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MATRIX VARIATE GENERALIZED LAPLACE DISTRIBUTIONS

TOMASZ J. KOZUBOWSKI, STEPAN MAZUR, AND KRZYSZTOF PODGORSKI

ABSTRACT. The generalized asymmetric Laplace (GAL) distribution, also known as
the variance/mean-gamma model, is a popular flexible class of distributions that can
account for peakedness, skewness, and heavier than normal tails, often observed in
financial or other empirical data. We consider extensions of the GAL distribution to
the matrix variate case, which arise as covariance mixtures of matrix variate normal
distributions. Two different mixing mechanisms connected with the nature of the
random scaling matrix are considered, leading to what we term matrix variate GAL
distributions of Type I and II. While Type I matrix variate GAL distribution has
been studied before, there is no comprehensive account of Type II in the literature,
except for their rather brief treatment as a special case of matrix variate generalized
hyperbolic distributions. With this work we fill this gap, and present an account for
basic distributional properties of Type II matrix variate GAL distributions. In par-
ticular, we derive their probability density function and the characteristic function,
as well as provide stochastic representations related to matrix variate gamma distri-
bution. We also show that this distribution is closed under linear transformations,
and study the relevant marginal distributions. In addition, we also briefly account
for Type I and discuss the connections with Type II. We hope that this work will be
useful in the areas where matrix variate distributions provide an appropriate proba-
bilistic tool for three-way or, more generally, panel data sets, which can arise across

different applications.

1. INTRODUCTION

Mixtures of univariate and multivariate normal distributions play a prominent role
in statistical theory and practice, with numerous applications across a variety of fields.

Indeed, a continuous-type normal variance-mean mixtures of the form

(1.1) XL+ Wm+VIWZ,
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where g and m are deterministic vectors in R¥, Z has a zero-mean multivariate normal
distribution Ny (0, X) given by the covariance matrix 32, and W is a non-negative random
variable independent of Z, provide very popular modeling tools in numerous fields (see,
e.g., [4]). In particular, the generalized asymmetric Laplace (GAL) distribution (see,
e.g., [27]), also known as variance/mean-gamma model (see, e.g., [31]), defined by (1.1)
with gamma distributed W, is a popular flexible model that can account for peakedness,
skewness, and heavier than normal tails, often observed in financial or other empirical
data.

In this paper, we consider extensions of the GAL distribution to the matriz vari-
ate case, where the Z in (1.1) is a Gaussian random matriz while W may be either a
one-dimensional non-negative random variable or can itself be a random (square) non-
negative definite matrix, playing the role of a stochastic covariance matriz (Gramian,).
These two different mixing mechanisms lead to what we term matriz variate GAL distri-
butions of Type I and II. While Type I matrix variate GAL distribution has been studied
before (see [39]), there is no comprehensive account of Type II in the literature, except
for their rather brief treatment as a special case of matriz variate generalized hyperbolic
distributions, studied in [35] (see also [23]). With this work we fill this gap, and present
an account for basic distributional properties of Type II matrix variate GAL distribu-
tions. In particular, we derive their probability density function and the characteristic
function, and provide stochastic representations related to the matrix variate gamma
distribution. We also show that this distribution is closed under linear transformations,
and study the relevant marginal distributions. In addition, we also briefly account for
Type I and discuss the interconnections with Type II.

We hope that this work will be useful in the areas where matrix variate distributions
provide an appropriate probabilistic tool. One of the most straightforward applications
of such a model is for the panel data, which are so common in econometrics. For ex-
ample, one can consider the monthly stock and bond returns of the 23 OECD countries
that results in 23 x 2 panel data observed over time. Such data typically are regressed
against some control variables, for example, exchange rates, inflation, interest rates, etc.
In building such models, most of the time, the normal matrix variate errors are assumed,
which are rarely justified by goodness-of-fit analysis (see, e.g., [3]). To improve the per-
formance of such models, one can consider mixtures of matrix valued normal distributions
instead. The models presented in this work are perfectly fitted for the purpose.

In other areas of application such panel structures are referred to as three-way data
(see, e.g., [1], [16], [17], [18], [19], [33], [37], [38]). Indeed, as discussed in [37] among
others, such data can arise as longitudinal data on multiple response variables, spacial
multivariate data, spatio-temporal data (measurements on a unit at different time periods
and locations), when objects are rated on multiple attributes by multiple experts, or
symbolic data (complex information structured as multiple values for each variable). As
matrix variate models that can account for skewness are particularly desirable (see, e.g,
[33]), matrix variate GAL distributions (which have this feature) may provide a useful

tool here as well, along with other similar mixtures of matrix normal distributions, such
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as matrix variate t-distribution, which arises via (1.1) where W has (univariate or matrix
variate) inverse gamma distribution. The latter is indeed quite a popular model in this
set-up, both with scalar scaling (see, e.g., [15], [16], [17], [18], [19]) as well as matrix
scaling (see, e.g., [2], [6], [12], [20], [23], [26], [36]).

Our paper is structured as follows. In Section 2 we consider a univariate scaling mix-
tures of matrix variate distributions, and provide two general results for their densities
and characteristic functions, which generalize particular results from the literature and
lead to the special case of Type I matrix variate GAL distributions. The basic distribu-
tional properties of the latter are accounted for here as well. In Section 3, we discuss the
case of matrix scaling of matrix variate normal distributions, where we provide several
general results about this construction before providing specific details connected with
Type II matrix variate GAL distributions. Sections 4 and 5 provide further results and
illustrative examples connected with the special case of vector valued distributions, along

with some open problems. Section 6 summarizes the paper.

Notation. Let us explain the notation that will be used throughout the paper. The
quantity Iy shall denote the k x k& dimensional identity matrix, while 0 shall stand for
the matrix of zeros (of suitable dimension). We shall use etr{C} to denote the function
C — exp(tr(C)), where tr(C) is the trace of a (square) matrix C. The notation <
shall stand for the equality in distribution, and ® shall denotes the Kronecker product.
Further, the notation C > 0 shall indicate that the square matrix C is non-negative
definite, while for positive definite square matrices we shall write C > 0, indicating that
C > 0 and |C| > 0, where |C| is the determinant of the matrix C. The set of all k¥ x k
(symmetric) positive definite matrices shall be denoted by S;. This set is closed under
the addition and multiplication by a positive scalar, so it constitutes a cone. The set of

all non-negative definite matrices of given size forms a cone as well, which is the closure
+
S,

2. UNIVARIATE SCALE MIXTURES OF MATRIX VARIATE NORMAL DISTRIBUTIONS

Consider univariate scaling mixtures of k x n matrix variate distributions
(2.1) XL WM+ VIWZ

with independent W and Z, where M is a k X n deterministic matrix, W is a random
variable on Ry, and Z ~ MN}, ,,(0, X ® ¥). Then, the right-hand-side in (2.1) describes
the distribution of Z(W), where {Z(u), u € R*} is a Lévy process built upon the matrix
variate normal distribution MN, (M, X ® ®¥). The latter describes the distribution of
Z(1), and, in non-singular case, is given by the probability density function (PDF)
(2.2)

F(X) = (2m)" % |83 ¥ Zetr {—;z—l(x ~M)T (X — M)T} , X e RF*?,
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and the characteristic function (ChF)

(2.3) ¢(T) = E(etr{tZT"}) = etr {LTTM — ;TTZT\P} , T e RF*™,

where X (k x k) and ¥ (n X n) are positive-definite scale matrices (see, e.g., [21]).
Basic characteristics and properties of such a random matrix can be easily established

via a standard conditioning argument, using the fact that, given W = w, X in (2.1) has

matrix variate normal distribution MN, ,, (WM, wX®¥), which is the same distribution

as that of Z(w). In particular, according to (2.3), the ChF of this conditional distribution

takes on the form

(24)  9z)(T) = [pz0)(T)]" = etr {LTT(wM) - ;TT(wE)T\II} , T € RF*",
This immediately leads to the following result, which provides the ChF of X.
Theorem 2.1. The ChF of X in (2.1) is of the form

(2.5) ox(T) = Yw[—log z(T)],

where Yy (+) is the Laplace transform (LT) of W and pz(-) is the ChF of Z, given by
the right-hand-side of (2.3).

