T ERE) +1s (L 6E +EE QE +E ®ERE,
+6 REE + 68T RE +EET®E) +u (6,67 ®€,E]),

where v; and §; denote the j—th (j = 1,2,3,4) cumulants of N and x;, respectively.

The next corollary is the direct consequence of Theorem 2.1 and considers the
fourth cumulant of the random sum of random variables. This result coincides with

the formula obtained in [9].

Corollary 2.1. Let N be a nonnegative counting random variable with finite fourth
moment. Let xq1,...,xyx be i.i.d. random variables with a finite fourth moment,
independent of N. Then the fourth cumulant of s is

Ka,s = 11€s + 30E] + Wi &s + 6vsEi & + vaky,
where v; and &; denote the j—th (j = 1,2,3,4) cumulants of N and x;, respectively.

When the summands are symmetric random vectors and the number of sum-
mands has a symmetric distribution the fourth cumulant of s has a simpler form.

This result is again the direct consequence of Theorem 2.1.

Corollary 2.2. Let N be a nonnegative counting variable with a symmetric distri-
bution. Also, let xq,...,Xy be i.i.d. symmetric random vectors with a finite fourth

moment, independent of N. Then the fourth cumulant of s is

Kis=101&,+ 1 (I +Cuy) (€, 08&) + & ;/T} + 14 (€1€1T ® €1£1T) :

A nonrandom sum of random vectors is just a random sum where the number
of summands N is a degenerate random variable: P(N =n) = 1. It follows that
vy =n, vy = v3 = vy = 0 and the fourth cumulant of the random sum is just the
product of the first cumulant of the number of summands and the fourth cumulant

of a summand: K, s = 11§,, consistently with ordinary properties of cumulants.




3. Mardia’s kurtosis

The kurtosis and the excess kurtosis of a random variable X with mean pu,
variance o2 and finite fourth moment E (X*) are often measured by its fourth stan-

dardized moment and its fourth standardized cumulant:

4
52:E[<X;M> ],72:52—3-

As remarked by [20], the default measures of multivariate kurtosis and multivariate

excess kurtosis have been proposed in [29] and [30]. Mardia’s kurtosis and Mar-
dia’s excess kurtosis of a d-dimensional random vector x with mean p, non-singular

covariance matrix 3 and finite fourth-order moments are given by

) = E{ [(x = )" (x = )]} and dh(x) = B(x) — d(d+2).

[21] first represented Mardia’s measures by means of moment matrices. More pre-
cisely, they showed that Mardia’s kurtosis and Mardia’s excess kurtosis of a random
vector are the traces of its fourth standardized moment and its fourth standardized
cumulant. Following the moment matrices approach in [21], we represent Mardia’s
kurtosis and Mardia’s kurtosis of a random vector as quadratic forms involving the
concentration matrix as well as the fourth central moment and the fourth cumulant.

This statement is made more precise in the next theorem.

Lemma 3.1. Let X, M4,x and K, x be the variance, the fourth central moment and
the fourth cumulant of the d-dimensional random vector x. Then Mardia’s kurtosis

and Mardia’s excess kurtosis are

ﬁgfd(x) =2 "V"M, 2V and ’y%(x) =2 VK, 2.

4. Asymptotic behaviour

In this section we derive a closed-form expression for the Mardia’s kurtosis of
the random sums of normal random vectors. It is a simple function of the first four

cumulants of the aggregating variable, the Mahalanobis distance of the mean from
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the origin and the vector’s dimension. We use this result to show that the same
standardized random sum might not converge to a normal distribution, even when
it is embedded in a sequence of stochastically increasing aggregating variables. For
the sake of simplicity, the theorem is stated for random vectors having the identity
matrix as the covariance matrix, but it can be straightforwardly generalized to any

positive definite covariance matrix.

Theorem 4.1. Let v; be the i-th cumulant of the nonnegative random variable N,
fori = 1,2,3,4. Also, let s = x1 + ...+ Xy be a random sum of independent,
d-dimensional normal random vectors x; ~ Ny (u,1;), where p € R Then, by
letting q = v (Vf + VluguTu)_l the Mardia’s kurtosis of s is

d—1 ¢ d 2
(50 (2 o)
Vi vy 121

Pad(s) = (V2+V12)