Similar arguments involving density functions lead to the result below, which provides

a general expression for the PDF of X.

Theorem 2.2. If the distribution of X in (2.1) is non-singular, then its PDF is of the

form

etr {T'X®'MT} fn /2 1
_ W —kn/2 =3 (cW+h(X)/W
(26) fx(X) = (2w)kn/2|z|n/2|\1r|k/2E{ e oy,

where
(2.7) c=tr(S7'ME¥ M) and A(X) =tr (' XT'XT).
Proof. The proof is straightforward. O

Remark 2.1. We can obtain another compact representation of the ChF of X, this time
in terms of the product of the LT ¢w () of W and the ChF .. (-) of its ezponentially

tilted version W,

1
(2.8) ox(T) = Yw (Qtr(TTzT\I/)) X o (tr(MT 1)),
where the laws of W and W, Viy.. and Viy, respectively, are related as follows:
e~ 3tr(TTSTE)w
2.9 Vv (dw) = Vv (dw).

This result, which can be established by simple algebra, will be extended to the case of
X obtained by matrix-scaling in (2.1) in the next section.

The following result provides the mean matrix and the covariance of X that follows
the mixture representation (2.1). Here, the covariance matrix Var(X) of a k x n random

matrix X is understood as the covariance matrix of the kn x 1 random vector vec(X).
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Theorem 2.3. If the relevant moments exist, then the mean matriz and the covariance
of X in (2.1) are given by E(X) = E(W)M and

(2.10) Var(X) = Var(W)vec(M)[vec(M)]" + EW)¥ @ X,
respectively.

Proof. Since E(Z) = 0 and W and Z are independent, we have

E(X) = E(WM + VWZ) = E(W)M + E(VW)E(Z) = E(W)M,
as desired. For the variance, first note that, by law of iterated variance formula, we have
(2.11) Var(X) = Var(vec(X)) = Var[E(vec(X)|W)] + E[Var(vec(X)|W)].

Since given W, vec(X) has a multivariate normal distribution on R*¥" with mean vector
Wvec(M) and covariance matrix W¥ ® X, we have E(vec(X)|W) = Wvec(M) and
Var(vec(X)|W) = W¥ ® X. When we subsitute these in (2.11), followed by simple

algebra, we obtain the result. |

Models of this form with different choices of the distribution of W are very popular in
the literature, and incorporate matrix variate analogs of various multivariate (and uni-
variate) location-scale mixtures of normal distributions. A particularly convenient choice
for the distribution of W is a generalized inverse Gaussian (GIG) distribution, along with
its special cases of gamma, inverse gamma, and inverse Gaussian distributions, as in this
case the integration in (2.6) required to calculate the PDF of X is straightforward due to
the special structure of the GIG PDF. This has led to the development of matrix variate
generalized hyperbolic distributions and their special cases of matrix variate generalized
Laplace (variance gamma), matrix variate ¢, and matrix variate normal inverse Gaussian
(NIG) distributions in this scheme (see, e.g., [15], [16], [17], [18], [19], [22], and [39]).
Matrix variate analogs of Cauchy and slash distributions have also been developed along
these lines (see [10] and [22], respectively). It should be noted that an additional matrix

variate location parameter is often incorporated into these models as well.

Remark 2.2. As noted by several authors, we need a restriction on either ¥ or ¥ (such
as tr(X) = k or tr(P) = n, discussed in [16]), to ensure identifiability of the model (since
for any ¢ € Ry the Kronecker product ¥ ® ¥ is unchanged when the two matrices are
scaled by ¢ and 1/¢, respectively).

2.1. Type I matrix variate generalized Laplace distributions. If W in (2.1) has
a standard gamma distribution G(«) with scale parameter o > 0, given by the PDF

2.12 = —w* e R*
( ) fW(w) F(Oé)w € , WE )
and the LT

(2.13) ow(t) =1+t teRT,

we obtain a matrix variate version of generalized Laplace distribution, studied in [39].

To distinguish these distributions from those that arise via matrix scale mixtures of
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matrix variate normal distributions, which are treated in Section 3, we shall refer to
them as Type I matriz variate generalized Laplace distributions and denote them by
MGALy (M, X, ¥, o), in analogy with the notation of [27] and in the spirit of [39].

Definition 2.1. A random k£ X n matrix X is said to have MGAL distribution with
shape parameter a > 0, k X n matrix skewness parameter M, and matrix scaling param-
eters ¥ € S}, ¥ € S;f, denoted by MGALy, (M, X, ¥, ), if X admits the stochastic
representation (2.1), where W ~ G(«) is independent of Z ~ MN ,,(0, X @ ¥).

A straightforward application of Theorem 2.1 produces the ChF of this distribution,
1 —
(2.14) ox(T) = (1 — itr(T ™M) + 2tr(TT2TlII)> , T e RF*",

which in [39] was derived by different arguments. To obtain the corresponding PDF, we
use Theorem 2.2 with W ~ G(«). The expectation in (2.6) reduces to
1 o 1
(215) - / wafkn/2flef5[(2+C)w+h(X)/w] dw
I'(a) Jo
with ¢ and h(X) as in (2.7). By relating the integrand in (2.15) to the PDF of the GIG
distribution GZG (A, a,b) with parameters A = a — kn/2, a = 2+ ¢, and b = h(X), which
is given by
(a/b)’\/2wA*1
2K (Vab)
followed by routine algebra, we obtain the PDF of X ~ MGAL; ,,(M, X, ¥, ),

2 (a—kn/2)

e~Hawssiol, e R,

(2.16) flw) =

ix) = 2etr {ZT'XT'MT} tr(2 7' XT'XT)
o (2m)k2T ()| B2 W R/2 \ 2 4 tr(STIMETIMT)

X Ko—n/2 (\/(2 +tr(E‘lM\I'_lMT))tr(E_lX\I'_lXT)> .

Remark 2.3. Since Z is matrix variate normal MN, , (M, X @ W) if and only if vec(Z) is
multivariate normal Ny, (vec(M), ®X), it is clear from (2.1) that X is MGALy, ,,(M, 2, ¥, «)
if and only if vec(X) is a multivariate GALy, (vec(M), ¥ ® 3) random vector in the nota-
tion of [27] (cf., [39]). Similar interpretation applies to any matrix variate model defined
via (2.1), which can be seen as a matrix re-formulation of a multivariate normal mean-
variance mixture distribution on R*”. In particular, if n = 1, where the matrix M in
(2.1) reduces to a column vector m of size k and the scale matrix ¥ reduces to a scalar
(which we set to 1 to avoid identifiability issues), we obtain a multivariate GAL (column)
random vector on R* that follows GALk(m, X, ) distribution in the notation of [27].
Here, the ChF (2.14) reduces to that given in eq. (6.2.1) in [27] while the corresponding
PDF turns into the GAL PDF given by eq. (6.9.3) in [27]. Similarly, for ¥ = 1 we obtain
an n-dimensional GAL (row) random vector that follows GAL, (m, ¥, «) distribution

(where we set the scale 1 x 1 matrix X to 1 to avoid identifiability issues).