2d —2  5¢? 2
+ (v3 4+ 111) (" ) ( " + V—%) + (va+313) % ([,LT[,I,)Q.
1 2 2

Theorem 4.1 provides some insights into the asymptotic behaviour of random
sums. Let {N,, ¢ € N} be a stochastically increasing sequence of random vari-
ables whose support is the set of nonnegative integers and are independent of
{xi ~ Ny (€, ®)}, where i € N, £ € RY, ¥ € R? x R, ¥ = W">0. Also, let p, and
3, be the mean vector and the positive definite covariance matrix of the ¢g-th element
sq in the sequence {sq =xX;+...+Xn,, q € N}. Finally, let {zq = 2;1/2 (Sq — uq) , q € N}
be the associated sequence of standardized random vectors, where 3, /2 is the pos-
itive definite and symmetric square root of the inverse of 3,. A necessary, but not
sufficient condition for the convergence of {z,, ¢ € N} to a standard normal distribu-
tion is the convergence of the sequence of Mardia’s kurtosis {24 (s4)} to d (d + 2),
that is the Mardia’s kurtosis of a d-dimensional normal vector with positive definite
covariance matrix. This condition is fullfilled if & is a null vector. The following
corollary shows that {f4(s,)} might not converge to d(d+ 2) if £ is not a null
vector, thus highlighting some differences between the convergence of random and

nonrandom sums.



Corollary 4.1. Let {x; ~ Ny (p # 04,1)} and {a;} be a random sequence of mu-
tually independent random vectors and a strictly increasing sequence of positive
integers, for i = 1, 2, ... Also, let Baq(W) be the Mardia’s kurtosis of a d-
dimensional random vector w. Finally, let {N; =Y + a;} and {M; = a;Y'}, where
P(Y=1)=P(Y =2)=0.5. Then

lim Boq(xi+...+xn,) =d(d+2) and igr—ri-looﬁld (x1+ ... +xp,) = +00.

i—>+00
5. Edgeworth expansions

When the normal approximation to a given distribution is not satisfactory we
can improve it by means of Edgeworth expansions. We can approximate either the
characteristic function or the probability density function of a random vector by
means of its moments or cumulants ([22]). In particular, from Corollary 2.1.5.1 and
Theorem 2.1.7 of [22], the cumulant generating function and characteristic function

of s can be expressed as

n

Lk - Lk
Ysl(t) =Y H(tT)@'szg +r, and  gg(t) =1+ H(tT)@’szg .
k=1 k=1

where t®* stands for t ® t ® --- ® t, and r, is the remainder term. The density

function of s can be expressed as

1 —utTs
fs(s) = @) /Rd e ps(t)dt.

Utilizing the Proposition 2.1 of [21] and Theorem 1 of [25], we get the following

relation between first four cumulants of s:



M;s = Kig,

Mys = Kys+ K, sK;FS,

Mzs = Kjzg+ (K2,s + Kl,SKES) W Kis+Kis® (K2,s + Kl,sKIs)
+ (Kos + K KT) Kis — 2K, KT, © Ko,

Mis = Kis+ I+ Cpp) [(Kos + KisKT ) ® (Kos + Ky KT,)]
+ (Kos + K1 KT (Kos + KK
M3, @ Kig+ M3 @ Ki  + K @ Msg + Ky s @ Mg
— (Kos + K KL @ Ky KT, — (Kos + K1 KT @ KI, @ KT
—Caa (KLSKIS ® (Kz,s + K1,SKIS)) — Cgq ((K2,s + K1,SKES) ® KLsKlT,s)
K @Ko ® (Ko + Ki KT — Ky KT, @ (Ko + K KT
+3K, KT, ® Ki KT,

Since the first three cumulants of s are known from [27] and the fourth cumulant
is delivered in Theorem 2.1, we get the following approximations of the characteristic

and density functions

EI“

tT ®kMVT> dt.

4
k=1 k=1

1 Lk 1 Tg
Pslt) = 14+ (ML and fi(s) ~ 2ny /R et ( +Z

The density function of s depends on d integrals, therefore, it is more natural to
simplify it further. In particular, we consider the Edgeworth expansions which are
based on simpler density function, say fy(y), with finite fourth cumulant. Following
Theorem 3.2.1 of [22], we obtain the density function of s which is stated in the next

theorem.

Theorem 5.1. Under the assumption of Theorem 2.1, the density function fs(y)
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can be represented via the density function f,(y) as follows

[y) = f(y) - (Kis — Kl,y) fy(Y)

vT
+ K2 s K2y (Kl s Kl y) (Kl,s - Kl,y)T f}%v(y>
3,

1
2

1
—= ¢ [ Kis — Kiy)'T + 3 (Kos — Koy)VT® (Kis — Kiy)"
( - I<1,y)T®3 fiv(Y)

1

+ﬂ {(K‘LS - K4,y)VT + (KLS - Kl,y)T@4

T VT
+6 |:(K2,s - KZ,y) X (Kl,s - Kl,y) (Kl,s - Kl,y) ]

(e~ ) (0= Ko ]V)

where fﬁ(y) = %, k=1,234.