Remark 2.4. A matrix-variate analog of multivariate asymmetric Laplace (AL) distri-

bution, studied in [39], arises in this set-up when we take a = 1, so that the variable
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W in (2.1) has a standard exponential distribution. Basic properties of both, matrix
variate Laplace and generalized Laplace distributions, can be obtained in a straightfor-
ward way, either directly from their PDF/ChF provided above, or from the properties
of matrix normal distribution and standard conditioning arguments via (2.1). In par-
ticular, since for W ~ G(«) we have E(W) = Var(W) = «, in view of Theorem 2.3
we obtain the expectation and the variance of X ~ MGALy, ,,(M, X, ¥, «), which are
given by E(X) = aM and Var(X) = (¥ ® £ + [vec(M)][vec(M)] "), respectively, in
complete analogy with the GAL distribution studied in [27]. In addition, the distribution
of X remains in the same class under either left or right (or both, left and right) matrix

multiplications. More details can be found in [39)].

Further properties of MGAL distributions, extending those of univariate and mul-
tivariate Laplace and generalized Laplace distributions, can be developed as well. In
particular, using the special structure of the MGAL ChF with o = 1 one can show that
the matrix variate Laplace distributions are geometric infinitely divisible (GID). In anal-
ogy with the vector case, we say that a matrix variate distribution of X is GID if for

each p € (0,1) we have the following equality in distribution:
(2.17) XEXP 4+ XY

where N, is a geometric random variable with parameter p (representing the number of
trials) and the {XEP )} are some IID random matrices, independent of N,,. A straightfor-
ward calculation involving MGAL ChF and conditioning on /N, shows that matrix variate
Laplace distributions are indeed GIG, and the new result below provides the distribution
of the {XP} in (2.17).

Theorem 2.4. Let X ~ MGALy, ,(M, X, ¥, o) where « = 1. Then the distribution of
X is GID and (2.17) holds with XZ(-p) ~ MGALy, »(pM, p3, ¥, o) where o = 1.

Proof. The proof is straightforward. O

One can also show that MGAL random matrices X where either M or Z in (2.1) is
equal to 0, are strictly matriz geometric stable (MGS), so that we have the following
equality in distribution for each p € (0, 1):

(2.18) X Lo, (X 4+ Xy,),

where N, is a geometric variable with mean 1/p, a, € Ry, and the {X;} are IID copies
of X, independent of N,. The following result, which is an extension of the well-known
properties of stability of multivariate Laplace distributions with respect to geometric
summation (see, e.g., [27], Theorem 6.10.2, p. 259 ), provides more details regarding
this.

Theorem 2.5. Let X ~ MGALy ,(M, X, ¥, «) where a = 1. If either M = 0 or one
of ¥, W is 0, then the distribution of X is MGS and (2.18) holds for each p € (0,1),
with either a, = \/p (if M =0) ora,=p (if =0 or ¥ =0).

Proof. The proof is straightforward. |
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3. MATRIX SCALE MIXTURES OF MATRIX NORMAL DISTRIBUTIONS

The random matrix models obtained in the previous section have one structural de-
ficiency. Namely, their matrix form is simply obtained by rearrangement of vector vari-
ables. This is because the matrix valued normal variables are such and scaling them
by a random value does not impose any truly advanced matrix structure. The model
discussed in this section is intrinsically matrix variate, i.e. it cannot be simply explained
by its vectorization. As seen in what follows, it is just opposite, i.e. analyzing its purely
matrix variate character makes all the properties easy to understand.

Consider a model analogous to (2.1) but with a matriz scaling, where the univariate
random variable W in (2.1) is replaced by a symmetric random matrix ' € S, leading
to a k x n random matrix X with the stochastic representation

(3.1) X L TA +TV2Z51/2,

where Z ~ MN} (0,1, ®1,,), A is a k X n matrix skewness parameter, and 3 € S is
a matrix scale parameter. As in the case of univariate scaling, the basic characteristics
of this random matrix can be established through simple conditioning as well.

Let us start with the ChF. Clearly, since I' and Z in (3.1) are independently dis-
tributed, we have

(3.2) X|T'~ MNy,, TAT®X),

so that, by (2.3) and standard properties of the trace operator, we have
1
oxr(T) = etr {LATTF — 2T2TTF} .

Taking the expectation of the above expression with respect to the distribution of I" leads
the unconditional ChF of X, which can be expressed in terms of the LT of I" and the
ChF of a certain exponentially tilted version of the distribution of I'; in analogy with
(2.8) - (2.9). The details are given in the result below, which can be proven by simple
algebra.

Theorem 3.1. Let X be given by (3.1), where Z ~ MN (0,1, ® L,) and T > 0 is a
random square matriz with law Vi, independent of Z. Then the ChF of X is of the form

(33 ex(T) = or (STETT ) ey (ATT).

where Yr(-) is the LT of T' and @r.(-) is the ChF of an exponentially tilted version of

', whose law Vr, is given by

etr {—3TET'Y}
Yr (%TETT)

(3.4) Vg (dY) = Ve (dY).

Proof. The proof is straightforward. O

Similar arguments involving the PDFs lead to the result below, which is an analog of

Theorem 2.2 for matrix scaling.
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Theorem 3.2. If the distribution of X in (3.1) is non-singular, then its PDF is of the

form
etr{XXZTAT} /2 1 T Tt

Proof. The result follows by standard conditioning arguments and properties of the trace
operator. O

Let us also account for the mean and the variance of this distribution.
Theorem 3.3. If the relevant moments exist, then the mean matriz and the covariance
of X in (3.1) are given by E(X) = E(T)A and
(3.6) Var(X) = (AT @ I;)Var(T)(A @ I;) + T @ E(T),

respectively.

Proof. Since E(Z) = 0 and T and Z are independent, we have
E(X) = E(TA 4+ I''/?2Zx'Y?) = E()A + E(TY)E(Z)SY? = E(I)A,
as desired. Next, by law of iterated variance formula, we have
(3.7 Var(X) = Var(vec(X)) = Var[E(vec(X)|T)] + E[Var(vec(X)|T)].
By (3.2), given T the random vector vec(X) has a multivariate normal distribution on
R*" with mean vector vec(T'A) and covariance matrix ¥ ® I, leading to
E(vec(X)|T') = vec(T'A) and Var(vec(X)|I') =X & T.
Thus, in view of (3.7), we have
(3.8) Var(X) = Var[vec(TA)] + E[X @ T'| = Var[vec(T'A)] + X @ E(T").
To conclude the proof, note that by the algebraic property vec(ABC) = (CT ® A) vec (B),
we have that
vec(TA) = vec(I,TA) = (AT @ I)vec(T),
so that
Var[vec(TA)] = Var[(AT @ Ij)vec(T)] = (AT @ Iy)Var[vec(D)|(AT @ 1;) .
Since Var[vec(T')] = Var(T) and (AT ® Ix)" = A ® I, we obtain (3.6). O