The above mentioned Edgeworth expansion is based on the density function of y.
Usually y is taken to be normally distributed, i.e. y ~ ANy(0,X). The main reason
for that is based on the fact that many random statistics can be well approximated
by normal distribution in the asymptotic setting. Therefore, the density function of
s can be written via the density function of normal distribution by the Edgeworth
expansion delivered in Theorem 5.1.

As remarked in [16], Edgeworth expansions might be used to approximate a
distribution with a nonnormal one with the same first cumulants. [26] showed that
for any random sum with Poisson agregating variable and skew-normal summands
there is a mixture of two normal distributions with proportional covariance matrices
having its same first three cumulants. These theoretical results suggest that the
latter distribution might satisfactorily fit data generated from the former one. In
order to empirically assess this conjecture we simulated 100 units from the random
sum where the number of summands is Poisson with mean 2 and the summands are
i.i.d. skew-normal random vectors with the null vector as the location parameter, the
identity matrix as the scatter parameter and the unit vector as the shape parameter:
X; ~ SNy (04,14,1,), ford =2, 3,4,5,6,7,8,9,10. The pdf of x; = (i1, ..., %) "

11



is
d d
f (.Cl}il, e 7xid) = 2(1) <Z$”> H(b (JIZJ) y

where ¢ (-) and @ (-) denote the pdf and the cdf of a standard normal distribution,
respectively. The simulated data are available as supplementary material to this
paper. We used the R package [36] to fit a mixture model using the BIC criterion.
For all the nine datasets, the chosen model was the mixture with two normal com-
ponents and proportional covariance matrices. This empirical result is consistent
with the theoretical ones, showing that the first three cumulants of the sampled
distributions and this mixture coincide, for an appropriate choice of the parameters.
Figure (1) provide further insight into the fitting of the simulated data.
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Figure 1: Mixture of two normal distributions with proportional covariance matrices fitting
100 data generated from the bivariate skew-normal distribution with the null vector as
the location parameter, the identity matrix as the scale parameter and the unit vector as

the shape parameter.
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6. Concluding remarks

This paper derives the fourth cumulant of a multivariate random sum and high-
lights some difficulties in the asymptotic approximation of its distribution with a
multivariate normal one. The paper addresses the problem by means of Edgeworth
expansions. For example, the random sum of i.i.d. skew-normal random vectors
with the Poisson distribution as the aggregating variable has the same first three
cumulants of a mixture of two normal distributions with proportional covariance ma-
trices, for appropriate choice of parameters. The paper shows that data generated
from the former distribution might be satisfactorily fitted by the latter.

It would be interesting to know whether convergence to normality of a multivari-
ate random sum holds for well-known choices of the summands and their number. A
first choice could be the random sum of skew-normal random vectors with a Poisson
random variable as the aggregating variable. A second choice could be the random
sum of asymmetric generalized Laplace random vectors with a negative binomial
random variable as the aggregating variable. The third cumulants of both choices
have been derived by [27]. We are currently working on the derivation of their fourth
cumulants.

In this paper, the fourth cumulant of a multivariate random sum is derived under
several assumptions, as for example the aggregating variable and the summands
being independent. More general assumptions are discussed in [9] and [27]. In
particular, the aggregating mechanism might be modelled by a random vector, rather
than by a random variable. At present time, the derivation of the fourth cumulant
of a multivariate random sum under these more general assumptions appers to be

quite a formidable task.
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Appendix

Proof of Theorem 2.1. The mean of s is equal to 11&;. Then the fourth cumulant

of s is given by

Kys = E [(S —11€;) ® (s — V1€1)T ® (s —11&;) ® (s — V1€1>T] (6.1)

/

-~

e,
— (I + Cyg) (Varfs] @ Var[s]) - (Var[s])" (Var[s])"" .
o. o,

The first component of the expression may be represented as
0, =1E[(w+u)®(w+u)T®(w+u)®(w+u)T}

with w = (xy — &)+ ...+ (xy — &;) and u = &, (N —14). Using the standard
properties of the Kronecker product [17, Chapter 16] we obtain that

®, = (W@WT+W®UT+U®WT+U®UT)®(W®WT+W®UT+U®WT+U®UT)]