It is clear from the form of the ChF of X in (3.3) that in the symmetric case (where
A = 0) the distribution of X is infinitely divisible (ID) whenever that of the random
scaling matrix I" is. Infinitely divisible Gaussian covariance mixture models in the same
spirit, with the random scaling (and not necessarily squared) matrix on the right-hand-
side of the Z in (3.1) rather than on the left side, were studied in [5], where they were
termed MatG random matrices, in analogy with Type G random variables and vectors
defined in similar manner (see the references in [5]). On the other hand, upon close
examination of the relevant PDF in (3.5), it is also clear that a a convenient choice of T
in this set-up is one where the PDF of the latter is compatible with the expression under

the expectation in (3.5). A rather obvious choice here is a matriz variate generalized
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inverse Gaussian (MGIG) distribution, denoted by MGZG (A, ¥,©) and given by the
PDF

EX|Qy | =X
(3.9) f(r) = Ji(%q’)rﬁ—%“)/?em {—; (o' + @r)} ,
where ¥ and © are k X k symmetric non-negative definite matrices, A € R, and B)(-)
is the type-2 Bessel function of Herz of matrix argument (see [25]). Indeed, the PDF of
this matrix variate analog of the univariate GIG distribution (2.16) has exactly the same
functional form as the expression under the expectation in (3.5), which aids in evaluation
of its expectation. In analogy with its univariate and multivariate analogs, matrix variate
distributions that arise in this scheme with MGIG random scaling matrices were termed
matriz variate generalized hyperbolic distributions in [35], who considered the distribution
of X with MGIG distributed scaling matrix I" in (3.1) and an additional matrix location
parameter. A symmetric version of this distribution (with A = 0) was also studied in
[23]. These papers also briefly considered the special cases of MGIG where either ¥ = 0
or ® = 0, corresponding to matrix variate gamma and inverse matrix variate gamma
distributions, respectively. While the latter special case has received a considerable
attention in the literature, as it generates a matrix variate analog of ¢ distribution in
this scheme (see, e.g., [2], [6], [12], [20], [23], [26], [36]), the former, leading to a matrix
variate version of the classical Laplace distribution, has not been studied much. Below
we fill this gap and provide its important distributional properties. In the section below,
we first recall the classical matrix variate gamma distribution (see, e.g, [21]), which is

needed in this construction.

3.1. Matrix variate gamma distribution. A k x k positive definite random matrix
X has the classical matrix variate gamma (MG) distribution with shape parameter o >
(k —1)/2 and scale matrix parameter D € S}, denoted by MGy, (a, D), if its PDF is of
the form

1
(3.10) f(X) = W|X|a_(k+l)/2etr{—D_1X}, X >0,

where

k ,
Dp(a) = ghk=1/4 HF (a ! ; 1)

i=1
is the generalized gamma function (see [21, Chapter 3.6]). The LT of X ~ MGy («, D)
is of the form
(3.11) ¥x(T) =E (etr{—T'X}) = [I; + TD|™“,
where T is a k x k symmetric matrix such that I + TD is of the full rank, while the
ChF of X ~ MG (a, D) is given by

—x

(3.12) ¢x(T) =E (etr{{TTX}) = |I; — %L(T +THD| |,
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where T is an arbitrary & x k real matrix. In addition, as shown in [28], the mean and
the variance of X ~ MGy («a, D) are given by

e
T2

where the k2 x k? commutation matrix K}, consisting of k x k-blocks S;; is defined through

(3.13) E(X) = aD, Var(X) = Var[vec(X)] (D®D) (I + Ky),

its entries,

1, i=s,5=m,
(3.14) Sijirs =
0; otherwise.

Remark 3.1. If D = I, we get the standard matriz variate gamma case, denoted by
MG (a), which is also a special case A = a, ¥ = 0, and © = 2I; of MGIG distribution
(3.9). In this case, we have E(X) = oI} and Var(X) = (o/2)(Ix2 + Ki). If k =1, we
obtain standard gamma distribution (2.12).

Remark 3.2. The condition « > (k — 1)/2 guarantees that the PDF is properly defined
and integrates to one over the cone S;. The case where a < (k — 1)/2 is complicated as
X follows singular matrix variate gamma distribution or singular Wishart distribution
(see, for example, [8, 9, 7, 28]).

3.2. Type II matrix variate generalized Laplace distributions. In analogy with
Type I matrix variate GAL distributions discussed in Section 2.1, we now define the
Type II version of this distribution, which arises as a covariance mixture of Gaussian
random matrix in (3.1) were the scale matrix I' has a standard matrix variate gamma
distribution.

Definition 3.1. A random k X n matrix X is said to have MAL distribution with shape
parameter « > (k —1)/2, k x n matrix skewness parameter A, and k X k matrix scaling
parameter X € S, denoted by MAL ,(o; A, X), if X admits the stochastic represen-
tation (3.1) with ' ~ MGy () independent of Z ~ MN}, (0,1, ®1I,,). The distribution
of X is referred to as the MALT distribution, denoted by MAﬁ,—Lr’k(a; AY).

Basic properties of this distribution can be obtained by standard conditioning argu-
ments via (3.2). The result below provides the relevant ChF, obtained by specializing
the general result given in Theorem 3.1 to the MAL case.

Theorem 3.4. The ChF of X ~ MALy »(a; A, X) is given by
—Q

1
(3.15) ox(T) = |T; — %(ATT +TAT) + JTETT|
where T is an arbitrary k x n matriz.

Proof. When we specialize the result in Theorem 3.1 to the MAL case, where the PDF
and the LT of I' are given by (3.10) and (3.11) with D = I, respectively, after some
algebra we arrive at

(3.16)

@X(T):/ etr{L(ATT)TI‘};|I‘|a_(k+l)/2etr — I,€+1T2TT T} dr.
r>0 Ly () 2
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Upon setting D~! =TI, + %TETT7 the above can be written as
(3.17)  ¢x(T) = |D\”‘/ etr {(ATT)'T} ?L|F|a’(k+l)/2etr {-D~'r}dr.
>0 k()
The integral above can be recognized as the ChF of MG distribution MGy (a, D) evalu-
ated at AT T, which, according to (3.12) with D = Iy, is equal to |I; — «(1/2)(ATT +
TAT)D|~®. Therefore, according to (3.17) where the order of the multiplication is re-

versed, we can conclude that
(3.18) ¢x(T) = [Ty —¢(1/2)(ATT +TAT)D|~¥|D|* = D' —4(1/2)(ATT +TA )|,
which produces the result since D=t = I, + %TETT. The theorem is proved. O

Our next result provides the PDF of the MAL distribution, which easily follows from

the general result in Theorem 3.2.

Theorem 3.5. Let X ~ MAL ,(o; A, %), where a > (k—1)/2 and X € S;}. Then the

PDF of X is given by

(3.19)

XS XTI e (X2 AT
20k kn/21y (o) | X |k/2

where Bo_y,/2(-) stands for the Bessel function of matriz argument of the second kind as

in [25].