E|
(woaw'awaw' )+ (wow owou' )+ (wow ouaw')
(

= E
+ W®WT®u®uT)+(W®uT®W®WT)+(w®uT®W®uT)
+(wou' @ueow')+(wou' @ueu')+ (uow owow')
+(u®w XWRu )+(u®WT®u®WT)—|—(u®WT®u®uT)
+uouowow') + (
—i—(u®u Ku®u )}

uu' @weu')+ (ueu @ueow)

Now we apply expectation on each term in the bracket

®, = E[W@WT@)W@WT}+E[W®WT®W®UT}+E[W®WT®u®WT]
+Ewow @ueou' | +Eweu eawew' |+Ejwou' @weu']

+E[W®u ®u®WT}+E[W®uT®u®uT]+E[u®WT®W®WT}

tEuow @oweu' |+Euew @ueow |+Eudw @ueu')

[u®uT®W®WT}+E[

+E |

uu ®ueu'].

u®uT®w®uT] —|—E[u®uT®u®WT}

15



First, we evaluate E [W wlow® WT]. Since {x;}Y, and N are indepen-
dently distributed we get that

Elwow @w@w'|[N=n| = E

ZYi@)ZyiT@ZyZ‘@ZYﬂN:” ,
=1 =1 =1 =1

wherey;, =x;—&,,7=1,...,n. Because yy,...,y, are independent and identically
distributed, it holds that

n n . n n . B -
E ;y ® ;y ® ;y ® ;y IN = n] - M4éx”N:n.

By noticing that

LS N=n n&, + (I + Cua)[(n€y) ® (n&,)] + (n&€,y)Y (n€,)V*

= ng,+n’ [(Id? + Cia) (€, ® &) + €¥ ;/T} )
and by taking expectations over N we obtain that
Elwow oawew'| = EEwow' @w@w'|N =n]]
= v&+ (1)) [(Te + Caa) (€ ®6) + 656

Next, we evaluate E [w ® w” ® w ® u”| starting from the conditional expecta-

tion. Applying the properties of expected values and Kronecker products we get

Zyi®ZY?®Zyi®£T(n—V1)|N:n
i=1 i=1 i=1

= (n—n)E ZYi ® Zy;r ® Zyi\N =n
i=1 i=1 =1

The above expectation is the third cumulant of the sum x; + ... 4+ x,,. The

Ewow'@w@u'|N=n]=E

® £

random vectors Xy, ...,X, are independent and identically distributed, so that the
third cumulant of their sum equals to the third cumulant of the ¢-th summand x;,

multiplied by the number of summands n:
Elwow' @w@u'|N =n] =nn—1)€&E.
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By taking expectations over N we obtain
Ewow eaweu'|=EE[wow @wu'|[N=n]] =E[N (N —1n)&aE.

The expectation in the right-hand side of the above equation is just the variance

(that is the second cumulant) of N. Hence, we obtain
E [W®WT®W®UT] = 1/2€3®EIT.

Now we evaluate E [w @ w' @ u® w”], starting from the identity

Y yie) yie& (n—n) ®ZY?\N—n] :
=1 =1 i=1

which may be simplified as follows, by remembering that a @ bT = b' ® a, for any

Ewow @uew'|[N=n] = E

two vectors a and b:

Ewow' @uew'|[N=n] = E

dyvied yvio) ye, (n—Vl)]N:n] .
=1 =1 i=1

The above expectation is the third cumulant of the sum x; + ... + x,,. An

argument similar to the one used before leads to
Ewow' euew'] = EEwew @ueaw' |[N=n]]=E[N(N-n)& ®&]
= V2€;,F ® 51-
Next, we consider the identity,

Ewow' @ueu'|[N=n] = E|) yi®> y/ @& n-n)@& (n—n)|N=n

[ =1 i=1

= E|D vi®) y/IN=n|®&(n—n) & (n—n).

[ i=1 =1

The above expectation is the second cumulant of the sum x; +...4x,, therefore,
it leads to

Ewew' @ueu'] = EEweow @ueu'|N=n]] =E[N(N-1)’]&, @& &
= (+nm)& e L,

17



where the last identity follows from the relation between cumulants and moments
[37, Chapter 3.12].

In order to evaluate E [w @ u" @ w @ w'], we recall that w" @ w = ww™ =
w ® w' and use arguments similar to the above ones to obtain

E[W®uT®W®WT] :E[uT®W®W®WT} =E[N(N — 1)) €] @ &5 = €] ®E;.