1
f(X) X Bo—ny2 (4 (2L, + AZTTAT) lexT) ,

Proof. Theorem 3.2 specialized to the MAL case, where T' in (3.1) has the standard
MG (a) distribution, immediately leads to
1

fX) = (QW)’m/zrk(a”EMmetr{XE_lAT}

- 1
x/ i (k+1)/2etr{—2 [(QIk+AE_1AT)I‘+I‘_1XE_1XT]}dI‘
>0

with A = @ — n/2. By denoting ¥ = XZ7'XT and ©® =21, + AX"'AT, we can write

the above integral as

_ 1
/ ) (kH)/Qetr{— (ert +@)r)}dr,
>0 2
and relate it to the MGZGy (A, ¥, ®) PDF (3.9), leading to
— 1 1
/ T2 et § -2 (T 4 ©F) pdl =27 M @B, (~0W ).
>0 2 4

When we combine the above steps, followed by simple algebra, we obtain the result. [J

Remark 3.3. We note that in the symmetric case (where A is a matrix of zeros) the above
formulas for the ChF and the PDF of matrix GAL distribution reduce to those given in
[23], who studied this symmetric case (which was termed matriz variate variance gamma)
along with another special case of matrix GIG scaling, involving the inverse matrix
variate gamma distribution and leading to (symmetric) matrix variate ¢ distribution (see
eq. (3.8)-(3.9) in [23]). [Due to notational differences, to see the equivalence one should

replace the quantities A, n, p, and ® in these equations by «, k, n, and 21, respectively,
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and for the PDF use the relation By(Z) = B_x(Z)|Z|~* that appears on p. 1470 in [23].]
It was shown in [23] that these two matrix variate distributions provide an example of a
matrix variate dual pair, in the sense that the ChF of one has the same functional form
as the PDF of the other.

Remark 3.4. Let us note that if £ = 1, so that the matrix variate gamma distribution
reduces to a univariate standard gamma variable given by the PDF (2.12), the matrix
variate MAL turns into a (row) vector of size n with multivariate GAL distribution
studied in [27] and [30], and we recover the ChF and the PDF of the GAL distribution
(see eq. (3) and (4) in [30]). In fact, this is where the two versions of the matrix variate
generalized Laplace distributions coincide. Note that in the GAL PDF we have the
modified Bessel function of the third kind with index A (of scalar argument), denoted
by K (-), instead of the Bessel function of matrix argument By (-), due to the relation
Kx(z) = (1/2)Bx (22/4) (2/2)*. In the symmetric (and elliptically contoured) case with
k=1 and A = 0 the PDF of the 1 x n MAL random vector becomes:

a—n/2

gl-a (\/2x2*1XT)

_ TixT
(3.20) F(X) = TS X Koo (\/QXE X )

If we also have n = 1, then we recover the univariate GAL distribution studied in [27],

which for @ = 1 coincides with the classical Laplace distribution.

Remark 3.5. As we have seen above, there is a strong connection between matrix variate
MAL distributions and matrix variate gamma distributions through the stochastic rep-
resentation (3.1), where X ~ MALE ,(o; A, X) and T' ~ MGy (o, Ii). However, these
distributions are also connected in a different way, as the matrix variate MAL distribu-
tion arises as the distribution of the off diagonal blocks of a random MG matrix. Indeed,
let T' ~ MG (a, D), and consider a partition of I and its dispersion matrix D € SZ into
the blocks

(BT oo (02
I'sy Tao Dy Dy

with dim(T'1;) =dim(Dy;) =7 xr, r =1,...,k — 1. Then, it is well-known that T'j; ~

MG, (a,Dyq1) and, conditionally on I'1q, the distribution of I'j is matrix variate normal,

T2l ~ MN Gy (F11D1_11D12, T'i1 ® $D2s.1), where Dos.y = Doy — D2 D;'Dyy is

the Schur complement of D1y (see, e.g., Proposition 2.2 in [28]). Therefore, the random

matrix I'1o has the stochastic representation given by the right-hand-side in (3.1), where

A = D' Dis, & = Doy, Z ~ MN, ;- (0,1, ®I;_,), and T is replaced by T'y;.
Thus, if D = Ij, we will have T'13 ~ MAL(«; 0, (1/2)1)_;).

Remark 3.6. Let us note that an alternative matrix variate analog of multivariate gener-
alized asymmetric Laplace distribution was briefly treated in [34]. That model, termed
matriz gamma-normal distribution, was also defined via (3.1) with A =0 and ¥ = I,,,
but another matrix variate analog of gamma distribution was used for a random scale
matrix T', defined through the ChF to ensure its infinite divisibility (which is lacking

in the case of the classical matrix variate distribution used here). However, the lack of
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convenient expression for the PDF connected with that model is a disadvantage, which
may limit its practical utility.

It should be noted that scale mixtures of matrix variate normal distributions can be
defined in two ways, by mixing either one of the two covariance matrices 3 and ¥ of Z ~
MN (0,2 ® ¥). While the resulting distributions are related through the operation
of transposition, both schemes generally lead to different probability distributions. For
example, the matrix variate variance gamma model considered in [35], obtained as a
special case of matrix GIG scaling of normal random matrices, is connected with mixing
the covariance matrix W of the normal matrix rather than the matrix 3, as done here.
Consequently, care is needed when translating the properties across the two models.
However, in case of standard distributions with A = 0, these two mixing schemes lead

to one and the same distribution, as shown below.

Theorem 3.6. Let Z ~ MN (0,1, ®1,), Ty ~ MGi(a), and Ty, ~ MG, (a), where
a > (max{k,n} — 1)/2, be mutually independent. Then, we have the following equality
in distribution:

(3.22) | A A N

Proof. The result can be easily established via the ChF of the variables on each side in
(3.22). Indeed, since I‘,lc/2Z ~ MALg ., (a; 1, 1,), Theorem 3.4 shows that the ChF of
I‘IIC/QZ is given by

1
(3.23) 01(T) = [T + 5TTT

On the other hand, since (Zl",l/z)T ~ MAL,, ;(a;1,,1}), another application of Theorem
3.4 shows that the ChF of (ZT'Y/?)T is given by

—

1
I, + 5TTT

Consequently, the ChF of ZI')/2, denoted by ¢3(-), will be

(3.24) pa(T) =

1 -
Since the ChFs in (3.23) and (3.25) coincide by Sylvester’s determinant theorem (see, for
example, Corollary 18.1.2 in [24]), we obtain the result. a

Remark 3.7. The above result is related to the fact that the probability distributions of
the variables on each side in (3.22) are spherical, which means invariance with respect
to linear orthogonal transformations. Indeed, if in the notation of the above theorem
we have X < Zl"}/2, then conditionally on I',, we have that X ~ MN (0,1 @ T'y,).
Since for any deterministic orthogonal matrix P we have PX ~ MN ,,(0, PI.PT ®I',)
and PI,PT = I, the conditional distributions of PX and X coincide. Thus, their un-
conditional distributions must be the same as well. This shows that X is left-spherical.
Similar argument shows that X is also right-spherical. This is because given I',,, XP is
MNi. (0,1, @ PTT,P). However, by orthogonality of P, the distribution of PTT,,P is
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the same as that of T', which can be established by comparing their ChFs (a matrix with
this property is said to be rotatable in [11]). This shows that the unconditional distribu-
tions of XP and X coincide. Since X is both, left and right spherical, its distribution is
spherical. Thus, if £ = n, we would have that X 4xT (see Theorem 1 in [11]), leading
to the result in Theorem 3.6 for square matrices. An extension to the general case follows

by standard arguments (see [11] for more details).

Below we consider several further properties of MAL distributions. The following
result concerning the mean and the variance of MAL random matrix is a simple conse-
quence of Theorem 3.3 and the relevant properties of matrix variate gamma distribution,
see also equation (3.13), the definition of the commutation matrix Kj, given in (3.14),

and the remark following it.
Corollary 3.1. If X ~ MAL »(o; A, X) then E(X) = aA and
(3.26) Var(X) = % {(ATA®TL +K, (A2 AT)} +aZ @1y,

where the nk x nk commutation matrix K,, ; is a n x k matrix of k£ x n-blocks S
i=1,...,n,j=1,...,k defined through their entries as in (3.14).

¥R

Proof. First, notice that (AT @ I},)(A ® I;) = AT A ® I, which holds because of the

general relation
(3.27) (A®B)(C®D)=AC @ BD.

This, combined with Theorem 3.3 and the expressions for the mean and the variance of
' ~ MGi(a) given in (3.13), produce

Var(X) = % {ATAT, + (AT @ L)Ki(A 9 1,)} + aZ @ Iy

Next, apply the relation
(C®D)K, =K, ,(D®C)

which is valid for any s x r matrix C and n X k matrix D (see Theorem 16.3.2 on p. 337
in [24]), along with (3.27), to obtain

(AT (29 Ik)Kk(A X Ik) = Kn,lc(Ik (9 AT)(A X Ik) = Kn,k(A ® AT)
]

The result below shows that the class of MALy, ,(o; A, X) distributions with fixed A
and X is closed under convolutions.

Corollary 3.2. Let X; ~ MALy ,(o;; A, X), where i = {1,...,m}, be mutually inde-
pendent, with min{a1,...,am} > (kK —1)/2. Then,

Xy 4+ Xy ~ MALE (05 AL S,
where a = aq + -+ + o

Proof. This is a simple consequence of the formula for the MAL ChF given in Theorem
3.4. |
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Our next result shows yet another distributional connection between the matrix variate
generalized Laplace and gamma distributions. The result below concerns the distribution
of a symmetrized version of X ~ MAL, 1(c;0,1;), Y 42X 4 X T, so that the ChFs of
X and Y are related as

(3.28) oy (T) = E(etr{tTTY}) = E(etr{¢[T" + T)X}) = ox(T " +T),
where T is an arbitrary square matrix.

Proposition 1. If X ~ MALy ;(a;0,1)) then we have the stochastic representation
(3.29) X+XTLT1, - Ty,

where the {T';} are IID with MGy (v, v/21y,) distributions.

Proof. By Theorem 3.4 and (3.28), the ChF of Y = X + X T evaluated at an arbitrary
k x k matrix T is given by

—Q

1
Ip + 5(T +T"Y(T+T")

At the same time, in view of (3.12), the ChF of I'; — Iy evaluated at the same T is given
by

(3.30) ey (T) =

—x —x

1 1
(3.31) pr, 1, (T) = T — 5u(T + THV2IL,| |1+ SUT+ THV2I,|

which, after routine algebra, turns into the right-hand-side of (3.30). This proves the
result. |

Remark 3.8. When we take £k = 1 in Proposition 1, so that all the matrix variate
distributions turn into univariate distributions, the distributional equality in (3.29) turns
into

1
V2
where X has a symmetric GAL distribution with the ChF ¢x(t) = (1 — #2/2)~% and
the {G;} are IID standard gamma variables with the PDF (2.12). While in the one
dimensional case an analog of (3.32) holds for asymmetric GAL distributions as well (sse

(3.32) X< (G -G,

Proposition 4.1.3 in [27]), no such extension appears to be true in the matrix variate
asymmetric generalized Laplace case. It is also worth mentioning that the property
in (3.32) is a generalization of the classical result for the Laplace random variable X

(corresponding to a = 1 in this setting), recently discussed in [14] (see also [29]).

Our next result shows that all linear combinations of the components of MAL distri-
bution are jointly MAL distributed as well (under scaling the MAL random matrix on
the right-hand side).

Corollary 3.3. Let X ~ MAL ,(a; A, X) with o > (k—1)/2, and let L be an x g

non-singular matrix of constants such that rank(L) = ¢ < n. Then, we have
XL ~ MALy 4 (a; AL, Xy,) ,
where ¥, = LTXL.



MATRIX VARIATE GENERALIZED LAPLACE DISTRIBUTIONS 17

Proof. By the assumption and in view of the stochastic representation (3.1) of X, we

have
(3.33) XL £ TAL + T'/?Z5'/%1L,

This shows that, conditionally on T', we have I‘l/QZEl/Q\F ~ MN, (0,T ®X), so
that by well-known properties of matrix variate normal distributions (see, e.g., Theorem
2.3.10 in [21]), we also have T'V/2ZSY2LIT ~ MNG, (0,T @ LTXL). Since this leads
to the conclusion that XL|T' ~ MN , (TAL,T' ® Xp,), the result follows. O

In the special case where the L in Corollary 3.3 is of the form LT = [I, 0], where 0
is a ¢ X n — ¢ matrix of zeros, we obtain the distribution of the k x ¢ random matrix X;
that appears in the partition X = [X; X3z] of X ~ MALy »(; A, X).

Corollary 3.4. Let X ~ MALy ,(o; A, X) with a > (k—1)/2, and let X = [X; X5]
and A = [A; As], where X; and A; are k X ¢ sub-matrices of X and A, respectively.
Then

X1 ~ MALg o(05 A1, 341),
where the matrix 3;; is defined in (3.34).

Proof. In the context of Corollary 3.3, take L to be an n x ¢ matrix such that LT = I, 0],
where 0 is a ¢ X n — ¢ matrix of zeros, and note that XL = X;, AL = Ay, and
3 =211, O

Remark 3.9. The results in Corollaries 3.3 and 3.4 where discussed in Sections 3.3 and
3.4 in [35] in the context of matrix variate generalized hyperbolic distributions. Note
that their formulations is somewhat different due to different definitions of scaling by the
covariance matrix (in our definition the scaling random matrix is on the left-hand-side
of Z, while in [35] it was placed on the right-hand-side of Z).

Finally, we consider the distributions of its diagonal blocks in case where a MAL

random matrix X is a k X k square matrix and both, X and X, are partitioned as

Z:11 Z:12
221 2322

)

(3.34) x = | X Xl s o
X21 X22

where X7 and 317 are ¢ X ¢ matrices with 1 < ¢ < k—1. The result below provides the
details.

Corollary 3.5. Let X ~ MALy 1(a;0,%) where k£ > 2. Then

X1 o~ MAEq,q(a;Oaxll);
Xos ~ MALp_qr—q(0;0,35),

where X1, X2, ¥11 and 9o are defined in (3.34).
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Proof. The result can be proven by showing that the ChFs of X;; and X5 have the
structure given in Theorem 3.4. Indeed, observe that the ChF of X;; evaluated at an

arbitrary ¢ x ¢ square matrix T, is the same as the ChF of X evaluated at

(3.35) T =

Ty, O
0 o

Upon substitution of this T into the ChF (3.15) of X ~ MALy (a;0,3), followed by
straightforward algebra, we arrive at

1
I + -

ex(T) = 9

T, =T, ol
0 0

However, we have

1
I, + 5THEHTI1 )

1
Ik+§

0 0 0 | P

T, 2T}, 0]

I, +iTuS,T], o0 ]

Thus, the ChF of Xy; is of the form

1
ox,, (T11) = I, + §T11211T1T1

so that, in view of Theorem 3.4, we conclude that X171 ~ MAL, ,(c;0,X17), as desired.
The proof of the result for X5 is similar. O

4. VECTOR-VALUED M AL DISTRIBUTIONS

Below we provide a few further properties and examples related to vector-valued
MGAL and MAL distributions, which shed light on the inter-relations between these
two classes of multivariate distributions. We consider the case where these correspond

to column vectors of size k x 1.