Next, we consider E [w ® u” ® w ® u™], which can be simplified as

Elwow@u' @u'[N=n] = E Zyi®2yi®£1T(n—1/1)®€1T(n—V1)|N:n]

[ i=1 =1

= E ZYz‘@Zyz"N =n
| i=1 =1
> vy yiIN=n
=1 =1

(n—u)? (E

= n(n—n)%; @€ @&

®&] (n—1n) @& (n—w)

\Y%
) ®E ®E

where we have used the fact that for any vector a, a ® a is equal to (aa™)V. Now

taking expectation over N would lead to

Elwoweu ®@u'] = EEwoweu' @u'|N =n]]
= E[N(N-wn)]& 06 @&
= (mt+rm)é ®& ©&.

Next we consider E [W ul@u® WT]. Using again the fact that a @ bT =

b' ® a, for any two vectors a and b, we get that

Ewou'@uew'[N=n] = E[uf @wew' ®u|N =n]

70— 1) 03 ys 0 3 YT €, (0 — )|V ]

=1 i=1

> yvi®) ylIN=n
i=1 =1

= n(” - V1)251T ®E&E.

= E

= (n—1n)*%/ QF ® &
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Taking expected value over N leads us to

Ewou' oueow'] = EEwou @uew'|N =n]]
= E[NN-n)]€ @& 0
= (Bt+nm)é ®& 8.

We move on to consider E [W Rul®u® uT]. It holds that

Z}% & m—1)@&Mm—1n)& (h—1)|N=n

=1
Z}%"N =n

i=1

Ewou'@ueu'|[N=n] = E

= (n—n)’E 2eloe, 0l =o.

As a direct consequence, we get that [ [u Wl ou® uT} =E [u ule@w® uT} =
E[U®UT®U®WT] =0.
Next, we consider E [u® w” ® w @ wT]. It holds that

En—m)@) yieY yio)y ylIN=n
i=1 i=1 i=1

dyvied yio) ylIN=n
=1 =1 =1 J

= nn—1)§® E;f

Euow ow@w' |N=n] = E

= (n—1)§;®E

Hence, we get
E[uew" owow!] = E[N(N )] o€l = g 0 &l
Now we evaluate E [u QW QW ® uT]. We have that

Eugw @w®u'|[N=n] = E El(n—l/l)®ZY?®ZYi®€1F(n_V1)‘N:n]
=1 1

1=

dyied yiN=n
=1 =1

= n(” - V1)251 ® 52 ® ElT‘

= (n—1)%, QFE ® €

19



Consequently, we obtain

E[u®WT®W®uT}

= EEuew' ewau|N =n]]
= E[N(N-n)’¢ @& &
= (B+um)é &R E.

Next, we consider E [u®@ wr @ u®@ w'], starting from

Euew @uew'|N=n] =

Eugw' @w' @u|lN =n]

E|&(n—wn)® Zy;r ® Zle ® & (n—1)|N = n]
=1 i=1

dyie) ylIN=n
=1

i=1

(n—1)%, QF ® &,

n(n — V1)2€1 ® €¥T ®&;.

With expectation over N, we get

Eugw' @uew']

= EEuew ouow'|N =n|]
= E[NV-n)?]& 08 0f,
= ()t & @&

We move on to evaluate E [u Rulw® WT}. It holds that

E[u@uT®w®wT|N:n] -

Hence, we obtain

Eugu' owew']

E

En—1) @& M—1)@) yi® Y yl|N = n]
=1 =1

dyi®d yiIN = n]
=1 =1

n(n — V1)2€1 ® €1T ® &,.

(n—1)’6, ®& ®F

= EEu@u' @wew'|N =n]]
= E[N(N-n)?]¢ 0el o,
= (1+nn)é & ®E&,
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Next, we consider E [u @u'@u® uT}, that is

Eu@u' @ueu’] = E[§(N-n)@& (N —n)@&(N —n) @& (N —n)]
= E[(N-n)'|& 08 @& &
= <V4+3V22)£1®£1r®€1®€1r-

Combining all the terms involved in ©;, we finally get

O, = &+ (r+17) [(IdQ + Caa)(&2 ® &) + ‘f;/f;/T]
+10€; ® €] + 10€3 ® €,
+(vs +110)€, ®E R E] + €] ®E;+ (13 +11n)€y ®E] ®ES
+(vs+ 1112)€] ®E,RE +0+ 1€ RE;
+(vs +111)€, ® € Q&) + (1 +110)€, © &) @& +0
+s+11n)€ Q€ ©E+0+0
+r+35)8, 0 & V& ®ET.
= né&+ w+17) [(Ie + Caa) (€ ® &) + £ €3]
1y [6, 08 +65 08 +E ®E+ € 0]
+(vs + 1) (€, © (6,67) + (85€1) @ &1 + €] ® €, ® €,
+8, 0608 + (£,67) @&+ (££]) ©&,]
+(vg + 3V22) (€1£1T) ® (£1€1T) .

Utilizing the results for variance of s already derived in [27], we get that

0, = (Ip+ Cd,d) [(V1€2 + V2€1€1T) ® (V1£2 + V2€151T)] )
O5 = (& +m&itl)" (& +meel) .
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Putting all the components of equation (6.1), we finally get the expression as

Kie = v+ +1]) [(Ie + Cua) (€0 &) + 656"
iy (£ @ €] + €5 ®E +ET ®E+E ®ES]
(s +1110) [£, @ (£,€]) + (£€]) @& +£ ® &0
+E6 0606+ (£67) @&+ (£:€]) ©&,)]
+(vg + 3V22) (515?) ® (515?)
—(Igz + Caa) [(Vlfz + V2£1€1F) ® (V1€2 + V2€1€F1F)}
— (&, + &, €T)" (1€, +mEi€T)7

Standard matrix algebra yields the identities

(V1€2 + 1/2§1€1T) ® (V1€2 + V2€1€1T) = V7€, & + ik, ® € &) +rmé i€l RE,
+V22€1£1T ® €1£1T

and

\Y% vT
(& +12€,€7) " (€ +1n€€]) = EET +rmé) @& ® &
+ris€] ® €] @ &) +156,8] © &€

Straightforward application of basic properties of the commutation matrix ([22,
p. 80]) yields the identities

Cd,d (52 ® €1§1T) = 51 ® 52 ® €1T> Cd,d (€1€1T ® 52) = €1T ® 52 ® €1a
YTl =Y weT wel =€) ® (6,67)" = Cua (&Yl 0 €7),

(Efoeh ey =Toeloe) = (660) 0ty = Cuu (T 0 el) &)].

Putting al above together we obtain the expression for the fourth cumulant stated

in the theorem. O]
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Proof of Lemma 3.1. Let z = ¥7'/2(x — u) be the standardized version of x, where

—-1/2

p is the mean of x and ¥ is the symmetric, positive definite square root of the

concentration matrix 37!
RVCIE SELVER S eV RN SRt Ves et TE I Yol
The Mardia’s kurtosis of x coincides with the trace of the fourth moment of z [21]:
ﬁé\fi(x) = tr [My,] .

The trace of the fourth moment My y, of any d-dimensional random vector w admits
the representation IYTM, IV, where 1, is the d-dimensional identity matrix [24].

Also, the fourth moment of Qw is

(Q® Q)M (Q"®Q"),

where Q is a k x d real matrix [12]. Hence, the fourth moment My, of z is a simple

function of the fourth moment of y = x — u, i.e. the fourth central moment of x:
M,, = (271/2 2 271/2) M, (271/2 2 271/2) _

We recall a fundamental property of the tensor product and the vectorization oper-

ator (see, for example, [33, page 201]):
(ABC)" = (C"® A)BY,

where A € R? xR?, B € R? x R" and C € R” x R®. This property and the identity
S128-12 = 51 imply

TV =(E2es I and TV =Ly (2@ u71?).

Hence we have 354(x) = 3 7VTM,,X~V and this completes the first part of the
proof.

We now prove the second part of the theorem. Let «; and o; be the i-th columns
of ¥~ 'and X, so that

»VIyVv :'ﬁfal —{—---+’yga'd =d.
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The last equality is a direct consequence of £ =1 being the inverse of X: ylo; =1
for i = 1,...,d. The same property of 7!, together with the above mentioned

property of the vectorization operator and the tensor product imply
2 VTzen)s V=2V (s 'n) =5 VeV =4

We now recall two properties of the commutation matrix C,, € RP? x RP? [28]:
A" = C, AV for any p x ¢ matrix A and C} = Cg,. These properties and the
symmetry of £~ imply Z7VTC,y = X7VT.