4.1. Type I. In case of Type I, the ChF of X ~ MGAL; 1(A,X,1,a), where A is a
k x 1 deterministic vector and W is taken to be a 1 x 1 matrix (taken to be 1), is of the

form
1 —
(4.1) ox(t) = (1 —itTA+ 2tTEt> , teRM

This distribution coincides with the multivariate generalized asymmetric Laplace (GAL)
distribution, denoted by GALL(A, X, «) in the notation of [27]. The mean vector and
the covariance matrix of such X ~ GALL(A, X, «) are given by

(4.2) E(X) = aA, Var(X)=a (AAT +X).

In particular, the components of X are uncorrelated (but not independent) if A = 0 and

3 = 021}, for some o2 > 0. Basic properties of this distribution can be found in [27].
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4.2. Type II. For Type II MAL random matrix of size k x 1 the scaling matrix 3 reduces
to a scalar, which we shall denote by o2. Such a random vector X ~ MALy 1(a; A, 0?)
has the stochastic representation

(4.3) X £TA +0T'2,

where A is as before, I' ~ MGy (a) with o > (k —1)/2, and Z is a k x 1 column vector
with IID standard normal components, independent of I'. The ChF of this X is of the

form
—Q

, t eR

2
(4.4) ox(t) = |I — %(tAT +AtT) + %ttT

Remark 4.1. We note a curious similarity between the above ChF and the one for the
Type I random vector in the special case where the scale matrix ¥ in (4.1) is an identity
matrix multiplied by 2, so that (4.1) takes on the form
L o? -
I - 5(tTA +ATt) + ?tTt

(4.5) ox(t) = , t €RF.

[Note that we used a determinant in (4.5), as the expression inside is a scalar.] The only

difference between (4.4) and (4.5) is the positioning of the transposition operator.

We now consider the mean vector and the covariance matrix of X ~ MAL 1(a; A, 0?).
By Corollary 3.1, we have E(X) = aA, which coincides with the mean of Type I matrix
variate Laplace considered above. The same result shows that the variance of X is given
by (3.26) where now AT A is a scalar and ¥ = o2, so that the variance of X in (3.26)
becomes

(4.6) Var(X) = % {ATAL, + K, (A® A7)} + a0’}

By standard properties of the Kronecker product and commuting operator (see, e.g.,
Corollary 16.3.3 in [24]), we have K1 x(A ® AT) = AT A, so that

(4.7) Var(X) = % {ATAL, + AAT} + 0T,

4.3. Further notes and examples. Based on the discussion above, it appears that
the two types of MAL distributions have different covariance structures. We illustrate
the effect on the distributions through an example involving three random vectors of
size k = 2, Xy, X, X3, corresponding to Type I MGALs1(A,0%I5,1,a), Type 1I
MALy 1 (a; A, 0?), and Type I MGAL 1 (A, X, 1, ), respectively. Here, the scale ma-
trix ¥ of X3 is chosen so that the mean and the covariance of the last two distributions

are matched,

1 T 1 a2 + 20’2 —a10a2
4.8 S=-At(AY) 4oL =22 ,
( ) 2 ( ) 2 2 —a1a2 a% + 20'2

where A = (a; az) " and A+ = (—az a;)". Note that this is a genuine covariance matrix,
as for any x = (21 z2)" we have

1
X' ¥x = 5(&1%2 — agry)? + 0% (2 +23) > 0.



20 TOMASZ J. KOZUBOWSKI, STEPAN MAZUR, AND KRZYSZTOF PODGORSKI

level level

X1 X1

X2
X2

X1 X1

F1GURE 1. Contour plots of bivariate MGAL and MAL distributions
of X; and Xy in Example 4.1 (top) estimated from 10000 simulated
pairs (bottom). Left Panels: the MGAL distribution, constructed via
standard univariate gamma scaling with a = 1, A = (1 1)", and ¥ =
I,. Right Panels: the MAL distribution, constructed via matrix variate
gamma scaling with o = 1, A = (1 1), and 02 = 1. The diamond in
the bottom figures marks the mean vector. Its location relative to the

mode illustrates skewness of the distributions.

Example 4.1. We consider a special case where « = 0 = 1 and A = (1 1), which

yields

13 -1
» =15 7)

The three distributions have the same mean vector of (1 1) T and the following covariance

Var(X;) = (i ;) , Var(Xs) = Var(Xs) = ((2)2 gi) :

matrices:

The sample estimate of the densities from these variables based on 10000 simulated

values and the simulated values are shown in Figure 1. The figure only shows the distri-
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butions of X; and X5, as the distributions of X5 and X3 are actually the same. Indeed,
straightforward algebra, based on (4.1) and (4.4), shows that

tit 2 42\ “
ox, (t1, t2) = ox, (t1, t2) = (1—A(t1+t2)—122+3 14 2) .

This observation leads us to further questions concerning the relation between the two

classes of distributions, discussed in the next section.

5. ARE MAL DISTRIBUTIONS ALSO MGAL?

The MAL distributions appear to be more complex than the MGAL since they are
obtained by mean-variance matriz-gamma mixtures of the normal matrices, while the
MGAL are ‘only’ scalar-gamma mixtures. However, Example 4.1 suggests that this
intuition may be wrong, as it shows that at least some of the MAL distributions are also
MGAL. We demonstrate that all £ x 1 MAL distributions are actually MGAL.

First, we observe that in the symmetric case where A = 0, for any dimension k € N
we have MALy 1(o; A, 0?) = MGALy 1 (A, 0?1k, 1, ).

This is because, by Corollary 18.1.3 in [24], the corresponding ChF's coincide

—Qx —Q

‘72T _ o’ T k
5.1 IL+—t't = I + —tt , t e R,
2 2

It is quite remarkable that either matrix or scalar random scaling of a random vector
with IID standard normal components both lead to one and the same distribution. More

precisely, we have the following stochastic identity
(5.2) w2z L1'/%g,

where W has standard (univariate) gamma distribution with shape parameter «, I ~
MG (a) with @ > (k—1)/2, and Z is a k x 1 column vector with IID standard normal
components, independent of I and W. It follows from this relation that the MAL random
vector on the right-hand-side in (5.2) is infinitely divisible (since the left-hand-side is),

even though the distribution of the random gamma matrix I" is not infinitely divisible.

Remark 5.1. A question arises whether the relation in (5.2) may be true if /2 s re-
placed by another k x k random matrix such Y that YY" = T'. In one particular case
where o = k/2 the answer is affirmative. Indeed, consider Y = X/ V2, where X is a
kx k random matrix with IID standard normal components. Then, the product XX T has
Wishart distribution with k/2 degrees of freedom, which is the same as MGy (k/2,21})
distribution, showing that YY T ~ MGy («). Then, the relation w2z L YZ, or, equiv-
alently, (2W)'/2Z £ XZ holds by Corollary 1 in [32], since (2W)'/2Z ~ GAL} (0,2, o).