The fourth cumulant K, x of x is a function of its variance 3 and its fourth

central moment M4,xi
K4,x = M4,x - EVEVT - (Id2 + Cd,d) (2 ® E) )

where I is the d?-dimensional identity matrix (see, for example, Kollo [20]). The

identities

Boa(x) =2"VIM,, 27V, VIRV =4,

2 VIC, =2V and TV (ZeX)Z V=4
which appear in previous part of the proof lead to
VKL E Y = Bog(x) —d(d+2).

The right-hand side of the identity is just Mardia’s excess kurtosis of x and this
completes the proof. O

Proof of Theorem 4.1. We first recall some fundamental properties of the Kronecker
product and the vectorization operator (see, for example, [33, p. 194-201]): (P1)
the Kronecker product is associative: (A®B)®@ C=A® (B®C)=A®B®C;
(P2) if matrices A, B, C and D are of appropriate size, then (A ® B) (C® D) =
AC®BD; (P3) A=cA=c®A =A®c, where c € R and A € R? x RY; (P4)
(ABC)" = (CT® A) BV, where A € R? xR?, B € R x R" and C € R x R*; (P5)
(aaT)V =(a® aT)V = (aT®a)V = (a®a)’ = (aT®aT)V = a® a, where a € R?.
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The variance of s is ¥ = Iy + vopp® (see [27]). By the Sherman-Morrison

formula, the inverse of X is
b volapp Iy T

1
> =—I,- =—I,— )
V1 ! vi+ummpthip v 4T ARk

The following identities will be used several times in the proof:

1 = 1 wp'n i tvep p—nph  ng
v v, vit+unnuTu v+ VivopTp vy

By Theorem 2.1, the fourth central moment of s is
Mys = (1o + 1) (Caa+ L + LIY) + (3 + v4n) [Lh@ pp’ + I p" @ p'
tp'eliop+plop +pllT @ p+ ppt L]+ (v +303) (pp" @ ppt) .

By Lemma 3.1 the Mardia’s kurtosis of s is

Bad(s) = E_VTMzL,sE_V = (V2 + V12) Q1+ (vs +v11n) (Q2 + 2Q3 + 2Q4) + (V4 + 3’/22) Qs,
where Ql = Z_VT (Cd,d -+ Id2 —+ I}{I}{T) Z_V, Q2 = E_VT (Id X [,l,[,l,T) E_V, Q3 =

»-VT (IEZ[/'LT ® MT) E—V7 Q4 — »-VT (“T L;® M) >—Vand Q5 — VT (P"“’T ® ”“’T) »-V
might be simplified by means of properties (P1)-(P5).

We first evaluate the quadratic form

1 1
Q1= (V—IIE{T - quT®MT) (Caa+ 1 +LTY) (V_IIX —apE “) :

The d* x d> commutation matrix Cy 4 satisfies the identity Cq4AY = ATV for any
d x d matrix A (see [28]), so that

1 1 1 1
(—IXT —qu' ® uT) Cua (—IX —qp® u) - (—IZT —qu' ® MT) (—IZ —p® M)
2 21 Vi Y1

1 2 d 2
= I = L (T e ) 4 (nT e uT) (pe p) = 5 — 2 (W) + ¢ (1),

A little algebra and the identity v; ' — qu™p = quivy ' yield

1 1 d—1 (1 2 d—1 ¢
(_IXT — qI.,LT ® NT) Cd,d (—I(\if — qIJ, ® H) — 3 + <_ _ QMTM) — . +_2
" ! Vi 2 vi oo v3
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In a similar way it can be shown that

1 1 d ?
(—IXT —qu" ® NT) NV (—IX —qu® u) = (— — quTu) :
2 141 V1

thus leading to the simplified expression

d—1 ¢2 d 2
Q1:2( > +;)+(V—1—QMTM) :
1 2

We now simplify the expression of the quadratic form
1 1
Qs = (ZIXT —qp' @ uT) Iy @ pp’) (U—IIX —qp® u) :

Repeated application of properties (P1)-(P5) yield

1 2
Q@ = S (hepp' )1 +¢ (p'op’) (laopp’) (B p) - V—il (b" @ p") (Lo pu") 1]
1

& 2
— IXTMV2“+Q2(“T®MT) (H®MMTM)_V_(1](“T®HT) (L@ p)
1
T 2
MQM—i—qZ(uTu)S q(MTM)Q-

Further application of the identity v;' — quTp = quivy ! yields

1 ’ p ¢
Q= (p'p (——quTu) = =Sp'p
2= (i) 2 (1 +uTu)® v

The following identities allow for a simpler expression of Qy:
(Mp" @ p") 1) = (W' Tul)")" = (WT0) ()" = (u") 1.
We can then represent Qs as
<VilIZZZT —qu" ® uT> (Iip" @ p’) (V%I?{ —qu® u) = %IXT I p" @ p") 1y
—i—f (rop’) (pteop) I +¢ (b op’) (Gu' op') (pep)
= %IXT (1'p) I3 — i—(f (Wrop)Euh+¢p eop) ip neu
d 2

= — (u'p) — ” (L) + ¢ (0"w)’ = (1 ) L—% - (1) + ¢ (MT[L)2]

_ (d— 1)2(11/ N) n (NTN) %_ ? (NTN) e (“TN)2} _ (NTN) (dV—Ql + q—Z) .

vy 1 1 1 vy
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A simpler expression of Q4 = (VI_II}/T —qu'® uT) (MT R1L;® /,l,) (1/1_112; —qu® u)
might be derived using the identities

(/LT ®1;® M) IV = (L@ p) Id,u]v =[Ta® p) M]V =[(la@p)(p 1)]\/ =R,

(woLop pop) =p'peLiopp=(upp) (2w (pol)=(u'p) (Lo ).

We can then represent ()4 as

| 2
V—%IXT(MT@@Id@u)IX—V—(fIXT(uT®Id®u) o+ op")(p' eliop) (pep) =

Lor 29 (7 N2 9 T N3 T < 1 T )2 B @ 7
% () = 25 (i) 4 ()" = () | - —an'pe T (k' n)

We evaluate ()5 in a similar way:

1 1
Qs = (ZIZI/T —qu' @ uT> (ppn” ® pph) (V—IIZ{ —qp® u)

1 2q
= S (e’ @ ppt) T — V—IIXT (pp" @ pp”) (p e p)
1

+¢" (b @ p") (pu" @ pp") (p @ p)

T 2
p
_ u f) W)+ P ()
2 (1 2 7> 2
= (u"p) (— — quTu> = = (u'p)".

We conclude the proof by reprenting the Mardia’s kurtosis of s by means of the
simplified expressions for recalling the definitions of @)1, Q)2, @3, Qsand Qs:

d—1 ¢ d 2
() (5o
2d — 2 5q2

q
+ (v3 + 1110) (,uTu) ( 02 + 2 ) + (1/4 + 31/22) V—g

Boa(s) = (V2+V12)

2

(17)"
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Proof of Corollary 4.1. We first prove the theorem for {N; =Y 4 a;}. The first
four cumulants of ¥ are E(Y) = 1.5, E[(Y — 1.5)°] = 0.25, E[(Y - 1.5)°] =0
and E [(Y — 1.5)4] - 3E2[(Y - 1.5)2} = —0.125. As a direct consequence, the first
four cumulants of N; are v;; = a; + 1.5, v, = 0.25, 1,3 = 0, v;,4 = —0.125. Let
G = vip (V} + Vi,ll/i,Qﬂ'TlJ')ila so that

1 1

. 2
= and lim ¢;-v’, = -.
D2 rvapts A= g

q;

The Mardia’s kurtosis 24 (%1 + ...+ Xn;) of X1 + ... + Xy, is then

2
(0.25 + I/zl) [2 (dy'2 ! + 16qi2) + (Vi - %ILTM> +Vj1 (uTu) (

i1 2,1

2
2Vi,1

# 20 ) (")’
The definitions of ¢; and v; ;, together with standard calculus techniques, yield

lim fog(xi+ ...+ xn,) =d(d+2).

i— 400
We now prove the theorem for {M; = a;Y'}. The first four camulants of M; are n; ; =
1.5a;, ni2 = 0.25a§, nig =0 and ;4 = —0.125a?. Let r; = n; (7721 + mvmquu)fl,
so that
1 .
N 22408ty M s = g

By Theorem 4.1, the Mardia’s kurtosis of x; + ... + Xy, is

d—1 7} d 2
Q(T—I— 5 )—I—( —riuTu)
Mia M2 i1

Boa (X1 4+ ... +Xp) = (Um + 77@2,1)

2d —2  5r? 2
+ (i3 + Mi1mi2) (,UTM) (—2 + %) + (771'74 + 377%) 7;1 (uTu)2 .
i1 M2 M2

)

By recalling the definitions of 7;1, 7;2, 7;3 and 7,4 the Mardia’s kurtosis of x; +

...+ x5, might be simplified into

d—1 r? d 7 ?
2.5 2 i ———pu"
[ (2.25 + 0.0625) + (1.5 Pl “) *
20—2 52 2
0.375a; 1 (u” Z F(wtu)
aia (7 4) ( 2.25 +0.0625) ACED
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The assumption g # 0y, the definitions of r; and 7 1, together with standard calculus
techniques, yield
lim Bogq(x1+ ... +Xp,) = +00.

i ——+00
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