It is even more remarkable that for any, not necessarily symmetric MAL random
vector, we can find a corresponding MGAL random vector with the same mean and the
covariance matrix, and the two actually have the same probability distribution! In other
words, in the vector-valued case (n = 1) the class of Type II matrix variate generalized
Laplace distributions is a subset of the class of Type I matrix variate generalized Laplace

distributions, as shown in the result below.
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Before we state the result, let us note that in order for X; ~ MALy 1(o; A1, 0?) and
Xy ~ MGALy 1(A2, 3,1, a) to have the same means and covariance matrices, we must
have A; = Ay and

1
(5.3) =3 {ATAL, — AAT} +0°I,

where A = A; = As. In the special case k = 2, the above matrix reduces to that
given by (4.8), and just like the latter it is always non-negative definite (and positive
definite whenever o2 > 0), so that it is a valid covariance matrix. To see this, note

that, by the matrix determinant lemma, the characteristic polynomial of the matrix
C=ATAI, — AAT is given by

ATA
M — ATAT, +AAT| = (A - ATA)" <1 +5

m) = (- ATAF,

so that C is singular with one-dimensional kernel and the remaining eigenvalues are
non-negative (positive unless A = 0), and all equal to AT A.

Theorem 5.1. Let X ~ MALy1(c; A, 0?) with A = (a1 ...a)", a > (k—1)/2, 0% >0,
and the ChF given by (4.4). Then, we also have X ~ MGALy 1(A, X, 1, ) with 3 given
by (5.3).

Observe in view of the forms of the ChFs of the Type I and Type II distributions,
the above theorem is equivalent to the algebraic identity stated in the lemma below,
which is of independent interest. Indeed, by taking a = —A:/2, b = t, and s = o>
in the result below, the identity in (5.4) is equivalent to the equality of the ChFs of
X ~ MALg1(a; A 0?) and X ~ MGAL 1(A, X, 1,a) evaluated at t € RX.

Lemma 5.1. For each a,b € CF, s € C, we have
(5.4) Ty +ab” +ba” +sbb"|=(1+b'a)’+b'b(s—a'a).

Proof. Since the functions of (a,b) on both sides of (5.4) are continuous it is enough to
show the identity for 14+a'b # 0.
An application of Lemma 1.1 of [13] and Corollary 18.1.3 of [24] produce
Iz +ab" +ba' +sbb’| = (1+b'(Ix+ba’) '(a+sb))|Iy+ba'
= (1+b"Ix+ba’)'(a+sb)) (1+b'a).

Applying the Sherman—Morrison formula (see Corollary 18.2.10 of [24]), we obtain

ba'

I, +ba')™! = I, - ————.
(I +ba’) 1+a’b

By putting the above together we obtain the result. ]

Next, we demonstrate that the identity in the above lemma is equivalent to a seemingly

stronger one.
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Corollary 5.1. For s,t,v € C we have

(55) |I.+vaa' +t(ab’ +ba')+sbb'|=
=1+va'a +2tb'a+ (t2 — vs) <(bTa)2 — aTabTb) + sbTb.

Proof. To see that the above is implied by (5.4), we first substitute inthe latter ua for a,
where u € C, leading to

I, +uab” +ba” +sbb"| = (1+uba)’ +b'b (s —u’a’a).
Then, we substitute a+b for b in the above expression, so that the left-hand-side becomes

|IT +u (2&1:1—r +ab! + baT) + s (aaT +ab' +ba' + bbT)’ =
=|I,+ (2u+s)aa’ + (u+s)(ab’ +ba’)+sbb'|.

The same substitution in the right-hand-side yields

14+(2u+s)a’a+2(u+s)b a+u® (a’a+ bTa)2+stb—u2aTa (a'a+2a"b+b'b)
=14+ 2u+s)a'a+2(u+s)b a+u? (aTa)2 +2u?a’ab’a 4 u? (bTa)2 + sb b—
—u? (a—ra)2 —2u?a’ab’a —u?a’ab'b =
=1+ 2u+s)a’'a+2(u+s)b'a+u? (b—'—a)2 +sb'b—u’a’ab'b.

Then 5.5 follows by first replacing a by a/(u + s), o = (2u+ s)/(u + s)?, then a by ta
and v = 9/t2. O

Remark 5.2. It should be noted that there are MGAL distributions that are not MAL,
so these two classes of distributions do not coincide. This is because of the special
structure of the covariance matrix ¥ in (5.3). We can further infer from the above result
which MGAL distributions are MAL and which ones are not. For example, if k¥ = 2 and
X ~ MGALy1(A,3,1,a) is also MAL, where 3 = (0y;), then by (4.8) we must have
that X ~ MALs 1(o; A, 0?) and

(5.6) s (on o) _ 1 (a3+207 Je ).
012 0922 2 —ajaz aj+ 20
This shows that the entries of the vector A = (a; az)" and the matrix ¥ = (0;;) must

satisfy the following relations:

1 1
(5.7) 011 = §a§ + 02, 099 = 5@% +02, 019 = —5aaz.

Careful analysis of the equations in (5.7) shows that if the matrix 3 = (0;) is diagonal,
then we must have either a1 = as = 0 (for 011 = 022), a1 = 0 and as = +1/2(011 — 022)

(for o117 > 092), or ag = 0 and a1 = £4/2(092 — 011) (for oaa > o11). In all these cases

2

we also have 0® = min(o11,092). On the other hand, if 012 # 0, then the equations in
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(5.7) produce

a2 = a9 — 011 + /(011 — 022)2 + 4012

a3 = a11 — 0oz + /(011 — 022)2 + 4012

1
o? = 3 {011 + 092 — \/(011 — 092)? +4U12}-

The signs of a1 and as are determined from the last equation in (5.7): if 012 < 0 then ay
and ao must have the same sign and their signs must be opposite if 015 > 0. See Figure 1

for an example of the graphical illustration of such a distribution.

We conclude with a few additional comments and open questions. First, let us note
that all Type I MGAL distributions are infinitely divisible (ID), since their ChFs (2.14)
are valid for any positive . However, it is unclear if this property is shared by Type
IT distributions, since their ChF (3.15) has been defined only for a@ > (k — 1)/2. It is
unclear whether the expression in (3.15) is a genuine ChF for all a € (0, (k —1)/2]. Our
results show that this is the case when n = 1, k € N, and arbitrary A. In both cases
the vector-valued MAL distributions are ID. However, the ID of general Type II matrix
valued generalized Laplace distributions is an important open problem. The relation
between the two classes of distributions in the general case of k x n matrices where n > 1

is, at the moment, a completely open question as well.

6. SUMMARY

We considered extensions of the GAL distribution to the matrix variate case, which
arise by mixing matrix variate normal distribution with respect to one of its covariance
matrix parameters. When the distribution of the latter has to do with one-dimensional
scaling of the original normal covariance matrix, and the univariate random scaling factor
is gamma distributed, we obtain what we call Type I matriz variate GAL distribution.
On the other hand, Type II matriz variate GAL is obtained by mixing the normal covari-
ance with respect to matriz variate gamma distribution. While Type I matrix variate
GAL distribution has been studied before (see [39]), there is no comprehensive account
of Type II in the literature, except for their rather brief treatment as a special case of
matrix variate generalized hyperbolic distributions, studied in [35] and [23]. With this
work we filled this gap, and provided an account for basic distributional properties of
Type II matrix variate GAL distributions. In particular, we derived their probability
density function and the characteristic function, and provided stochastic representations
related to matrix variate gamma distribution. We also showed that this distribution is
closed under linear transformations, and studied the relevant marginal distributions. In
addition, we also briefly accouned for Type I and discussed the interconnections with
Type II. We hope that this work will be useful in the areas where matrix variate distri-
butions provide an appropriate probabilistic tool for three-way data sets, which can arise

in a variety of ways across different applications.
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